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Preface

This book is both a text and a paean to twentieth-century real variables,
measure theory, and integration theory. As a text, the book is aimed at
graduate students. As an exposition, extolling this area of analysis, the book
is necessarily limited in scope and perhaps unnecessarily unlimited in idio-
syncrasy.

More than half of this book is a fundamental graduate real variables
course as we now teach it. Since there are excellent textbooks that generally
cover the course material herein, part of this Preface renders an apologia
for our content, presentation, and existence. The following section presents
our syllabus properly liberated from too many demands. Subsequent sections
deal with outline, theme, features, and the roles of Fourier analysis and Vitali,
respectively.

Mathematics is a creative adventure driven by beauty, structure, intrinsic
mathematical problems, extrinsic problems from engineering and the sciences,
and serendipity. This book treats integration theory and its fascinating
creation through the past century.

What about the rest of our title?
“Analysis” is many subjects to many mathematicians. “Modern analysis”

is hardly a constraint for a single volume such as ours; one can argue the
opposite. Differentiation and integration are still the essence of analysis, and,
along with “integration”, the title could very well have included the word
“differentiation” because of our emphasis on it. Guided by the creativity of
mathematics, our title is meant to assert that the technology we have recorded
is a basis for many of the analytic adventures of our time.

Syllabus

We shall outline the material we have used in teaching a first-year graduate
course in real analysis. Sometimes a student will take only the first semester
of this two-semester sequence.

• Chapter 1. Sections 1.1, 1.2, 1.3.1, 1.3.2, 1.3.3.
• Chapter 2. Sections 2.1, 2.2, 2.4, 2.5, with emphasis on Sections 2.2 and

2.5.
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• Chapter 3. Sections 3.1, 3.2, 3.3, 3.7.
• Chapter 4. Sections 4.1, 4.2, 4.3, 4.4, 4.5.
• Chapter 5. Sections 5.1, 5.2, 5.3, 5.4, 5.5.

Exercises are listed in the problem sections of the first five chapters.
The problems range in difficulty from the routine to the challenging; and
they are computational, theoretical, and often provide perspective. There
are suggested problems listed at the beginning of each of these five chapters.
These problems are appropriate for the course. There are no problem sec-
tions in the remaining chapters, which can be considered as providing special
topics material in a full-year course.

Typically, finer points will come later in a section than basic, essential
theory. For example, in recommending Section 3.3 in the course syllabus, we
note that the items are numbered 3.3.1–3.3.15 in Section 3.3, whereas items
3.3.1–3.3.6 are sufficient for the course. This caveat to the recommended
sections listed above is crucial for presenting the essential topics for a graduate
course in real analysis.

Chapters 1, 2, 3 and parts of Chapter 4 and Appendix A are the usual
content of the first-semester graduate course in real analysis. Chapter 5 is
essential for the second-semester graduate course in real analysis along with
other parts of Chapter 4 and Appendix A. There will usually be some time
remaining in the second semester, and the authors have presented Fourier
analysis (Appendix B) or some of the material in Chapters 6–9. Naturally,
instructors should present their favorite applications of the theory in this
remaining time.

Students are encouraged to read the Potpourri and Titillation sections at
the ends of chapters. These sections are meant to be educational and fun,
providing some breadth without depth.

The book may be used not only for a graduate course in real analysis, but
also for advanced independent study, or as a source for student projects.

Outline

The basic text, Chapters 1 through 5, begins with the fundamental classical
problems that led to Lebesgue’s definition of the integral, and develops the
theory of integration and the structure of measures in a measure-theoretical
format. Chapter 1 is meant to be a pointed account of classical real variables
theory. We have inserted details for some of the elementary material; but
there is a bloc of more advanced matter, with details omitted, which should
be read for perspective. Of course, the instructor may choose to develop this
material more fully at any time.

Chapters 2 through 5 form the core of the course, and they are pre-
sented in full detail. Chapters 2 and 3 are Lebesgue’s theory of measure
and integration. Chapter 4 presents the fundamental theorem of calculus
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(FTC), and Chapter 5 deals with spaces of measures and the Radon–Nikodym
theorem (R–N). The motivation for Lebesgue’s theory viewed from the FTC
is based on Volterra’s example in Chapter 1 of a differentiable function whose
derivative is not Riemann integrable.

The remaining chapters, Chapters 6 through 9, are also systematically
presented, but could be viewed as eclectic topics by some readers. We view
them as essential to our intellectual vision of twentieth-century real analysis.

Chapter 6 is devoted to deep results by Vitali, Nikodym, Hahn–Saks,
Dieudonné, Dunford–Pettis, and Grothendieck as they relate to interchang-
ing limits and integration, and to the characterization of weak sequential
convergence of measures. Our goal has been to highlight the importance of
this material and to show how it fits centrally into integration theory.

We prove the Riesz representation theorem (RRT) in Chapter 7 in the
setting of locally compact Hausdorff spaces. We begin historically with Riesz’
original proof and are led to Radon measures and Laurent Schwartz’ theory
of distributions. The RRT establishes the equivalence of the set-theoretic
measure theory of the previous chapters with the theory of Radon measures
considered functional-analytically as continuous linear functionals. It is strik-
ing that on R, the RRT asserts that a Schwartz distribution is a bounded
Radon measure if and only if it is the first distributional derivative of a func-
tion of bounded variation. We view this material as a quantitative approach
to apply measure theory in harmonic analysis, partial differential equations,
and distribution theory. In Schwartz’ obituary (Notices Amer. Math. Soc.
50 (2003), 1072–1084), it is noted that Schwartz became disenchanted with
Bourbaki’s presentation of measure theory in the setting of Radon measures
on locally compact Hausdorff spaces, even though he was on the Bourbaki
writing group for this material. His main objection was concerned with its
inadequacy in dealing with the research of probabilists, e.g., Paul Lévy and
Joseph L. Doob, establishing measure theory on infinite-dimensional spaces
such as C([0, 1]). Notwithstanding our awe of Schwartz, we have presented
the Bourbakist point of view. We think that it is spectacularly beautiful and
unifying as far as it goes. Further, as illustrated in Chapter 7, its capacity
to transmute the Riesz representation theorem from theorem to definition is
stunning. It is also a natural setting for developing Schwartz’ own theory of
distributions.

Chapter 8 develops differentiation theory on Euclidean space R
d, and

proves the d-dimensional version of the Lebesgue differentiation theorem on
R, which itself was proved in Chapter 4. Substantial technology is required,
which includes the notion of bounded variation on R

d, Vitali and Besicovich
covering lemmas, maximal functions, rearrangement inequalities, and a semi-
martingale maximal theorem. This material has also had significant impact
on other areas of mathematics. We close in Chapter 9 by analyzing self-similar
sets and fractals. In a sense, this material comes full circle from Chapter 1 by
presenting a modern treatment and generalization of our analysis of Cantor
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sets, which were vital in classical real variables and the development of
measure theory.

We have included two appendices: functional analysis (Appendix A) and
Fourier analysis (Appendix B). Functional analysis is a significant area of
twentieth-century analysis, and it is an integral part of the structure and
language of modern analysis. Appendix A provides those topics that we use
throughout Chapters 1–9, and it is also a standalone outline of a broadly
useful part of functional analysis. Appendix B is more of a luxury, meant to
provide the background for some of the Fourier-analytic examples we give,
as well as a prelude for harmonic analysis, establishing its dependence on the
material in the book.

Theme

One of our themes is the notion of absolute continuity and its role as the unify-
ing concept for the major results of the theory, viz., the fundamental theorem
of calculus (FTC) (Chapter 4), the Lebesgue dominated convergence theorem
(LDC) (Chapter 3), and the Radon–Nikodym theorem (R–N) (Chapter 5).
The main mathematical reason that we have written this book is that none
of the other texts in the area stresses this issue to the extent that we think
it should be stressed.

Let us be more specific.
The problem of taking limits under the integral sign, that is, “switch-

ing limits”, is in a very real sense the fundamental problem in real analysis.
Lebesgue’s axiomatization that formulates and proves LDC in an optimal
way yields the most important general technique for examining such prob-
lems. This material is developed in Chapter 3. Shortly after Lebesgue’s initial
work, Vitali gave necessary and sufficient conditions for interchanging limits
in terms of uniform absolute continuity. Vitali’s result led to research that has
culminated in the Vitali–Hahn–Saks theorem and in Grothendieck’s study of
weak convergence of measures. This material, found in Chapter 6, is usually
not included in most texts; in particular, its relationship to LDC is not
emphasized.

Knowledge of the structure of measures provides an important tool
in potential theory, harmonic analysis, probability theory, and nonlinear
dynamics, and it plays a role in a host of other subjects from number theory
to representation theory. Its scope of application ranges from establishing a
mathematical model for the continuous spectrum of white light to formulat-
ing the action of the stock market as Brownian motion in terms of the Wiener
measure.

A key theorem in this milieu is R–N, and the major results involve decom-
positions of a given measure into various parts with specific properties. R–N
can be considered as a generalization of the FTC for the case of functions
defined on the real line or of the Green and Stokes theorems in Euclidean
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space. Of course, the FTC, which is the basic and amazing relationship by
which integration and differentiation are formulated as inverse operations, is

in Chapters 4 and 5. We give the classical point function results, study the
abstract setting, examine their relation, and spend a good deal of time with
examples. The Fubini–Tonelli theorem (Section 3.7), one of the most impor-
tant theorems in analysis and a classical case of interchanging operations,
can be related to R–N from the point of view of conditional probabilities;
and LDC is used in its proof.

Features

Besides the theme of absolute continuity there are features of a more
secular nature. We have included some extensive historical and motivational
passages. Integration theory did not develop in a vacuum, and we have pre-
sented information on the development of Fourier series because of its close
relation with many of the notions from real analysis; see the following section.
Our problem sets include certain types of problems that abound in the folk-
lore (e.g., the Amer. Math. Monthy), but which are generally omitted from a
full-year real analysis text whose purpose is to present systematically n topics.
As mentioned in describing the syllabus, some of the problems are quite dif-
ficult and will probably challenge even the most mathochistic student.

We hope that the historical remarks, the sections on Potpourri and Titilla-
tion, and the problems (especially the harder ones) are read, since we believe
that they provide relevant perspective. A list of these and other features
follows.

• Historical approach and technical perspective on the development of real
variables

• Role of classical topics in modern analysis
• Extensive array of problems, ranging from the routine to the challenging,

with background, related issues, and hints
• Brief, illuminating biographies
• Many examples, from straightforward to profound
• Treatment of symmetric perfect sets, used as a foundation for the intro-

duction of fractal analysis
• Important role of Vitali for original results and modern proofs given

100 years ago
• Applications to Fourier analysis and fractal geometry
• Comprehensive appendix on elementary functional analysis
• Introductory appendix on Fourier analysis
• Complete indexes of terms, names, and notation
• Substantial selection of references, including original works by the founders

of real analysis as well as relevant modern publications

characterized in terms of absolute continuity. We have dwelled on these issues
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With regard to references, there are a disproportionate number of refer-
ences to the first-named author, mostly because of perspectives he has written
on various topics. These references should generally be viewed as literature
sources as opposed to research results.

Topics

• Distributional formulation of the Riesz representation theorem
• A unified theory of measure and integral
• Haar measure
• Functional-analytic equivalence of spaces of measures
• Vitali–Nikodym–Hahn–Saks characterization for interchanging limits
• Weak convergence of measures
• Hausdorff measure
• Maximal functions and Lebesgue differentiation theorem on R

d

Fourier Analysis

In discussing Grothendieck’s idea of bringing certain cohomological concepts
into algebraic geometry, Fields’ medalist David Mumford wrote, “It com-
pletely turned the field upside down. It’s like analysis before and after Fourier.
Once you get Fourier techniques, suddenly you have this whole deep insight
into a way of looking at a function” (Notices Amer. Math. Soc. 51 (2001),
1052). It is for this reason, and going beyond the notion of a function to differ-
entiation and integration, where Fourier analysis was also a driving force, that
we have included as much Fourier analysis in the text as we have. Of course,
this intellectual rationale has to be coupled with the authors’ ignorance of so
many other aspects of modern analysis, such as partial differential equations,
vector measures, stochastic integration, ergodic theory, geometric measure
theory, and probability theory. (For measure-theoretic motivation, we do,
however, outline some elementary probability theory in the Potpourri and
Titillation sections of several chapters.)

Historically, Fourier series were developed in the nineteenth-century for
the analysis of some of the classical partial differential equations (PDEs) of
mathematical physics; and these series were used to solve such equations.
In order to understand Fourier series and what sorts of solutions they could
represent, some of the most basic notions of analysis were defined, e.g., the
concepts of “function” and “bounded variation”. The simplest linear PDEs
were eventually understood to be convolutions, which could be Fourier trans-
formed into algebraic equations. When these latter equations could be solved,
an inverse Fourier transform was required to write the solution of the original
PDE. Uniqueness questions naturally arose. Further, since the coefficients
of Fourier series are integrals, it is no surprise that Riemann integrals were
conceived to deal with uniqueness properties of trigonometric series. Cantor’s
set theory was developed because of such uniqueness questions.
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Nineteenth-century real variables and integration theory went hand in
hand with Fourier analysis into the twentieth-century, along with new stimu-
lation from probability theory and statistical mechanics. Lebesgue created
his magnificent theory, which is the centerpiece of this book, and which
has become the setting for harmonic analysis, as well as the inspiration and
language for so much analysis.

Vitali

The catalyst for writing this book occurred many years ago, during the
academic year 1970–1971, when one of the authors was a guest at the Scuola
Normale Superiore in Pisa. At that time he discovered Vitali’s work at a dif-
ferent level from what he had previously known. Vitali is responsible for the
notion of absolute continuity, the first nonmeasurable set, the first necessary
and sufficient conditions for LDC, the first statement and proof of Lusin’s
theorem, “modern” proofs given 100 years ago, and more, as you will read in
the text.

We have decided to engage in some advertising for this most important
figure in integration theory.
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John J. Benedetto and Wojciech Czaja
The Norbert Wiener Center, Department of Mathematics,
University of Maryland, College Park



1 Classical Real Variables

1.1 Set theory: a framework

There are mathematicians who claim that there is no difference between
mathematics and set theory, but I believe this claim can be dismissed.
No mathematician of my acquaintance would abandon his field if an appar-
ently insurmountable contradiction were discovered in the general concept of
subset Andrew M. Gleason.

We make this appeal to authority (taken from the preface to [198]) because of
the tendency to build mathematics from basic notions such as set theory, as
opposed to the point of view herein. In fact, notwithstanding such a tendency,
this book treats set theory superficially as a necessary language, and not as
the intellectual foundation of integration theory. On the other hand, we do
assume a working relationship with naive set theory and the axioms for the
real numbers, as treated in an advanced calculus course; see, e.g., [7], [213],
[407].

Of course, set theory is fundamentally important, and the following three
articles give readable expositions, including a survey of results, in the area of
“foundations”:

• L. Henkin, Mathematical foundations for mathematics, Amer. Math.
Monthly 77 (1970), 463–486.

• J. D. Monk, On the foundations of set theory, Amer. Math. Monthly 77
(1970), 703–710.

• W. Marek and J. Mycielski, Foundations of mathematics in the twentieth
century, Amer. Math. Monthly 108 (2001), 449–468.

The last reference has a suggested reading list on different topics in the
foundations of mathematics.

The letters C, R, and Q denote the fields of complex, real, and ratio-
nal numbers, respectively; Z is the ring of integers, and the quotient group
T = R/Z is identified with [0, 1) ⊆ R. The sets R

+ and Z
+ are the non-

negative elements of R and Z, respectively, and N = {1, 2, . . .}. The symbol
∅ denotes the empty set. For a set A ⊆ X , A∼ is the complement of the set
A in X , that is, the collection of all elements of X that are not in A, and
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2 1 Classical Real Variables

A\B = {x ∈ A}∩{x /∈ B}. The cardinality of A is denoted by cardA and we
write card Z = ℵ0. “S1 =⇒ S2” is read as “S1 implies S2”, and “S1 ⇐⇒ S2”
is read as “S1 if and only if S2”.

1.2 The topology of RRR

The notion of topology is defined in Appendix A.1; for now, when you see the
word, it is meaningful to translate it as “convergence criterion”.

Definition 1.2.1. Limits
a. x ∈ R is the limit of the sequence {xn : n = 1, . . .} ⊆ R if

∀ ε > 0, ∃ N such that ∀ n ≥ N, |xn − x| < ε .

In this case we write limn→∞ xn = x.
b. x ∈ R (respectively, “x = ∞”) is a limit point of the sequence

{xn : n = 1, . . .} ⊆ R if

∀ ε > 0, ∀ N, ∃ n ≥ N such that |xn − x| < ε (respectively, xn ≥ ε).

Definition 1.2.2. lim and lim
a. Given {xn : n = 1, . . .} ⊆ R, we define

lim
n→∞ xn = inf

n
sup
k≥n

xk, (1.1)

lim
n→∞

xn = sup
n

inf
k≥n

xk. (1.2)

Thus, x ∈ R (respectively, “x = ∞”) is lim xn if and only if

∀ ε > 0, ∃ N such that ∀ n ≥ N, xn < x+ ε

and
∀ ε > 0, ∀ N, ∃ n ≥ N such that xn > x− ε

(respectively, ∀ ε > 0, ∀ N, ∃ n ≥ N such that xn > N). Naturally, the
above notions are also defined for “x = −∞”.

b. Intuitively, lim xn is the largest limit point of {xn : n = 1, . . .} and
lim xn is the smallest limit point of {xn : n = 1, . . .}. Note, for example, that

lim
n→∞ xn = −∞ if and only if lim

n→∞xn = −∞.

c. The following facts are proved by routine calculations:

lim
n→∞

xn + lim
n→∞

yn ≤ lim
n→∞

(xn + yn) ≤ lim
n→∞ xn + lim

n→∞
yn

≤ lim
n→∞ (xn + yn) ≤ lim

n→∞ xn + lim
n→∞ yn,
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provided “∞ − ∞” does not occur; and

lim
n→∞ (xn + yn) = lim

n→∞ xn + lim
n→∞ yn, (1.3)

provided lim yn exists.

We shall use the following result in the construction of Cantor sets, and
Cantor sets will be an intriguing source of examples for us.

Proposition 1.2.3. Let p > 1 be an integer.
a. If x ∈ (0, 1), then there is a sequence {an : n = 1, . . . and 0 ≤

an < p} ⊆ Z such that

x =
∞∑

n=1

an/p
n, (1.4)

and the representation (1.4) is unique except when x = q/pn, q = 1, . . . ,
pn − 1, in which case there are exactly two such representations.

b. If {an : n = 1, . . . and 0 ≤ an < p} ⊆ Z, then
∑∞

n=1 an/p
n converges

to some x ∈ [0, 1].

Proof. We shall not give a careful proof. On the other hand, a formal proof
can be constructed based on the following calculation for the case p = 3 and
x = 1/2 in (1.4):

1
2

=
1
3

+ r1 and
1
32

< r1 =
1
6

=
1
2

− 1
3
<

1
3
,

1
2

=
1
3

+
1
32

+ r2 and
1
33

< r2 =
1
2

− 1
3

− 1
32

<
1
32
.

In this way,
1
2

=
n∑

j=1

1
3j

+ rn,
1

3n+1
< rn <

1
3n
,

and so
1
2

=
∞∑

j=1

1
3j
.

Consequently, we write
1
2

= .111 . . . (3). (1.5)

The symbol “(3)” designates that we have expanded a given number, “1/2”
in this case, in the base 3. In the same way we have

1
3

=

{
.100 . . . (3),
.022 . . . (3). ��
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We shall use notation analogous to (1.5) for binary expansions. However,
when we write decimal expansions a = .a1a2a3 . . . (10) we shall suppress the
“(10)” and write a = .a1a2a3 . . . .

A set U ⊆ R is open if for each x ∈ U there is an open interval I such
that x ∈ I ⊆ U . The interior of X ⊆ R, denoted by intX , is the union of all
open intervals contained in X . It is easy to prove that the finite intersection
of open sets is open and that the arbitrary union of open sets is open.

Theorem 1.2.4. Characterization of open sets in RRR

If U ⊆ R is open then U =
⋃∞
j=1 Ij , where Ij is an open interval and

Ij ∩ Ik = ∅ for j �= k.

Proof. The set U being open implies that for each x ∈ U there is y > x such
that (x, y) ⊆ U . Set

a = inf {z : (z, x) ⊆ U} and b = sup {y : (x, y) ⊆ U}.

Note that a and b depend on x. Then, x ∈ (a, b) and Ix = (a, b) is an open
interval. We shall prove:

i. U =
⋃

{Ix : x ∈ U};
ii. {Ix : x ∈ U} is disjoint unless Ix = Iy;
iii. card {Ix : x ∈ U} ≤ ℵ0, again excluding the case Ix = Iy.

(With regard to claim ii, we say that a family of sets is disjoint if the elements
of the family are pairwise disjoint.)

It is necessary to make the following preliminary observation: if x ∈ U
and Ix = (a, b) then Ix ⊆ U and a, b /∈ U . To see this let w ∈ (a, b), so that
by the definition of b there is y > w for which (x, y) ⊆ U and hence w ∈ U .
Now if b ∈ U there would exist ε > 0 such that (b−ε, b+ε) ⊆ U . Take ε small
enough that (x, b − (ε/2)) ⊆ U . Consequently, (x, b + ε) ⊆ U , contradicting
the definition of b.

i. Claim i is now obvious since x ∈ Ix for each x ∈ U .
ii. Define Ix = (a, b) and Iy = (c, d), and assume Ix ∩ Iy �= ∅. Then, a < d

and c < b. Since c /∈ U we have c /∈ (a, b), and so c ≤ a because c < b. Since
a /∈ U we have a /∈ (c, d), and so a ≤ c because a < d. Hence a = c, and,
similarly, b = d. Claim ii follows.

iii. For each Ix there is qx ∈ Ix ∩ Q. If Ix �= Iy then qx �= qy from part ii,
and we obtain claim iii since card Q = ℵ0. ��

The characterization of open sets in R in terms of open intervals does
not extend so elegantly to higher dimensions. For R

2 we have the following
result.

Proposition 1.2.5. Every open set in the plane R
2 can be represented as a

disjoint union of closed straight line segments, see Definition 1.2.6b.

A false proof of Proposition 1.2.5 is given in Problem 1.10; a correct
proof is given as Solution III of Problem E 1434 in Amer. Math. Monthly 68
(1961), 381.
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Definition 1.2.6. Limit points
a. Let E ⊆ R. A point x ∈ R is a limit point of E if

∀ ε > 0, ∃ y ∈ E such that |x− y| < ε .

Recall that we defined the notion of a limit point for sequences {xn : n =
1, . . .} in Definition 1.2.1b. These two notions are not identical.

b. We denote by E the set of limit points of E, and E is closed if E = E.
If E ⊆ R is closed then X ⊆ E is dense in E if X = E.

c. A point x ∈ R is an accumulation point of a set E ⊆ R if x ∈ E \ {x},
that is, if x is a limit point of the set E \ {x}. E′ is the set of accumulation
points of E. We say that x ∈ E is an isolated point of E if x /∈ E′, or, in
other words, if x is not a limit point of the set E \ {x}.

The following facts are easy to check, and this is the content of Prob-
lem 1.11:

• A ⊆ B implies A ⊆ B;
• A ∪B = A ∪B;
• A = A;
• the finite union of closed sets is closed;
• the arbitrary intersection of closed sets is closed;
• the complement of an open set is closed;
• the complement of a closed set is open.

Example 1.2.7. The ternary Cantor set
a. We now define the ternary Cantor set C. This set and its generalizations
were crucial motivation for the development of integration theory. Georg

Cantor’s work in set theory began with his work in trigonometric series; and
in this latter research, on the problem of unique representation in trigonomet-
ric series, Cantor had discussions with his colleague Heinrich E. Heine

at Halle, who worked on the same problem; cf. Section 3.8. After describing
C and a generalization of it we shall prove the Heine–Borel theorem, and
observe later, see Section 1.3.2, that C is an intriguing example related to
this result.

b. C is the set of all x ∈ [0, 1] with ternary expansion

x = .a1a2 . . . (3), aj = 0 or 2.

Thus,
1
3

= .0222 . . . (3),
2
3

= .2000 . . . (3) ∈ C.

We observe that x /∈ C if x ∈ (1/3, 2/3). In fact,

x =
1
3

+ r1, 0 < r1 <
1
3
,
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and so

x = .1000 . . . (3) + .0a2a3 . . . (3) = .1a2a3 . . . (3),

where some aj is nonzero. Consequently, x /∈ C because of the uniqueness
assertion in Proposition 1.2.3. In the same way,

if x ∈
(

3k + 1
3n

,
3k + 2

3n

)
, k ≥ 0, and n ≥ 1, then x /∈ C. (1.6)

c. The observation (1.6) leads to the following geometrical description of
C. Define
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

C1 = C1
1 ∪C2

1 = [0, 1/3] ∪ [2/3, 1]
C2 = C1

2 ∪ . . . ∪C4
2 = [0, 1/9] ∪ [2/9, 1/3] ∪ [2/3, 7/9] ∪ [8/9, 1]

...
Cn = C1

n ∪ . . . ∪C2n

n

...

(1.7)

Then

C =
∞⋂

n=1

Cn, (1.8)

and, in particular, C is closed.
d. From the characterization of C in part c it is clear that C contains a

countably infinite set with elements of the form {k/3n : k < 3n, n = 1, . . .},
although there are integers k such that k/3n /∈ C, e.g., 4/9 ∈ (1/3, 2/3).
We now prove that cardC > ℵ0. Define f : C → [0, 1] such that if x =
.a1a2 . . . (3), where aj is 0 or 2, then f(x) = .b1b2 . . . (2), where bj = aj/2. For
example, f(1/3) = f(.022 . . . (3)) = .0111 . . . (2) = 1/2. Clearly, f maps C
onto [0, 1], so that since card [0, 1] > ℵ0, C is uncountable; see Example 1.3.17
for an alternative description of f . Thus, C is an uncountable set.

e. What is the “length” of C? We denote the length of an interval I by
m(I), so that m([0, 1]) = 1. To construct C we have discarded the following
lengths:

first step
1
3

second step 2
(

1
9

)

...

nth step 2n−1

(
1
3

)n
.
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Note that

1 =
∞∑

n=1

2n−1

3n
, (1.9)

since the series in (1.9) is

∞∑

n=0

1
3

(
2
3

)n
=

1
3

1
1 − 2

3

= 1.

Consequently, the natural “length” or “measure” of C is 0. We shall make
this assertion more precise in (1.10) and in Chapter 2.

Example 1.2.8. Perfect symmetric sets
a. We generalize the construction of C and define the perfect symmetric set
E ⊆ [0, 1] determined by {ξk : k = 1, . . .} ⊆ (0, 1/2) as follows. Let

E1 = E1
1 ∪ E2

1 ,

where
E1

1 = [0, ξ1], E2
1 = [1 − ξ1, 1];

E2 = E1
2 ∪ · · · ∪ E4

2 ,

where
E1

2 , E
2
2 ⊆ E1

1 , E3
2 , E

4
2 ⊆ E2

1 ,

and
E1

2 = [0, ξ1ξ2], E2
2 = [ξ1 − ξ1ξ2, ξ1],

E3
2 = [1 − ξ1, 1 − ξ1 + ξ1ξ2], E4

2 = [1 − ξ1ξ2, 1];

continuing this procedure we set

E =
∞⋂

k=1

Ek, where Ek =
2k⋃

j=1

Ejk.

It is not difficult to prove that E is a closed uncountable set. The proof can
be modeled on the method used in Example 1.2.7.

b. Observe that the length of each Ejk is

m
(
Ejk

)
= ξ1ξ2 · · · ξk,

and so it makes sense to define the measure of E as

m(E) = lim
k→∞

2kξ1 · · · ξk. (1.10)

c. Note that if ξk = 1/3 for each k then E = C, and we sometimes write
C = E1/3. Consequently, m(C) = lim (2/3)k = 0, which, of course, is the
same result that we previously computed for the “length” of C.
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d. We now observe that for each ξ ∈ [0, 1) there is {ξk : k = 1, . . .} ⊆
(0, 1/2) such that m(E) = ξ for the corresponding perfect symmetric set E.
In fact, begin by choosing ξ1 ∈ (0, 1/2) such that 0 < 2ξ1 − ξ < 1. Then,
take ξ2 ∈ (0, 1/2) such that 0 < 22ξ1ξ2 − ξ < 1/2, and ξk such that 0 <
2kξ1 · · · ξk − ξ < 1/k; this does it. To see that the second step (for example)
is possible, we know that there is α ∈ (0, 1) such that 0 < 2ξ1α − ξ < 1/2,
and therefore we write α = 2ξ2.

e. In order that m(E) > 0 for a perfect symmetric set E we need {ξk : k =
1, . . .} to approach 1/2 very quickly. For example, take ξk = 1/2 − 1/2k+1.

f. Observe that C has no isolated points. To see this, assume that x ∈ C
is isolated and let (x − δ, x + δ) ∩ C = {x} for some δ > 0; since x ∈ C
there is {Cjnn : n = 1, . . .} for which x ∈

⋂
n C

jn
n . Because m(Cjnn ) → 0 as

n → ∞, Cjnn ⊆ (x−δ, x+δ) for all but finitely many n, and this is the desired
contradiction.

Also, C is totally disconnected, that is, it contains no open intervals; for
if an open interval I were contained in C we would be able to find an n and
j for which

(j/3n, (j + 1)/3n) ⊆ I,

a contradiction.
The same arguments work for any perfect symmetric set E.

Summarizing the observations in Example 1.2.8b–f, we have the following
result.

Theorem 1.2.9. Properties of perfect symmetric sets
Let E be a perfect symmetric set determined by {ξk : k = 1 . . .} ⊆ (0, 1/2).
Then E is a closed, uncountable, totally disconnected set without isolated
points. Also, for each ξ ∈ [0, 1) there is a perfect symmetric set E ⊆ [0, 1] for
which m(E) = ξ.

Our next aim is to prove the Heine–Borel theorem. This theorem is impor-
tant for several reasons not the least of which is that it serves as the proper
motivation to define a compact set.

Theorem 1.2.10. Heine–Borel theorem
a. Let F ⊆ R be a closed and bounded set. Every open covering O of F has
a finite subcovering. (X ⊆ R is bounded if it is contained in an interval of
finite length; and an open covering O of a set X ⊆ R is a collection of open
sets whose union contains X.)

b. Let C be a collection of closed sets F ⊆ R such that every finite subcol-
lection of C has a nonempty intersection. Assume that at least one element
of C is bounded. Then, ⋂

F∈C
F �= ∅.
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Proof. a. Let F = [a, b] and define E = {x ≤ b : [a, x] can be covered by
a finite number of elements of O}. Then E �= ∅ since a ∈ E. Thus, since
E �= ∅ and is bounded above by b, we can apply the completeness axiom for
R and assert that E has a least upper bound c ∈ [a, b]. (See the Remark after
Definition 1.2.11.) We shall verify that c = b.

Assume c < b. There is U ∈ O such that c ∈ (c − ε, c+ ε) ⊆ U for some
ε > 0 satisfying c + ε ≤ b. Since c − ε is not an upper bound of E, we take
x ∈ E for which x > c− ε. By the definition of E, there exist U1, . . . , Un ∈ O
such that

[a, x] ⊆
n⋃

j=1

Uj ,

and, thus,

[a, c+ ε] ⊆

⎛

⎝
n⋃

j=1

Uj

⎞

⎠ ∪ U.

Consequently, c+ (ε/2) ∈ E, a contradiction; hence, c = b.
Next let F ⊆ R be an arbitrary closed bounded set. That F is bounded

implies F ⊆ [a, b], for some a, b ∈ R. Take the open cover O ∪ {F∼} of
[a, b]. From the first part there are U1, . . . , Un ∈ O such that F ⊆ [a, b] ⊆
U1 ∪ · · · ∪ Un ∪ F∼. Since F ∩ F∼ = ∅, F ⊆ U1 ∪ · · · ∪ Un.

b. Part b is immediate from part a. ��

Definition 1.2.11. Compact sets
a. A set X ⊆ R is compact if every family of open sets that covers X has
a finite subfamily that is a covering of X ; see Appendix A.1. From Theo-
rem 1.2.10 it follows that every closed and bounded subset of R is compact.

b. It is a basic result from advanced calculus, e.g., [7], [178], [407], that
the following assertions are equivalent for X ⊆ R

d:
i. X is compact;
ii. X is closed and bounded;
iii. Every infinite subset of X has a convergent subsequence whose limit

is in X .
This last assertion, iii, is the Bolzano–Weierstrass theorem for the case

d = 1 and X = [a, b]. Also, properties i and iii are equivalent in any metric
space; see Definition A.1.4. The spaces L1

m([a, b]), which are the subject of
this book, are metric spaces that do not have the property that conditions i
and ii are equivalent. Can you find a counterexample X ⊆ Q?

c. We say that a collection C of closed sets has the finite intersection
property if every finite subcollection of C has a nonempty intersection. Thus,
a set X ⊆ R is compact if and only if every collection of closed subsets of X
with the finite intersection property has a nonempty intersection.

Remark. We have not defined R rigorously, and there are several ways to
do so.
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One approach is to define R abstractly, through a set of axioms that it
must satisfy. We say that an ordered field K is Archimedean if, for any 0 <
a < b ∈ K, there exists n ∈ N such that na ≥ b. An ordered field K is complete
and is said to satisfy the completeness axiom if every nonempty subset of K

that is bounded above has a least upper bound. The set R of real numbers is
a complete Archimedean ordered field. All such fields are isomorphic in the
sense that any two of them are in a one-to-one correspondence that preserves
the group actions and the order.

Another approach is to construct a model of a field with the above prop-
erties. Such constructions start with the field of rational numbers Q, which
is ordered and Archimedean but not complete. Thus, the goal is to “add”
enough elements to make it complete. This can be done, for example, with
the use of Dedekind cuts or by defining an equivalence relation for sequences
of rational numbers as Karl Weierstrass did. A readable exposition of
the structure and construction of the real number system is [110]; cf. [463].

1.3 Classical real variables

1.3.1 Motivation for the Lebesgue theory

In 1881, Vito Volterra was a student of Ulisse Dini at the Scuola
Normale Superiore in Pisa. At this time he published an example of a func-
tion on (0, 1) whose derivative exists everywhere, is a bounded function, and
is not Riemann integrable [489]. In his thesis [312] (1902), Henri Lebesgue

noted that because of the Volterra example one cannot consider differentia-
tion and integration as inverse operations for a large enough class of func-
tions; and thus he was motivated to try to find a notion of integration such
that integration and differentiation are inverse operations for a much larger
class of functions than is usually included by Bernhard Riemann’s theory.
(Henry J. Smith had published a Volterra example in 1875, but Lebesgue

was apparently unaware of Smith’s work in 1902.) There were several other
important reasons for extending the notion of integration; generally, one could
lump them all together and say that there was a need for an integration
theory that included many “natural” results, e.g., the validity of term-by-
term integration of a series of functions, for many functions. We shall see
that Lebesgue’s theory fills this criterion better than any other that has
come along so far.

Now for the above-mentioned example due to Volterra.

Example 1.3.1. Volterra example
Let E ⊆ [0, 1] be a perfect symmetric set with m(E) > 0. On each contiguous
interval (a, b) we define

φ(x, a) = (x− a)2 sin
(

1
x− a

)
, x ∈ [a, b],
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noting that φ(a, a) = 0. (The interval (a, b) is contiguous to the closed set
F ⊆ R if a, b ∈ F and (a, b) ⊆ F∼.) For x ∈ (a, b),

φ′(x, a) = 2(x− a) sin
(

1
x− a

)
− cos

(
1

x− a

)
.

Consequently, for all large k and x = a+ (1/kπ),

φ′(x, a) = − cos(kπ);

and so φ′ achieves ±1, and hence 0, infinitely often. Let a+ y be the largest
zero of φ′ less than or equal to (a+ b)/2 and define

f(x) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

0, if x ∈ E,

φ(x, a), if a ≤ x ≤ a+ y,

−φ(x, b), if b− y ≤ x ≤ b,

φ(a + y, a), if a+ y ≤ x ≤ b− y

on [0, 1], where (a, b) is a generic contiguous interval of E. It is now straight-
forward to verify the following:

i. f ′ exists on (0, 1) and is 0 on E;
ii. f ′ is discontinuous on E.

To check ii, for example, if x ∈ E then there are contiguous intervals (aj , bj)
such that lim aj = x = lim bj ; thus, since φ′ takes on both ±1 values, we have
the required discontinuity.

The state of the art was such at the time of the Volterra example that
it was realized that he had constructed a function f with a bounded non-
Riemann-integrable derivative, and, in particular, that there was an every-
where differentiable function f for which the (Riemann) fundamental theorem
of calculus did not work. The key thing is that f ′ is discontinuous on a set
with strictly positive “length”. The technicalities of the Volterra example are
based on a simple idea. It was well known that g(x) = x2 sin(1/x), x �= 0,
and g(0) = 0 has a discontinuous derivative at x = 0; Volterra constructed
f in terms of such functions g, and so spread the discontinuities of f ′ to all
of E.

Because of Example 1.3.1 it became important to study set-theoretic prop-
erties of continuous and differentiable functions, and to take more care in
defining notions of small sets. As such we shall recall some well-known notions
from the calculus.

1.3.2 Continuous functions

Definition 1.3.2. Limits and continuous functions
a. Let f : X → R be a function, where X ⊆ R, and let x ∈ X . We define the
limit, limy→x,y∈X f(y) = L, to mean that
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∀ ε > 0, ∃ δ > 0 such that ∀ y ∈ X,

0 < |x− y| < δ =⇒ |L− f(y)| < ε.

b. A function f : X → R, where X ⊆ R, is continuous at x ∈ X if

∀ ε > 0, ∃ δ > 0 such that ∀ y ∈ X,

|x− y| < δ =⇒ |f(x) − f(y)| < ε.
(1.11)

Thus, f is continuous at x if and only if limy→x f(y) = f(x)
c. A function f : X → R, where X ⊆ R, is continuous on X if it is

continuous at each x ∈ X .
d. A function f : X → R, where X ⊆ R, is right (left) continuous at

x ∈ X if the inequality |f(x) − f(y)| < ε in (1.11) holds for y > x (y < x).

Proposition 1.3.3. Let F ⊆ R be compact (closed and bounded), and
assume that the function f : F → R is continuous. Then f is bounded on F
and it achieves its maximum and minimum there.

Proof. i. To show that f is bounded.
Since f is continuous on F , then for each x ∈ F there is an open interval

Ix such that x ∈ Ix and

∀ y ∈ Ix ∩ F, |f(x) − f(y)| < 1.

Since F ⊆
⋃

{Ix : x ∈ F}, we can apply the Heine–Borel theorem, and
so there are intervals Ix1 , . . . , Ixn that cover F . Consequently, |f(y)| ≤ 1 +
max{|f(x1)|, . . . , |f(xn)|} and f is bounded.

ii. To show that f achieves its maximum, respectively, minimum, on F .
Since f is bounded, −∞ < sup {f(x) : x ∈ F} = M < ∞. We must find

x1 ∈ F such that f(x1) = M . If this is not the case then f(x) < M for each
x ∈ F ; we obtain a contradiction to this possibility.

From the continuity of f ,

∀ x ∈ F, ∃ Ix, an open interval, such that x ∈ Ix

and
∀ y ∈ Ix ∩ F, |f(x) − f(y)| ≤ 1

2
(M − f(x)).

Consequently,

∀ x ∈ F and ∀ y ∈ Ix ∩ F, f(y) <
1
2

(M + f(x)).

Because of the Heine–Borel theorem there is a finite subcover Ix1 , . . . , Ixn

from {Ix : x ∈ F} of F with the property that

∀ y ∈ F, f(y) <
1
2

(M +A),

where A = max{f(x1), . . . , f(xn)}. Therefore, (1/2)(M + A) is a bound for
f on F ; and this is a contradiction, since (1/2)(M +A) < M . ��
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The following result is not difficult to prove.

Proposition 1.3.4. Let f : X → R be a function on X ⊆ R. Then f is
continuous on X ⊆ R if and only if for each open set U ⊆ R, f−1(U) is open
in X.

With regard to the characterization of continuous functions in terms of
open sets we now define a function f : X → R, where X ⊆ R, to be open if
for every open set U ⊆ X , f(U) is open. We say that a function f : X → R

is closed if for each closed set F ⊆ X , f(F ) is closed.
It is easy to find open discontinuous functions f : R → R if we make the

topology on the domain strictly weaker than on the range. The following is
a more interesting example.

Example 1.3.5. Open discontinuous function
With the usual topology on R we give an example of an open discontinuous
function f : R → R. Let f be strictly increasing, continuous, and with range
R on each contiguous interval of the Cantor set C. Set f = 0 on C. Thus,
f : [0, 1] → R is certainly not continuous. Without loss of generality we
show that f(I) is open for each open interval I ⊆ [0, 1]. The result is clear
if I is contained in a contiguous interval. If I covers some endpoint c of a
“middle-third interval” then there is a “middle-third interval” J ⊆ I such
that R = f(J) ⊆ f(I), and thus f is open. The fact that there is such a J
follows since I is open and the endpoints of smaller and smaller “middle-third
intervals” will converge to c.

A countable union of closed sets in R is an Fσ, and a countable intersec-
tion of open sets is a Gδ. Thus, the complement of an Fσ is a Gδ and vice
versa. We can define much more complicated sets. For example, an Fσδ is the
intersection of a countable family of Fσs. All of these sets are special cases
of Borel sets, of which we shall have more to say in Section 2.1.

For a given function f , C(f) is its set of points of continuity and D(f)
is its set of discontinuities. The oscillation of a function f : R → R over a
closed bounded interval I is

ω(f, I) = sup
x∈I

f(x) − inf
x∈I

f(x);

and the oscillation of f : R → R at x is

ω(f, x) = inf {ω(f, I) : I a closed bounded interval, x ∈ int I}.

Clearly, ω(f, x) ≥ 0.

Proposition 1.3.6. Let f : R → R be a function.
a. x ∈ C(f) ⇐⇒ ω(f, x) = 0.
b. C(f) is a Gδ and D(f) is an Fσ.
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Proof. a. This equivalence follows from the definition of continuity.
b. For n = 1, . . . , define

En = {x : ω(f, x) ≥ 1/n}.

It is easy to check that En is closed.
Now if x ∈ D(f), then ω(f, x) > 0, and so x ∈ En for some n. Thus,

D(f) ⊆
∞⋃

n=1

En.

Conversely, if x ∈
⋃
En, then x is in some En, which means that f is discon-

tinuous at x by part a. Consequently,

∞⋃

n=1

En ⊆ D(f). ��

Riemann defined the ruler function r : [0, 1] → [0, 1] as

r(x) =

⎧
⎪⎨

⎪⎩

0, if x ∈ [0, 1] is irrational,
1, if x = 0,
1/q, if x = p/q ∈ (0, 1], (p, q) = 1.

(The notation “(p, q) = 1” indicates that p and q are relatively prime.)
He proved the following result.

Proposition 1.3.7. The function r is continuous at each irrational number
and discontinuous at each rational number.

Proof. Take any rational p/q satisfying (p, q) = 1, and let 0 < ε < 1/q. Since
there is an irrational number in any interval about p/q, there is no interval
I about p/q with the property that

∀ x ∈ I, |r(x) − r(p/q)| < ε;

in fact, |r(x) − r(p/q)| = 1/q > ε for irrational x ∈ I. Let x ∈ [0, 1] be
irrational and let ε > 0. We must find δ > 0 such that

∀ y ∈ (x− δ, x+ δ), |r(x) − r(y)| < ε.

Clearly there are only finitely many p/q ∈ [0, 1], (p, q) = 1, for which 1/q ≥ ε.
Call these x1, . . . , xn. Choose δ such that xj /∈ (x − δ, x + δ) = I for any j.
Therefore, for all y ∈ I, |r(x) − r(y)| = |r(y)| < ε. ��
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We generalize r as follows.

Example 1.3.8. General ruler function
Let γ = {γq : q = 1, . . .} be a sequence of nonnegative real numbers. Define
rγ : [0, 1] → R as

rγ(x) =

⎧
⎪⎨

⎪⎩

0, if x ∈ [0, 1] is irrational,
1, if x = 0,
γq, if x = p/q ∈ (0, 1], (p, q) = 1.

As in the proof of Proposition 1.3.7 we see that rγ is continuous at irrational
x if γq → 0 as q → ∞, and discontinuous at each rational x where γq �= 0.
We shall have more to say about rγ ; see Proposition 3.4.7.

Example 1.3.9. A Hardy function
Godfrey H. Hardy [215], page 190, considered the function h : R → R

defined as

h(x) =

⎧
⎨

⎩
x, if x is irrational,
(

1+p2

1+q2

)1/2

, if x = p/q, (p, q) = 1.

Then h is discontinuous on (−∞, 0) ∪ (Q ∩ (0,∞)) and continuous on
(R \ Q) ∩ (0,∞).

It is now natural to ask whether there is a function f : R → R such that f
is continuous on the rationals and discontinuous on the irrationals. We shall
show that the answer is no. In light of Proposition 1.3.6, this reduces to
showing that the rationals are not only an Fσ, which is obvious, but are not
a Gδ. To prove this latter property it is convenient to introduce the notion of
a nowhere dense set. A set X ⊆ R is nowhere dense if

intX = ∅.

Nowhere dense sets are totally disconnected, and the two notions are equiva-
lent on R for closed sets. In particular, any perfect symmetric set is nowhere
dense. A set X ⊆ R is a set of first category if it can be written as a countable
union of nowhere dense sets. The major result about category is the Baire
category theorem, which we shall discuss in Appendix A.6. For now we assume
its statement for R:

R is not a set of first category. (1.12)

Because of this, R \ Q is not a set of first category, for if it were we would
obtain a contradiction to (1.12), since Q clearly is a set of first category.

Proposition 1.3.10. a. Q is not a Gδ.
b. There is no function f : R → R continuous on the rationals and

discontinuous on the irrationals.
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Proof. a. If Q were a Gδ then R \ Q =
⋃
Fn, Fn closed. Since Fn ⊆ R \ Q,

it contains no intervals and so is nowhere dense. Thus, R \ Q is a set of first
category, the required contradiction.

b. This part is clear from Proposition 1.3.6, the above discussion, and
part a. ��

Example 1.3.11. Let f : R → R be a nonconstant function with the prop-
erty that every point is a local minimum, i.e.,

∀ x ∈ R, ∃ I, an open interval about x, such that ∀ y ∈ I, f(x) ≤ f(y).

Here �A denotes the characteristic function of a set A, and it is defined
by

∀ x ∈ R, �A(x) =

{
1 x ∈ A,

0 x /∈ A.

It can be shown (Problem 1.19) that D(f) is nowhere dense. The argu-
ment proceeds by assuming that the result is false and generating a nested
sequence of closed intervals in the proper way whose intersection {x} is not
a local minimum; the details are neither obvious nor impossible. As a sort of
converse, take any closed nowhere dense set E and define

f = �R\E .

Then, D(f) = E and f has a local minimum at each x ∈ R.

Definition 1.3.12. Uniform continuity
Let f : X → R be a function on X ⊆ R. We say that f : X → R is uniformly
continuous on X ⊆ R if

∀ ε > 0, ∃ δ > 0 such that ∀ x, y ∈ X,

|x− y| < δ =⇒ |f(x) − f(y)| < ε.

The notion of uniform continuity arose in the following context to define
properly the Riemann integral of a continuous function on [a, b].

Proposition 1.3.13. Let f be continuous on a closed and bounded set
F ⊆ R. Then f is uniformly continuous.

Proof. For each ε > 0 and x ∈ F there is δx > 0 such that

|x− y| < δx =⇒ |f(x) − f(y)| < ε/2.

Let Ux = (x− (1/2)δx, x+ (1/2)δx), so that {Ux : x ∈ F} is an open cover of
F . From the Heine–Borel theorem there are sets Ux1 , . . . , Uxn whose union
covers F . Take δ = (1/2) min{δx1, . . . , δxn} and let |z − y| < δ.
If y ∈ Uxi we have
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|y − xi| <
1
2
δxi < δxi

and thus
|z − xi| ≤ |z − y| + |y − xi| < δ +

1
2
δxi < δxi .

Consequently, |f(z) − f(xi)|, |f(y) − f(xi)| < ε/2, and so |f(z) − f(y)| < ε.
��

1.3.3 Uniform convergence

Definition 1.3.14. Convergence
Let f, fn : X → R be functions on X ⊆ R.

a. {fn : n = 1, . . .} : X → R converges pointwise to f if

∀ x ∈ X, ∀ ε > 0, ∃ N such that ∀ n ≥ N,

|fn(x) − f(x)| < ε.

b. {fn : n = 1, . . .} : X → R converges uniformly on X to f if

∀ ε > 0, ∃ N such that ∀ x ∈ X and ∀ n ≥ N,

|fn(x) − f(x)| < ε.

The following result is not difficult to prove. Part b is due to Dini.

Proposition 1.3.15. Let fn : X → R, n = 1, . . . , be continuous on X ⊆ R.
a. If {fn} converges uniformly to a function f : X → R, then f is con-

tinuous on X.
b. Let X be compact. If {fn} is a monotone sequence converging pointwise

to a continuous function f : X → R, then {fn} converges uniformly to f
on X.

The following result, called the Cauchy criterion, provides an equivalent
condition for uniform convergence.

Theorem 1.3.16. Cauchy criterion
Let {fn : n = 1, . . .} be a sequence of real-valued functions on X ⊆ R. Then
{fn} converges uniformly on X (to some function f) if and only if

∀ ε > 0, ∃ N > 0 such that ∀ m,n > N and ∀ x ∈ X, |fm(x) − fn(x)| < ε.

Example 1.3.17. Cantor function
Let E ⊆ [0, 1] be a perfect symmetric set determined by {ξk : k = 1, . . .} ⊆
(0, 1/2). We shall define the Cantor function CE for E. Set f1 = 1/2 on
[ξ1, 1 − ξ1], and extend to [0, 1] so that it is continuous, increases from 0 to 1
in range values, and is linear on E1

1 and E2
1 , e.g., Figure 1.1.

We define fn as the continuous, increasing function with fn(0) = 0 and
fn(1) = 1 that is linear on each Ejn, j = 1, . . . , 2n, and takes the value j/2n
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Fig. 1.1. Cantor function approximant.

on the contiguous interval immediately to the right of Ejn. The sequence
{fn : n = 1, . . .} converges uniformly to a function f , so f is continuous. It is
also easy to check that f increases from 0 to 1 in range values and is constant

criterion, Theorem 1.3.16. We denote f by CE .
Note that the Cantor function CE , for the case of E = C, is the restriction

to C of the function f defined in Example 1.2.7d. The details of the proof of
this fact are left as an exercise (Problem 1.23).

A classical problem in calculus is the problem of existence and inter-
changeability of iterated limits of multi-indexed sequences. One may consider
problems involving sequences of functions as a special case. For example, the
statement of Proposition 1.3.15a may be rephrased as follows:

Let {fn : n = 1, . . .} be a sequence of continuous functions on X ⊆ R.
If {fn} converges uniformly to a function f : X → R, then

∀ x0 ∈ X, lim
x→x0

lim
n→∞ fn(x) = lim

n→∞ lim
x→x0

fn(x). (1.13)

This result should be compared with the Moore–Smith theorem in
Appendix A.4.

To see that the existence of single limits limn→∞ fn(x) and limx→x0 fn(x)
is not enough to imply (1.13), let fn(x) = xn and f(x) = 0 for x ∈ [0, 1].
Clearly,

lim
n→∞ fn(x) =

{
0, if x < 1,
1, if x = 1,

and limx→x0 fn(x) = fn(x0) for all x0 ∈ [0, 1], whereas limx→1 limn→∞ fn(x)
= 0 �= 1 = limn→∞ limx→1 fn(x). It is not difficult to see that in this example
the sequence {fn} does not converge uniformly to f .

on each interval contiguous to E. The existence of f follows from the Cauchy
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Proposition 1.3.18. Let {fn : n = 1, . . .} be a sequence of real-valued
Riemann integrable functions on [a, b] ⊆ R. If {fn} converges uniformly to a
function f on [a, b], then f is Riemann integrable and

lim
n→∞ R

∫ b

a

fn(x) dx = R

∫ b

a

f(x) dx.

For the definition of the Riemann integral R
∫ b
a
f(x) dx see Section 3.1.

In light of Proposition 1.3.15a, or equivalently (1.13), and Proposi-
tion 1.3.18, it is not unexpected that if {fn} converges uniformly to f on
[a, b] and f ′

n exists then f ′ exists and {f ′
n} converges, at least pointwise, to

f ′. Such is not the case. For example, let fn(x) = xe−nx
2

on [−1, 1].

Proposition 1.3.19. Let {fn : n = 1, . . .} be a sequence of real-valued dif-
ferentiable functions on (a, b) ⊆ R. If fn(x0) converges for some x0 ∈ (a, b)
and if {f ′

n} converges uniformly on (a, b) to some function g, then there exists
a function f such that {fn} converges uniformly to f on (a, b) and

∀ x ∈ (a, b), f ′(x) =
d

dx

(
lim
n→∞ fn(x)

)
= lim

n→∞ f ′
n(x) .

In particular, f ′(x) = g(x) on (a, b); cf. Problem 1.31.

A special example of the limit of a sequence of functions is an infinite
series of the form

∑∞
n=1 fn(x).

The following result is an analogue of Proposition 1.3.15b.

Proposition 1.3.20. Let X ⊆ R be compact. If
∑∞
n=1 fn is a series of con-

tinuous, nonnegative, real-valued functions, converging pointwise on X to a
continuous function f , then

∑∞
n=1 fn converges uniformly on X.

The results we have just stated in this subsection are standard fare in an
advanced calculus course, e.g., [7], [407], [504].

1.3.4 Sets of differentiability

Example 1.3.21. Nondifferentiability of the ruler function
We show that the ruler function r is nowhere differentiable. Recall that r is
continuous only on [0, 1] \ Q, not on all [0, 1]. Let 0 < x < 1 be irrational,
and note that

r(x + h) − r(x)
h

=
r(x + h)

h
,

where h �= 0. Let hi ∈ R have the property that x + hi is irrational and
hi → 0 as i → ∞. Thus,

∀ i = 1, . . . ,
r(x + hi)

h
= 0.
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Write the decimal expansion x = .a1a2 . . . and set hi = .a1 . . . ai − x. Since x
is nonzero and irrational, ai �= 0 for infinitely many i. Let N be the smallest
integer such that aN �= 0. Now,

∀ i ≥ N, r(x+ hi) = r(.a1 . . . ai) ≥ 10−i,

by definition of r. Also, |hi| = .0 . . . 0ai+1 . . . ≤ 10−i. Hence,

∀ i ≥ N,

∣∣∣∣
r(x + hi)

hi

∣∣∣∣ ≥ 1.

Consequently, limh→0 r(x + h)/h does not exist.

With this example it is natural to inquire whether some rγ , for γq → 0,
is differentiable anywhere or even possibly at all irrationals. We shall see
in Example 1.3.22 that there is rγ , for γq → 0, such that r′γ(x) exists for
some (irrational) x, but that there is no γq → 0 such that r′γ(x) exists for
all irrational x. To prove this last assertion we need the following result of
Marion K. Fort, Jr., see [64], pages 126–127, where the second inequality
on line 6, page 127 should be reversed, or [64], 2nd edition:

Let f : [0, 1] → R be discontinuous on S, S = [0, 1];

then {x : ∃ f ′(x)} is a set of first category.
(1.14)

An interesting elaboration of Fort’s theorem is found in [31].

Example 1.3.22. Differentiable points of general ruler functions
a. Let γq = 1/q4 and define rγ . A quadratic irrational is an irrational number
that is a root of a quadratic equation with integer coefficients. It is well
known [221], Theorem 188, that if x is a quadratic irrational, then for all
large q, ∣∣∣∣x− p

q

∣∣∣∣ >
1
q3
.

Consequently, for such an x ∈ (0, 1),
∣∣∣∣
rγ(x) − rγ(p/q)

x− (p/q)

∣∣∣∣ <
1
q
,

and so r′γ(x) = 0.
b. If γq → 0 then rγ is discontinuous on a dense set (the rationals), and

so r′γ exists on a set of first category by (1.14); but the irrationals are not
of first category by (1.12). Thus, there is no rγ , where γq → 0, for which r′γ
exists on all of the irrationals.

Example 1.3.23. Differentiability at single points
We give examples of functions f : R → R that are differentiable precisely at
a single point.
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a. Let f(x) = x2
�Q(x). Clearly f is discontinuous everywhere except at

the origin, and f ′(0) = 0.
b. Assume for the moment that there are everywhere continuous nowhere

differentiable functions g : R → R; in fact, such functions exist, as we shall
see in Examples 1.3.25 and 1.3.26. Define f(x) = xg(x). Now

f(0 + h) − f(0)
h

=
hg(h)
h

= g(h) → g(0), as h → 0,

and so f ′(0) = g(0). If x �= 0 then

f(y) − f(x)
y − x

= x
g(y) − g(x)
y − x

+ g(y),

and, consequently, f ′(x) does not exist, since g(y) → g(x) and g′(x) does not
exist.

Example 1.3.24. Existence of |f |′|f |′|f |′
Let f : [0, 1] → R and suppose f ′(x) exists and is not zero for each x in
an uncountable set S. We observe that |f |′ exists on an uncountable set X .
In fact, define

X = {x ∈ S : f(x) �= 0},
and first note, arguing by contradiction, that cardX > ℵ0. Also, since f
has the same sign in some neighborhood of x ∈ X and since f ′(x) exists,
we have the existence of |f |′(x). For a bit more of a challenge consider the
corresponding question for countably infinite sets.

For the sake of clarity, when we say that f is not differentiable at x we
shall mean that the corresponding difference quotient does not approach a
finite limit.

Example 1.3.25. Nowhere differentiability and Hadamard sets
We discuss the fact that

H(x) =
∞∑

k=1

1
2k

cos(2π2kx)

is an everywhere continuous nowhere differentiable function on T. Let
{nk : k = 1, . . .} be a sequence of positive integers with the property that

inf
k≥1

nk+1

nk
> 1.

Such sequences were first used by Jacques Hadamard to prove that every
point on the circle of convergence of a power series with such exponents is
a singularity of the function represented; and we refer to such a sequence
{nk : k = 1, . . .} as a Hadamard set. Such sequences and certain generaliza-
tions have been studied extensively in modern Fourier analysis, e.g., [404].
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The fact that H is everywhere continuous nowhere differentiable follows
immediately from the following result.

Let f(x) =
∞∑

k=1

rk cos(2πnkx), where
∞∑

k=1

rk < ∞,

rk ≥ 0, and {nk : k = 1, . . .} is a Hadamard set;

if f is differentiable at a point then lim
k→∞

nkrk = 0.

(1.15)

The proof of (1.15) is found in [267] and is generally simpler than the classical
methods used to prove that a function is everywhere continuous nowhere
differentiable.

One of the most popular and elementary examples of an everywhere
continuous nowhere differentiable function is due to Bartel L. van der

Waerden (1930) [471], Section 11.23; we also refer ahead to Problem 1.32
and Problem 4.9. We shall designate the van der Waerden function by W ,
which is defined as follows:

W (x) =
∞∑

j=0

10−jf(10jx), x ∈ [0, 1],

where f(x) = |x−k|, x ∈ [k− (1/2), k+(1/2)], k ∈ Z. When “10” is replaced
by “2” the corresponding function is referred to as the Takagi function; see
Figure 1.2.

Example 1.3.26. Nondifferentiability and nowhere dense sets
We now indicate how, for every closed nowhere dense set E ⊆ [0, 1], there is an
everywhere continuous nowhere differentiable function f with the properties
that

f = 0 on E

and
f > 0 on [0, 1] \ E;

cf. Problem 1.18. We first note that there are problems if we proceed
“naturally”, i.e., if we set f = 0 on E and define it to be a contraction of the
van der Waerden function W on each contiguous interval, noting that W (0) =
W (1) = 0. In this case, f is continuous but has points of differentiability.

Let {(aj, bj) : j = 1, . . .} be the set of contiguous intervals for E and enu-
merate all of the intervals (2−j(k − 1), 2−jk), k = 1, 2, . . . , 2j, j = 1, 2, . . . ,
as {An : n = 1, . . .}. Next define F1 to be any (aj , bj) in A1 in case such in-
tervals exist, and ∅ otherwise. Generally, let Fn be any (aj , bj) in An, where
Fn �= Fj for j = 1, . . . , n − 1, in case such intervals exist, and ∅ otherwise.
If x ∈ Fj = (anj , bnj ) we define

f(x) = m(Aj)W
(
x− anj

bnj − anj

)
;
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Fig. 1.2. Takagi function.

and if x ∈ (an, bn), a contiguous interval that is not equal to any Fj , j = 1, . . . ,
we set

f(x) = (bn − an)W
(
x− an
bn − an

)
.

Finally, set f = 0 on E. This function is due to Jan S. Lipiński [324].
The verification that f is everywhere continuous and nowhere differentiable
is Problem 1.33.

Remark. Stefan Banach asked to show that the collection of all functions
on (0, 1) that are continuous and that have a derivative everywhere does
not form a Borel set in the space C((0, 1)) of all continuous functions on
(0, 1); see [344] Problem 52. The proof of this fact was given by Stefan

Mazurkiewicz [346]. It can also be shown that this set forms a set of first
category [362]. In the “opposite” direction, R. Daniel Mauldin [343] proved
that the set of all everywhere continuous nowhere differentiable functions
forms a subset of C((0, 1)) that is not a Borel set.

We now shift our emphasis and consider the situation that f ′ exists for
each x ∈ (0, 1). We want to find the set of discontinuities of f ′.

Example 1.3.27. Sets of discontinuities of f ′f ′f ′

We shall construct a function f : (0, 1) → R such that f ′ exists on (0, 1) and
D(f ′) = Q ∩ (0, 1). Let g(x) = x2 sin(1/x), x �= 0, and g(0) = 0, so that g′ is
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discontinuous at x = 0. If {rn : n = 1, . . .} ⊆ (0, 1) is an enumeration of the
rationals, then set

f(x) =
∞∑

n=1

1
2n
g(x− rn).

Clearly,
∑

(1/2n)g′(x − rn) converges uniformly, and so

f ′(x) =
∞∑

n=1

1
2n
g′(x− rn), x ∈ (0, 1).

Thus, f ′ is discontinuous at each rational by the definition of g; cf. the
Volterra example.

Proposition 1.3.28. a. X = D(f ′) for some function f : [0, 1] → R whose
derivative exists at each x ∈ [0, 1] if and only if X is an Fσ set of first
category.

b. There is no function f : [0, 1] → R whose derivative exists on [0, 1] but
that is discontinuous everywhere.

Proof. a. (=⇒) f ′ is discontinuous on an Fσ by Proposition 1.3.6, and it is
easy to check that this Fσ is of first category.
(⇐=) We can write X =

⋃
Fn, Fn ⊆ Fn+1, Fn closed and nowhere dense.

As in the Volterra example (Example 1.3.1) we take fn differentiable on [0, 1]
and with the property that f ′

n = ±1 infinitely often in any neighborhood of
any x ∈ Fn and |f ′

n| ≤ C < ∞ for all n. Consequently, e.g., Example 1.3.27,
f =

∑
fn/3n is differentiable and f ′ is discontinuous precisely on X .

b. Part b is a consequence of part a. ��

There is no function f : [0, 1] → R whose derivative exists everywhere
on [0, 1] but that is discontinuous on the complement of a countable set; see
Appendix A.6.

For surveys of the remarks made in Section 1.3.2 and Section 1.3.4 we
list [64], [80], [444].

Basically we have seen that some of the problems in nineteenth-century
analysis led to various methods of characterizing the size of a given set,
e.g., countability, category, and “length”. As we shall see, an in-depth
study of “length”, i.e., measure, was crucial in getting past the problems
of Riemann’s integration theory that were focused upon by the likes of the
Volterra example. Émile Borel was the mathematician who heralded mea-
sure theory in this regard; and Lebesgue was the only one who discov-
ered the associated integration theory, which, in a very real way, obtains
more important theorems than possible by any other method. Of course,
Lebesgue came to his integral after considerably extending the Borel mea-
sure; cf. Leon W. Cohen’s analysis [108]; and this issue was the major cause
for the ensuing disagreement between Borel and Lebesgue; cf. Antonie

Monna’s study (see Section 1.4) for another aspect of this polemic.
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1.4 References for the history of integration theory

The following contains several listings on Fourier series because of the inti-
mate relation in the development of integration theory and Fourier series.

• G. A. Bliss, Integrals of Lebesgue, Bull. Amer. Math. Soc. 24 (1917), 1–47.
• N. Bourbaki, Intégration (Introduction to Chapters I–IV, and the historical

remarks for succeeding chapters), Paris 1965.
• J. Dauben, The trigonometric background of G. Cantor’s theory of sets,

Arch. Hist. Exact Sci. 7 (1971), 181–216.
• M. Fréchet, La vie et l’œuvre d’Émile Borel, Enseignement (2) 11 (1965),

(in particular, pages 53–63).
• H. Freudenthal, Did Cauchy plagiarize Bolzano? Arch. Hist. Exact Sci. 7

(1971), 375–392.
• G. A. Gibson, On the history of the Fourier series, Proc. Edinburgh Math.

Soc. 11 (1893), 137–166.
• I. Grattan-Guinness, The Development of the Foundations of Mathemati-

cal Analysis from Euler to Riemann, MIT 1970 (if you read pages 76–78
then you have a moral obligation to read Freudenthal’s article, above, and
Waterhouse’s review, below).

• I. Grattan-Guinness, From the Calculus to Set Theory, 1630–1910.
An Introductory History, Princeton University Press, Princeton, NJ, 2000.

• R. Henstock, A short history of integration theory, Southeast Asian Bull.
Math. 12 (2) (1988), 75–95.

• T. Hawkins, Lebesgue’s Theory of Integration. Its Origins and Develop-
ment, AMS Chelsea Publishing, Providence, RI, 2001.

• H. Lebesgue, Intégrale, longeur, aire, Annali di Matematica 7 (1902),
231–359.

• H. Lebesgue, Leçons sur l’Intégration et la Recherche des Fonctions Primi-
tives (1st and 2nd ed.), Paris 1904 and 1928.

• E. R. Lorch, Continuity and Baire functions, Amer. Math. Monthly 78
(1971), 748–762.

• F. A. Medvedev, Henri Lebesgue’s works on the theory of functions (on the
hundredth anniversary of his birth) (Russian), Russian Math. Surveys 30
(1975), 179–191 (Uspehi Mat. Nauk 30 (1975), 227–238).

• A. F. Monna, The concept of function in the 19th and 20th centuries, in
particular with regard to the discussion between Baire, Borel, and Lebesgue,
Arch. Hist. Exact Sci. 9 (1972), 57–84.

• A. B. Paplauskas, L’Influence de la théorie des séries trigonométriques sur
le développement du calcul intégral, Arch. Internat. Hist. Sci. 84–85 (1968),
249–260.

• I. Pesin, Classical and Modern Integration Theories, New York 1970.
• J.–P. Pier, Intégration et mesure, 517–564, in Development of Mathematics

1900–1950, Birkhäuser Verlag, Basel, 1994.
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• M. Plancherel, Contribution à l’étude de la représentation d’une fonction
arbitraire par des intégrales définies, Rend. Circ. Mat. Palermo, 30 (1910),
289–335.

• F. Riesz, L’Évolution de la notion d’intégrale depuis Lebesgue, Ann. Inst.
Fourier, Grenoble 1 (1949–50), 29–42.

• S. Saks, Zarys teorii ca�lki, Kasa Mianowskiego, Warszawa 1930, Théorie
de l’intégrale. Avec une note de Stefan Banach, Monografie Matematyczne
2, Warszawa 1933, Theory of the Integral, 2. ed., English translation by
L. C. Young, Monografie Matematyczne 7, Warszawa, Lwów 1937; Dover
Publications, New York, 1964.

• C.-J. de la Vallée Poussin, Intégrales de Lebesgue (reprint of the second
(1934) edition), Éditions Jacques Gabay, Sceaux, 1995.

• W. C. Waterhouse, Book Reviews, Bull. Amer. Math. Soc. 78 (1972),
385–391.

1.5 Potpourri and titillation

1. In Examples 1.3.23b, 1.3.25, and 1.3.26 we mentioned everywhere contin-
uous nowhere differentiable functions.

In a lecture in 1861, Riemann is supposed to have asserted that

R(x) =
∞∑

k=1

sin(k2πx)
k2

is everywhere continuous nowhere differentiable. The continuity follows from
the uniform convergence of the series. In his attempt to prove Riemann’s
claim for R, Weierstrass proved (although Paul du Bois-Reymond first
published it in 1874) that

K(x) =
∞∑

k=1

ak cos(bkπx)

is everywhere continuous nowhere differentiable, where b ∈ Z is odd, a ∈
(0, 1), and ab > 1 + 3π/2; cf. [82]. In 1916, Hardy proved that R is not
differentiable at any irrational and some rationals; and he also showed that
if b > 1, 0 < a < 1, and ab ≥ 1, then K is everywhere continuous nowhere
differentiable.

There have been two rather exciting chapters in the business of finding
everywhere continuous nowhere differentiable functions.

In 1916, Grace C. Young brought attention to Charles Cellerier’s
example of an everywhere continuous nowhere differentiable function,

∞∑

k=1

1
ak

sin(akπx), a > 1,
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discovered before 1850; and Bernhard Bolzano had constructed an every-
where continuous nowhere differentiable function about 1830, a fact not
discovered until 1921. It should be noted that Bolzano did not realize the
full potential of his example.

The second incident concerning everywhere continuous nowhere differen-
tiable functions is more recent and involves R. In 1969, Joseph L. Gerver,
at the time an undergraduate at Columbia University, proved the differen-
tiability of R at certain rational points [192], [193], [194]; and there have
been elaborations and generalizations by others. In particular, Stéphane

Jaffard and Yves Meyer, e.g., [253], [254], [259], have studied the exact
regularity of R using methods based on wavelet transforms; see Sections 9.6.2
and 9.6.3. Gerver proved that R is differentiable at points of the form
(2p + 1)/(2q + 1), p, q ∈ Z. He accomplished this in terms of the Hölder
exponent. By definition the Hölder exponent of R is a number α such that
there exists C > 0 for which

|R(x) −R(x0)| ≤ C|x− x0|α,

for all x in some neighborhood of x0. Gerver proved that at the points
(2p+1)/(2q+1) the Hölder exponent of R equals 3/2, and at all other points
it varies between 1/2 and 3/4.

Finally, we would like to mention that several elementary examples
of everywhere continuous nowhere differentiable functions have been pub-
lished in the Amer. Math. Monthly, e.g., John McCarthy, 60 (1953), 709,
M. Mark Lynch, 99 (1992), 8–9, and Liu Wen, 107 (2000), 450–453.

2. An interesting problem was posed around 1928 by Stanis�law Mazur.
It is now called the Banach–Mazur game. However, although this problem is
at the foundation of game theory, we are interested in it because of its relation
to Cantor sets. We cite its statement from The Scottish Book, Problem 43,
as it is found in [344].

Given a set E ⊆ R, a game between two players A and B is defined as
follows: A selects an arbitrary interval d1; B then selects an arbitrary interval
d2 contained in d1; then A selects an arbitrary segment d3 contained in d2,
and so on. A wins if the intersection

⋂
n dn contains a point of the set E;

otherwise, A loses. If E is a complement of a set of first category, there exists
a method by which A can win; if E is a set of first category, there exists a
method by which B will win.

Problem. Is it true that there exists a method of winning for the player A
if and only if the set E has its complement of first category in some interval;
similarly, does a method of winning exist for B if and only if E is a set of
first category?

This problem was solved positively by Banach in 1935, and his proof
was published by John C. Oxtoby; see [362]. In particular, if the set E
has the Baire property, i.e., if it can be represented as a symmetric difference
of an open set and a set of first category, then either player A or player
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B has a winning strategy. This does not mean that the game is completely
deterministic, and this is what makes it interesting.

The Banach–Mazur game has many generalizations. One of the most strik-
ing examples of such a generalization is due to Stanis�law Ulam; see [344],
Problem 43:

Given a set E ⊆ R, players A and B provide in turns the digits 0 and 1.
A wins if the number formed by these digits in a given order (in the binary
system) belongs to E. For which sets E does there exist a winning method for
player A (player B)?

Jan Mycielski has shown that the Banach–Mazur game has an equiva-
lent game in the Ulam scheme.

Ulam’s generalization of the Banach–Mazur game plays a role in modern
set theory; see, e.g., [350]. It is a basis for the definition of the axiom of
determinacy, i.e., that for every subset of [0, 1] the Ulam game is determined.
Donald A. Martin and John R. Steel (1989) proved that the axiom of
determinacy follows from a large-cardinal hypothesis.

1.6 Problems

Some of the more elementary problems in this set include Problems 1.1, 1.2,
1.3, 1.4, 1.5, 1.11, 1.14, 1.22, 1.25, 1.27, 1.28, 1.30, 1.35.

1.1. If {{a}, {a, b}} = {{c}, {c, d}} prove that a = c and b = d.

1.2. Given f : X → Y , where f is a function and X and Y are sets.
a. Prove

f
(⋃

Aα

)
=
⋃
f (Aα) ,

f−1
(⋃

Bα

)
=
⋃
f−1 (Bα) ,

f−1
(⋂

Bα

)
=
⋂
f−1 (Bα) ,

f−1 (B∼) = [f−1 (B)]∼.

b. Prove that the following are generally proper inclusions:

f
(⋂

Aα

)
⊆
⋂
f (Aα) ,

A ⊆ f−1 (f (A)) , and f
(
f−1 (B)

)
⊆ B.

c. Show that if f is surjective then f
(
f−1 (B)

)
= B.

1.3. a. Let X be a set and let P(X) be the set of all subsets of X . Prove
that there is no surjection f : X → P(X).
[Hint. Set B = {x ∈ X : x /∈ f(x)}.]

b. Let S = {{an : n = 1, . . .} : an = 0 or 1}. Prove cardS > ℵ0.
[Hint. Use the Cantor diagonal process.]
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1.4. a. Prove that there is an uncountable closed set of irrationals in [0, 1];
also see Example 2.2.14.

b. Prove that there are uncountable sets of real numbers that do not
contain uncountable closed subsets.
[Hint. One can show the existence of a set X ⊆ R that does not contain
any subset Y having the properties that Y is closed and contains no isolated
points; see [224], pages 201–202.]

1.5. Find a discrete subset of R with uncountable closure. Recall that X
is discrete if for each x ∈ X there is I ⊆ R, an open interval, such that
I ∩X = {x}.

1.6. a. (Schröder–Bernstein) Prove that if f : A → B and g : B →
A are injections, then there is a bijection, i.e., an injection that is also a
surjection, h : A → B.
[Hint. The basic decomposition required here is perhaps not the first idea
that will come to mind; it might be more efficient to read the proof in [279].]

b. Using part a show that a countably infinite set has an uncountable
family F of subsets, the intersection of any two of which is finite.
[Hint. Besides using part a there is also the following more geometric solution.
Let P = {(n,m) : n,m ∈ Z} ⊆ R × R and take Sφ to be the “strip” in P
with angle of inclination φ and width greater than 1. There are uncountably
many Sφ by the uncountability of the φ, and so, if we put our given countable
set in one-to-one correspondence with P , we obtain the uncountability of F .
Clearly Sφ ∩ Sψ is finite, since this intersection is a bounded parallelogram
in R

2.]

1.7. Let F be the field of all functions f = p/q, where p and q are polyno-
mials with real coefficients. Define

Pa = {f ∈ F : ∃ ε > 0 for which f > 0 on (a, a+ ε)}

and
P ′
a = {f ∈ F : ∃ ε > 0 for which f > 0 on (a− ε, a)}

for each a ∈ R, and

P∞ = {f ∈ F : ∃ N > 0 for which f > 0 on (N,∞)}

and
P ′
∞ = {f ∈ F : ∃ N > 0 for which f > 0 on (−∞,−N)}.

Clearly, with each such P , F is an ordered field with pointwise addition and
multiplication. This means that P is closed under addition and multiplication,
and that if f ∈ F then exactly one of the following is true: f ∈ P , −f ∈ P ,
or f = 0. Prove that the above P s give rise to distinct non-Archimedean
ordered fields, and that these are the only subsets of F for which F is an
ordered field (Archimedean fields were defined in Section 1.2). Also, prove
that if f ∈ F is in every P , then it can be written as a sum of squares.
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1.8. Let F be an ordered field with “positive elements” P ; see Problem 1.7.
The canonical linear ordering on F is given by defining f < g to mean that
g − f ∈ P . Define

[f, g] = {h ∈ F : f ≤ h ≤ g}
and

(f, g) = {h ∈ F : f < h < g}.
Then [f, g] is a closed interval and (f, g) is an open interval. A set S of open
intervals covers [f, g] if each h ∈ [f, g] is contained in at least one member
of S. Now assume that F is order-complete, i.e., each nonempty subset of F
that has an upper bound has a supremum. Prove the Heine–Borel theorem:
given [f, g] and S a cover of [f, g], there is a finite subcover.

1.9. Let S ⊆ R
d have the property that ρ(s1, s2) is rational for every

s1, s2 ∈ S, where ρ is the usual Euclidean distance defined as ρ(s1, s2) =√∑d
j=1 |sj1 − sj2|2. Prove that S is countable.

1.10. Find the error(s) in the following proof of Proposition 1.2.5.
Every open set G ⊆ R

2 is the disjoint union of open linear sets, e.g., the
intersection of G with the set of all horizontal lines in R

2; but it is known
that every open linear set is the disjoint union of open straight line segments
(Theorem 1.2.4). Thus, the problem is reduced to showing that every open
straight line segment can be represented as a disjoint union of closed straight
line segments; and this is clear, e.g.,

(0, 1) = [1/3, 2/3] ∪ [1/9, 2/9] ∪ [7/9, 8/9] ∪ · · · .

1.11. Prove the following set-theoretic assertions:

• A ⊆ B implies A ⊆ B;
• A ∪B = A ∪B;
• A = A;
• the finite union of closed sets is closed;
• the arbitrary intersection of closed sets is closed;
• the complement of an open set is closed;
• the complement of a closed set is open.

1.12. Let C be the Cantor set. Can you find {xn : n = 1, . . .} ⊆ R, bounded
and infinite, such that

∀ x ∈ R, card (C ∩ {xn + x : n = 1, . . .}) < ℵ0 ?

1.13. Let Eξ be a perfect symmetric set with ξk = ξ for each k.
a. Prove that Eξ − Eξ = {x− y : x, y ∈ Eξ} ⊇ [0, 1] if 1/3 ≤ ξ < 1/2.
b. Prove that m(Eξ − Eξ) = 0 if 0 < ξ < 1/3.

[Hint. First, try the case 0 < ξ < 1/4. Hugo Steinhaus proved part a for
C = E1/3 by considering C ×C ⊆ [0, 1]× [0, 1], and Steinhaus’ trick can be
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used to prove part b for the E1/4 case; cf. Problem 3.6. T. Šalat settled the
general case for 1/4 < ξ < 1/3. In 1987, Jacob Palis conjectured that the
difference of two perfect symmetric sets is either of Lebesgue measure zero,
or it contains an interval [364]. This conjecture was answered negatively by
Atsuro Sannami [417]. However, in case of perfect symmetric sets Eξ, the
conjecture is true; see [84].]

In this problem it is first necessary to make a reasonable guess at the
definition of “measure 0” or else wait until Chapter 2.

1.14. Prove (1.3).

1.15. a. Prove that �R\Q is not the pointwise limit of continuous functions.
[Hint. Assume that a sequence {fn : n = 1, . . .} of continuous functions
converges pointwise to �R\Q, and define

En = {x : fn(x) ≥ 1/2} and FN =
∞⋂

j=N

Ej .

Prove that R \ Q =
⋃∞
N=1 FN . This yields the desired contradiction since

R \ Q is not an Fσ.]
b. Let {fn : n = 1, . . .} be a sequence of continuous functions [0, 1] → R

that converges pointwise to a function f . Prove that C(f) = [0, 1]. The
solution to this is nontrivial; the presentation in [64], pages 99–101, uses
the Baire category theorem three times.

c. Let {fn : n = 1, . . .} be a sequence of continuous functions [0, 1] → R.
Prove that {x : ∃ limn→∞ fn(x)} is an Fσδ.

1.16. Prove that a monotone (increasing or decreasing) function f : R → R

has at most countably many points of discontinuities and all of these discon-
tinuities are jump discontinuities.

1.17. Let f : R → R be differentiable. Assume that

∀ r ∈ R, {x : f ′(x) = r} is closed.

Prove that f ′ is continuous on R.

1.18. Construct a C∞-function, i.e., infinitely differentiable function,
f : (0, 1) → R such that {x : f(x) = 0} is nowhere dense and uncount-
able.

1.19. Prove that the set of discontinuities of the function described in
Example 1.3.11 is nowhere dense.
[Hint. As suggested in Example 1.3.11, assume that the result is false. Then,
show that such a function must have a minimum on each closed interval.
Start with an interval where the set of discontinuities is dense and use this
property to construct a sequence of closed intervals, with increasing values of
their minima, that converge to a single point that cannot be a local minimum.]
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1.20. In light of Example 1.3.11, can the following be proved: for every
nowhere dense Fσ set E ⊆ R, there is f : R → R such that D(f) = E and f
has a local minimum at each x ∈ R?

1.21. Let f : [0, 1] → R be a function with the property that C(f) = [0, 1].
Prove that f is continuous except on a (possibly empty) set of first category;
cf. Problem 1.15b and Proposition 1.3.6.

1.22. Verify the claim of Example 1.3.1 (Volterra example) that f ′ exists
on (0, 1) and is 0 on E.

1.23. Verify the claim at the end of Example 1.3.17 that the two Cantor
functions we have defined are equal.

1.24. Find a dense set S ⊆ C such that for any line segment L ⊆ C,
S ∩ L �= L.
[Hint. An algebraic number is a complex root of a polynomial with integer
coefficients; cf. Example 1.3.22. Let A ⊆ C be the set of algebraic numbers,
and note that A is a countable set {αn : n = 1, . . .}; cf. Section 3.8.2. Define
s1 = α1, s2 = α2, and

∀ n ≥ 3, sn = αn +
1
2n
e2πi/f(n),

where f(n) is the smallest positive integer for which sn is not collinear with
any two of s1, . . . , sn−1. Set S = {sn : n = 1, . . .}.]

1.25. Order the rationals {rn : n = 1, . . .} ⊆ (0, 1) à la Cantor, i.e.,

1
2
,

1
3
,

2
3
,

1
4
,

1
5
,

3
4
,

2
5
,

1
6
, . . . ,

and cover each rn by an interval of length 1/2n+1 and center rn. The total
“length” covered is less than or equal to 1/2, and so there are real num-
bers r ∈ [0, 1] that are not covered by this process. Write down one such r
explicitly.
[Hint. Let r = 1/

√
2 and note that r is a root of f(x) = 2x2 − 1. For any

rational p/q ∈ (0, 1), the mean value theorem allows us to write

|f(p/q)| = |f(p/q) − f(r)| = 4ξ|r − (p/q)|,

where ξ ∈ (0, 1). Since
√

2 is irrational, |2p2 − q2| is a positive integer, and so

|f(p/q)| =
|2p2 − q2|

q2
≥ 1
q2
.

Consequently,

|r − (p/q)| ≥ 1
4ξq2

≥ 1
4q2

. (1.16)
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From properties of the Farey series in terms of the Euler function φ(n) (see the
proof of Proposition 3.4.7 for the definition of φ as well as [221], Theorems 330
and 331), it can be seen that if p/q is the nth rational then n + 2 > q2/4.
This fact combined with (1.16) gives the result.]

Remark. This technique was first used by Joseph Liouville to construct
transcendental, i.e., nonalgebraic, numbers; e.g., [362], pages 7–8. We say
that r ∈ R \ Q is a Liouville number if for every positive integer n there are
integers p and q such that |r − (p/q)| < 1/qn, q > 1. Every Liouville number
is transcendental.

1.26. Define the function f : (0, 1) → R as

f(x) =
∑

0≤ p
q ≤x

1
q3
, (p, q) = 1.

a. Prove that f is increasing on (0, 1), continuous on the irrationals, and
discontinuous on the rationals.

b. Since f is increasing, we shall see in Chapter 4 that f ′ exists for many
points. Show that there are points x for which f ′(x) does not exist.
[Hint. Take x to be a Liouville transcendental number, mentioned in Prob-
lem 1.25, and verify that

lim
u→x

f(u) − f(x)
u− x

= ∞.]

1.27. Let f : R → R be a function, r > 0, and let Er = {x : ω(f, x) ≥ r},
where ω(f, x) is the oscillation of f at x. Show that Er is closed.

1.28. a. Let f : [0, 1] → R be a continuous function, and for each n choose
some xk,n ∈ [(k − 1)/n, k/n], k = 1, . . . , n. Prove that

R

∫ 1

0

f = lim
n→∞

1
n

n∑

k=1

f(xk,n)

exists, where the integral R
∫ 1

0 denotes the usual Riemann integral.
b. Calculate

lim
n→∞

1
n

(
sin
(π
n

)
+ sin

(
2π
n

)
+ · · · + sin

(nπ
n

))
.

Remark. The partition of [0, 1] in part a is “uniformly distributed”. Such
evaluations of Riemann integrals play an important role in number theory.
This relationship was first developed by Hermann Weyl in 1914 and 1916,
and we refer to [304], [288] for developments in this area. Also, see Proposi-
tion 3.4.7 and Problem 3.29.
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1.29. Construct a continuous function f : R → R that has a proper local
minimum (or maximum) at each point in Q. (We say that f has a proper
local minimum at some point q if f(q) < f(x) for all x in some neighborhood
of q.)
[Hint. Start with the function g(x) = min(|x|, 1) − 1, and let

f(x) =
∞∑

n=1

gn(x) ,

where gn(x) = Ang((x− rn)/wn), {rn} denotes an enumeration of the ratio-
nals, and An, wn are to be specified [377].]

1.30. Prove the following assertions for a given continuous function
f : [a, b] → R.

a. There is F : [a, b] → R such that F ′ = f on [a, b], and
b.

R

∫ b

a

f = F (b) − F (a).

Remark. This result implies that integration and differentiation can be con-
sidered to be inverse processes, i.e., D

∫
=
∫
D = Id, where D symbolizes

differentiation and Id is the identity operator.
This is the fundamental theorem of calculus for the first 1900 years a.d.

We shall generalize it into a deep result, the Vitali–Lebesgue–Radon–Nikodym
theorem, which forms a major part of the Lebesgue theory.

1.31. Let {fn : n = 1, . . .} be a sequence of real-valued, twice differentiable
functions on [a, b] ⊆ R. Assume that fn → f uniformly, and that {f ′′

n} is
uniformly bounded in n and x. Prove that f ′

n → f ′ uniformly, and that there
exists C > 0 such that |f ′(x) − f ′(y)| ≤ C|x − y| for all x, y ∈ [a, b]. This
property is called a Lipschitz condition, and functions that satisfy it are called
Lipschitz functions.

1.32. Van der Waerden’s everywhere continuous nowhere differentiable
function W , mentioned in Section 1.3.4, is defined as

W (x) =
∞∑

j=0

10−jf(10jx), x ∈ (0, 1),

where f(x) = |x−k|, x ∈ [k−(1/2), k+(1/2)], k ∈ Z. Prove that this function
is everywhere continuous nowhere differentiable.
[Hint. Use results from Section 1.3.3 to prove the continuity of W . To show
that W is not differentiable at any a ∈ [0, 1], it is enough to find a sequence
{xn} converging to a, such that limn→∞(W (xn) −W (a))/(xn − a) does not
exist. Write a = 0.a1 . . . an . . . , and define xn = 0.a1 . . . an−1bnan+1 . . . ,
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where bn = an + 1 if an �= 4, 9, and bn = an − 1 if an = 4 or 9. Observe
that for any n we have

f(10jxn) − f(10ja) =

{
±10j−n, if j = 0, . . . , n− 1,
0, if j ≥ n.

Use this to calculate (W (xn) −W (a))/(xn − a).]

1.33. Prove that the function defined in Example 1.3.26 is everywhere con-
tinuous nowhere differentiable.

1.34. Verify that the function f : R → R defined by

f(x) =
∞∑

k=1

1
2k
g
(

22k

x
)

is everywhere continuous nowhere differentiable, where g : R → R has period
4 and is defined by

g(x) =

{
1 + x, if − 2 ≤ x ≤ 0,
1 − x, if 0 ≤ x ≤ 2.

1.35. Prove that an open interval cannot be the countable disjoint union of
closed sets; cf. Problem 1.10.

1.36. Let C ⊆ [0, 1] be the Cantor set. Is there an irrational number x such
that

{c+ x : c ∈ C} ⊆ R \ Q ?

1.37. Consider ∞∑

n=1

n∏

j=1

rj , rj ∈ Q ∩ (0, 1). (1.17)

a. If {rj : j = 1, . . .} = Q ∩ (0, 1) is enumerated à la Cantor (see
Problem 1.25), can you prove that (1.17) converges?

b. Find an enumeration of Q ∩ (0, 1) such that (1.17) diverges.





2 Lebesgue Measure and General Measure

Theory

2.1 The theory of measure prior to Lebesgue, and
preliminaries

For the historical development of measure theory prior to Lebesgue we refer
to Arthur Schoenflies’ work on set theory (1900) and [226].

One of the first people to recognize the connection between an integration
theory and a precise theory for measuring the “length” of sets was Giuseppe

Peano, and his work on these matters is contained in his book Applicazione
geometriche del calcolo infinitesimale, published in 1887 in Torino. Taking
a nonnegative, bounded function f : [a, b] → R, he let E be the point set
bounded by the graph of f and the lines x = a, x = b, y = 0, and he then
defined

ci(E) = sup {a(A) : A ⊆ E,A a polygonal region},
ce(E) = inf {a(A) : A ⊇ E,A a polygonal region},

where a(A) is the area of A. In these terms he observed that f is Riemann
integrable if and only if E is “measurable”, i.e., ce(E) = ci(E).

When ce and ci are equal we write c for their common value, and Peano

actually developed the theory of finitely additive set functions for such c.
Mind you, there was a great deal of activity in the general problem of

measuring sets prior to Peano. For example, using the fact that a closed set
E ⊆ R can be written as

E =

⎛

⎝
∞⋃

j=1

Ij

⎞

⎠
∼

,

where {Ij : j = 1, . . .} is a disjoint family of open intervals and m(Ij) denotes
the length of the interval Ij , Cantor and Ivar Bendixson were led to define

“m(C)′′ = 1 −
∞∑

j=1

m(Ij),

whose value, as we showed in Example 1.2.7, is 0.
Five years after Peano’s work, Camille Jordan also developed the

theory of finitely additive measures, and, although there are no references to
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Peano, it seems likely that Jordan knew of his work. In any case, mathe-
matically, Jordan carried finitely additive measure theory very far, and the
relation between measure and integrability was quite clearly explicated in
Jordan’s theory.

The next major step in the evolution of the fundamental ideas leading
to the present notions of integral and measure was taken by Émile Borel

from the time of his doctorate in 1894. To discuss his work we need to define
the notion of a σ-algebra.

Definition 2.1.1. Rings and algebras
Let X be any set. The power set P(X) is the set of all subsets of X and it
was initially defined in Problem 1.3.

a. We say that a collection of sets R ⊆ P(X) is a ring if, for all A,B ∈ R,
the following properties are satisfied:

A ∩B ∈ R,
A ∪B ∈ R,
A \B ∈ R.

A ring R is a σ-ring if, for any sequence {An : n = 1, . . .} ⊆ R,

∞⋂

n=1

An ∈ R

and ∞⋃

n=1

An ∈ R.

b. We say that a ring (respectively, σ-ring) A is an algebra (respectively,
σ-algebra) if

X ∈ A.
In this case, ∅ ∈ A, and A ∈ A implies A∼ ∈ A.

Proposition 2.1.2. For each collection C ⊆ P(X) there exists the smallest
ring (respectively, σ-ring, algebra, and σ-algebra) that contains C.

Proof. We shall only show the existence of the smallest ring containing C.
Let F be the family of all rings in P(X) that contain C, and let R =

⋂
{D :

D ∈ F}. Clearly C ⊆ R. Moreover, R is a ring. In fact, let A,B ∈ R. Then,
for each D ∈ F , A,B ∈ D. Since D is a ring, A ∪B,A ∩B,A \B ∈ D. This
is true for each D ∈ F , and so A ∪ B,A ∩B,A \B ∈ R. By definition, R is
the smallest ring containing C. ��

We say that the smallest ring (σ-ring, algebra, σ-algebra) that contains a
given family C is generated by C.

In light of the importance of open and closed sets we make the following
definition.
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Definition 2.1.3. Borel sets
The collection B = B(X) of Borel sets in X ⊆ R is the smallest σ-algebra in
P(X) containing the open sets in X .

If X is any topological space, defined in Appendix A.1, we define the
collection B = B(X) of Borel sets in X in the same way; B is the Borel
algebra.

Example 2.1.4. Borel sets
a. We have defined Fσ, Gδ, and Fσδ sets in Section 1.3.2. These sets are all
Borel sets, as are

Gδσ, Gδσδ , . . . ,Fσδσ, Fσδσδ, . . . .
b. There are Borel sets B ⊆ R that are not of the form Fn or Gm, where,

for example,
Fn = Fσδσ....

In fact, set

B =
∞⋃

n=1

An,

where An is an Fn but not an Fn−1, e.g., [224], page 182.
c. There are Borel sets B1, B2 ∈ B(R) such that B1 −B2 = {x− y : x ∈

B1, y ∈ B2} /∈ B(R) [401].
d. There is precisely a continuum of Borel sets in R; see, e.g., [307].

Besides first proving the Heine–Borel theorem in the form of Theo-
rem 1.2.10, Borel gave a reasonable definition of measure 0 and stressed
countable additivity for his measures. In fact, by dividing [0, 1] into equal
parts Jordan had reached the conclusion that “m(Q ∩ [0, 1])”= 1. Borel,
on the other hand, attached to each rn ∈ Q ∩ [0, 1] the segment of length
ε/n2. Consequently, he concluded that “m(Q ∩ [0, 1])”< ε

∑
1/n2 for each ε;

and so “m(Q∩[0, 1])”= 0. This example led Borel into his study of measure.
We shall see how countable additivity and integration are related very

soon. The countable additivity of Borel, as opposed to the finite additivity
of Peano–Jordan, was crucial in Lebesgue’s theory for attaining many
fundamental results.

Definition 2.1.5. Finitely additive and σσσ-additive set functions and
measures
a. Let A ⊆ P(X) and let μ be a set function

μ : A → R
+ ∪ {∞}.

Then μ is finitely additive on A if for each finite sequence {An : n =
1, . . . , N} ⊆ A of mutually disjoint sets, we have

μ

(
N⋃

n=1

An

)
=

N∑

n=1

μ(An).
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b. Let A ⊆ P(X) and let μ be a set function

μ : A → R
+ ∪ {∞}.

Then μ is σ-additive or countably additive on A if, for each sequence
{An : n = 1, . . .} ⊆ A of mutually disjoint sets, we have

μ

( ∞⋃

n=1

An

)
=

∞∑

n=1

μ(An).

c. Let A be a σ-algebra on X . A nonnegative, σ-additive set function
μ : A → R

+ ∪ {∞} is called a countably additive measure or σ-additive
measure or, just simply, a measure.

It is not a priori clear that a nontrivial measure exists. Lebesgue solved
this existence problem in a very strong way by constructing a σ-algebra
M(R) ⊇ B(R) and a measure m on M(R) with the reasonable properties
that

∀ x ∈ R and ∀ A ∈ M(R), m(A+ x) = m(A), (2.1)

and
∀ I ⊆ R, I an interval, m(I) is the length of I; (2.2)

see Section 2.2 for a proof. We call m Lebesgue measure, and conditions (2.1)
and (2.2) are specific to m.

2.2 The construction of Lebesgue measure on RRR

We start our venture into the business of constructing Lebesgue measure by
first considering the special case of the real line R. The difference between
this case and the general case of R

d is that the ordering of R enables us
to make simple arguments for comparison between Lebesgue measure on R,
which we shall construct, and the notion of length of intervals. This, in turn,
allows us to use the family of open sets of R as our starting point.

As we have indicated, if I is an interval then m(I) will designate its length.
For any A ⊆ R the Lebesgue outer measure of A is

m∗(A) = inf
{ ∞∑

n=1

m(In) : A ⊆
∞⋃

n=1

In and {In : n = 1, . . .}

is a countable family of open intervals
}
.

(2.3)

Clearly,
i. if A ⊆ B then m∗(A) ≤ m∗(B),
ii. m∗(∅) = 0.
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Proposition 2.2.1. Let I ⊆ R be an interval. Then m∗(I) = m(I).

Proof. Let I = [a, b], −∞ < a ≤ b < ∞. For each ε > 0, I ⊆ (a − ε, b + ε),
and so

m∗(I) ≤ m((a− ε, b+ ε)) = b− a+ 2ε. (2.4)

Since (2.4) is true for each ε > 0,

m∗(I) ≤ b− a.

To prove m∗(I) ≥ b − a, we shall show that, for any sequence {In : n =
1, . . .} of open intervals,

I ⊆
∞⋃

n=1

In =⇒
∞∑

n=1

m(In) ≥ b− a. (2.5)

By the Heine–Borel theorem each such sequence {In : n = 1, . . .}, for
which I ⊆

⋃
In, has a finite subcollection In1 , . . . , Ink

covering I, and, in
particular,

∞∑

n=1

m(In) ≥
k∑

j=1

m(Inj ).

Consequently, we need only prove (2.5) for finite covers {J1, . . . , Jk}. Let
a ∈

⋃k
j=1 Jj . Without loss of generality, we suppose a ∈ J1 = (a1, b1). Thus,

if b1 ≥ b,
k∑

j=1

m(Jj) ≥ b1 − a1 > b− a,

in which case we are finished. If a < b1 < b, then since b1 ∈ I there is J2 =
(a2, b2) in our finite subcollection such that a2 < b1 < b2. Again, if b2 ≥ b we
are finished. If b2 < b we choose J3 = (a3, b3) from our finite collection, etc.
Since the collection is finite, this process ends with Jn = (an, bn), n ≤ k; and
by hypothesis and construction we have an < b < bn. Hence,

k∑

j=1

m(Jj) ≥
n∑

j=1

(bj − aj) (2.6)

= bn − (an − bn−1) − (an−1 − bn−2) − · · · − (a2 − b1) − a1.

Now aj < bj−1 (recall a2 < b1 < b2, etc.), and so, from (2.6),

k∑

j=1

m(Jj) > bn − a1 > b− a;

this gives (2.5).
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For the case of a bounded interval I, take any ε > 0 and choose a closed
interval J ⊆ I for which

m(J) > m(I) − ε.

Hence,

m(I) − ε < m(J) = m∗(J) ≤ m∗(I) ≤ m∗(I) = m(I) = m(I);

that is, for each ε > 0,

m(I) − ε < m∗(I) ≤ m(I),

and so m(I) = m∗(I).
If I is an infinite interval then for each r > 0 there is a closed interval

J ⊆ I such that m(J) = r. Therefore, m∗(I) ≥ m∗(J) = m(J) = r, and so,
“letting r → ∞”, we have m∗(I) = +∞. ��

Proposition 2.2.2. Let {An : n = 1, . . .} ⊆ P(R). Then

m∗
( ∞⋃

n=1

An

)
≤

∞∑

n=1

m∗(An). (2.7)

Proof. If m∗(An) = ∞ for some n we are finished. Therefore, assume
m∗(An) < ∞ for each n ∈ N.

For a given ε > 0 and n, there is a sequence {In,i : n = 1, . . . , i = 1, . . .}
of open intervals such that

An ⊆
∞⋃

i=1

In,i and
∞∑

i=1

m(In,i) < m∗(An) + 2−nε,

by the definition of m∗. Now, card {In,i : i, n} ≤ ℵ0 and
⋃
nAn ⊆

⋃
n,i In,i.

Therefore,

m∗
( ∞⋃

n=1

An

)
≤

∞∑

n,i=1

m(In,i) =
∞∑

n=1

∞∑

i=1

m(In,i)

≤
∞∑

n=1

m∗(An) + ε

∞∑

n=1

1
2n

=
∞∑

n=1

m∗(An) + ε.

Since this is true for each ε, we have (2.7). ��

Taking An to be a one-point set in Proposition 2.2.2 we have that
i. if A is countable then m∗(A) = 0.

This fact, combined with Proposition 2.2.1, gives an ingenious though com-
plicated proof that

ii. card [0, 1] > ℵ0.
The following result is straightforward to prove and the proof is left as an

exercise (Problem 2.1).
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Proposition 2.2.3. Let A ⊆ R.
a. For each ε > 0 there is an open set U ⊆ R such that

A ⊆ U and m∗(U) ≤ m∗(A) + ε.

b. There is a Gδ set G such that

A ⊆ G and m∗(A) = m∗(G).

We use the Constantin Carathéodory approach (1914) to define
Lebesgue measure. A set A ⊆ R is Lebesgue measurable if

∀ E ⊆ R, m∗(E) = m∗(E ∩A) +m∗(E ∩A∼).

Thus, A is Lebesgue measurable if “no matter how you cut it” (with any E),
m∗ is nicely additive just as we hoped it would be. It is clear that

i. if m∗(A) = 0 then A is Lebesgue measurable;
ii. A is Lebesgue measurable if and only if A∼ is Lebesgue measurable;

and
iii. if A1, A2 are Lebesgue measurable then A1∪A2 is Lebesgue measurable.
We shall use M(R) to denote the collection of all Lebesgue measurable

subsets of R. We have the following result by part iii.

Proposition 2.2.4. M(R) is an algebra.

More important is the following theorem.

Theorem 2.2.5. Lebesgue and Borel σσσ-algebras on RRR

a. M(R) is a σ-algebra.
b. B(R) ⊆ M(R).

Proof. a.i. We first show that if E ⊆ R and {A1, . . . , An} ⊆ M(R) is a
disjoint family then

m∗

⎛

⎝E ∩

⎛

⎝
n⋃

j=1

Aj

⎞

⎠

⎞

⎠ =
n∑

j=1

m∗(E ∩Aj). (2.8)

We shall prove (2.8) by induction, noting that it is obvious for n = 1.
Assume that (2.8) is true for A1, . . . , An−1 and take A1, . . . , An. Then

E ∩

⎛

⎝
n⋃

j=1

Aj

⎞

⎠ ∩An = E ∩An (2.9)

and

E ∩

⎛

⎝
n⋃

j=1

Aj

⎞

⎠ ∩A∼
n = E ∩

⎛

⎝
n−1⋃

j=1

Aj

⎞

⎠ . (2.10)
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Equation (2.9) is clear, and (2.10) follows since
(⋃n

j=1 Aj

)
∩ A∼

n =
⋃n
j=1

(Aj ∩A∼
j ) =

(⋃n−1
j=1 (Aj ∩A∼

n )
)
∪ (An ∩A∼

n ) =
⋃n−1
j=1 Aj , where we have used

the fact that {A1, . . . , An} is disjoint in the last step. Thus, An ∈ M(R)
implies, from (2.9) and (2.10), that

m∗

⎛

⎝E ∩

⎛

⎝
n⋃

j=1

Aj

⎞

⎠

⎞

⎠ = m∗(E ∩An) +m∗

⎛

⎝E ∩

⎛

⎝
n−1⋃

j=1

Aj

⎞

⎠

⎞

⎠

= m∗(E ∩An) +
n−1∑

j=1

m∗(E ∩Aj)

by the induction hypothesis. Consequently, (2.8) holds.
a.ii. We now prove that M(R) is a σ-algebra. Hence, given {Bj : j =

1, . . .} ⊆ M(R) we must show that A =
⋃∞
j=1 Bj ∈ M(R). Since M(R) is an

algebra, there is a disjoint family {Aj : j = 1, . . .} ⊆ M(R) such that

A =
∞⋃

j=1

Bj =
∞⋃

j=1

Aj .

In fact, let A1 = B1, A2 = B2 \B1, A3 = B3 \ (B1 ∪B2), . . . .
Let Cn =

⋃n
j=1 Aj , so that Cn ∈ M(R), again using the fact that M(R)

is an algebra. Next note that A∼ ⊆ C∼
n because

Cn =
n⋃

j=1

Aj ⊆ A.

Taking any E ⊆ R we calculate

m∗(E) = m∗(E ∩ Cn) +m∗(E ∩C∼
n ) ≥ m∗(E ∩Cn) +m∗(E ∩A∼). (2.11)

From part a.i and the disjointness of {Aj : j = 1, . . .} we obtain

m∗(E ∩ Cn) = m∗

⎛

⎝E ∩

⎛

⎝
n⋃

j=1

Aj

⎞

⎠

⎞

⎠ =
n∑

j=1

m∗(E ∩Aj). (2.12)

Combining (2.11) and (2.12) gives

m∗(E) ≥
n∑

j=1

m∗(E ∩Aj) +m∗(E ∩A∼),

and, since the left-hand side is independent of n,

m∗(E) ≥
∞∑

j=1

m∗(E ∩Aj) +m∗(E ∩A∼).
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Thus, by the subadditivity of m∗ (Proposition 2.2.2),

m∗(E) ≥ m∗

⎛

⎝E ∩

⎛

⎝
∞⋃

j=1

Aj

⎞

⎠

⎞

⎠+m∗(E ∩A∼). (2.13)

The opposite inequality to (2.13) is always true, and so

A ∈ M(R).

b.i. We first show that (a,∞) ∈ M(R). Take E ⊆ R and set

E1 = E ∩ (a,∞) and E2 = E ∩ (−∞, a].

It is sufficient to prove that ε + m∗(E) ≥ m∗(E1) + m∗(E2) for each ε > 0,
and without loss of generality (obviously) we take m∗(E) < ∞. Fix ε > 0.
Since m∗(E) < ∞ there is a sequence {In : n = 1, . . .} of open intervals
covering E such that

∞∑

n=1

m(In) ≤ ε+m∗(E).

We observe that I ′n = In∩(a,∞) and I ′′n = In∩(−∞, a] are intervals (possibly
empty), and

m(In) = m(I ′n) +m(I ′′n) = m∗(I ′n) +m∗(I ′′n)

by Proposition 2.2.1. Clearly, E1 ⊆
⋃
I ′n and E2 ⊆

⋃
I ′′n . Consequently,

m∗(E1) ≤ m∗
( ∞⋃

n=1

I ′n

)
≤

∞∑

n=1

m∗(I ′n)

and

m∗(E2) ≤ m∗
( ∞⋃

n=1

I ′′n

)
≤

∞∑

n=1

m∗(I ′′n)

from Proposition 2.2.2. Therefore,

m∗(E1) +m∗(E2) ≤
∞∑

n=1

(m∗(I ′n) +m∗(I ′′n)) =
∞∑

n=1

m∗(In) ≤ ε+m∗(E).

b.ii. B(R) is the smallest σ-algebra containing each (a,∞); but we have
just proved that M(R) is a σ-algebra containing each (a,∞). ��

The following theorem is elementary to prove, and is the content of
Problem 2.3.
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Theorem 2.2.6. Properties of sequences of Lebesgue measurable
sets
Let {An : n = 1, . . .} ⊆ M(R).

a. m (
⋃∞
n=1An) ≤

∑∞
n=1m(An).

b. If {An : n = 1, . . .} is a disjoint family, then m (
⋃∞
n=1An) =∑∞

n=1m(An).
c. If A1 ⊇ A2 ⊇ A3 ⊇ · · · ⊇ An ⊇ · · · and m(A1) < ∞, then

m (
⋂∞
n=1An) = limn→∞m(An).

d. If A1 ⊆ A2 ⊆ A3 ⊆ · · · ⊆ An ⊆ · · · , then m (
⋃∞
n=1An) =

limn→∞m(An).

We shall prove Theorem 2.2.6c,d in a more general setting in Theo-
rem 2.4.3.

Definition 2.2.7. Lebesgue measure
The set function m : M(R) → R

+ ∪ {∞}, defined by

∀ A ∈ M(R), m(A) = m∗(A),

is Lebesgue measure on R.

The following result is a consequence of the definition of Lebesgue mea-
sure. However, its usefulness in problem-solving cannot be overemphasized;
and so we also state it as a theorem.

Theorem 2.2.8. Measure zero
A set A ∈ M(R) has Lebesgue measure zero if and only if

∀ ε > 0, ∃ {In : In an open interval and n = 1, . . .} such that

A ⊆
∞⋃

n=1

In and
∞∑

n=1

m(In) < ε.

Norbert Wiener (AMS semicentennial) has made an historical case for
the definition of measure 0 based on considerations from statistical mechanics;
cf. [93] by Lennart Carleson.

The following result is interesting in light of the ruler function discussed
in Section 1.3. We have only outlined its proof; cf. Problem 2.9.

Proposition 2.2.9. There are a function f : [0, 1] → R and a set D ⊆ [0, 1]
that is dense in [0, 1] such that D ∈ M(R), f is continuous on D, f is
discontinuous on [0, 1] \D, and m(D) = 0.

Proof. Let {rn : n = 1, . . .} be an enumeration of Q ∩ [0, 1], denote the open
interval about rj of radius 1/(k2j) by Ijk, and set

D =
∞⋂

k=3

Uk, where Uk =
∞⋃

j=1

Ijk.
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Then D is not of first category by an application of the Baire category
theorem, and m(D) = 0, e.g., Theorem 2.2.6c. Define f =

∑
k≥3 fk, where

fk(x) =

{
0, if x ∈ Uk,

1/2k, if x ∈ [0, 1] \ Uk. ��

Example 2.2.10. Measure of perfect symmetric sets
Because of Theorem 2.2.6c, if E is a perfect symmetric set then the definition
of m(E) that we gave in Chapter 1 is precisely the Lebesgue measure of E.

Proposition 2.2.11. Let A ⊆ R have the property that there is q ∈ (0, 1)
such that for all (a, b) ⊆ R there exist intervals In = (an, bn), n = 1, . . . ,
such that

A ∩ (a, b) ⊆
∞⋃

n=1

In and
∞∑

n=1

m(In) ≤ q(b− a).

Then m(A) = 0.

Proof. It is sufficient to prove that m(A ∩ (a, b)) = 0, since we have m(A) =
m(A∩ (

⋃
Ji)) ≤

∑
m(A∩ Ji), where {Ji : i = 1, . . .} is a cover of R by open

intervals. Now cover A ∩ (a, b) by intervals (an, bn) having the property that∑
(bn−an) ≤ q(b−a). Then cover each A∩(an, bn) by a countable collection

of intervals having total length q(bn− an). Thus, we have covered A by open
intervals of total length L, where

L ≤ q(b1 − a1) + q(b2 − a2) + · · · = q((b1 − a1) + · · · ) ≤ q(b − a).

Repeating this process we obtain the inequality m(A) ≤ qn(b − a), and so
m(A) = 0, since 0 < q < 1. ��

With regard to Proposition 2.2.3 we have the following theorem.

Theorem 2.2.12. Properties of Lebesgue outer measure
The following are equivalent.

a. A ∈ M(R).
b. ∀ ε > 0, ∃ U ⊇ A, open, such that m∗(U \A) < ε.
c. ∀ ε > 0, ∃ F ⊆ A, closed, such that m∗(A \ F ) < ε.
d. ∃ G, a Gδ set, such that A ⊆ G and m∗(G \A) = 0.
e. ∃ F , an Fσ set, such that F ⊆ A and m∗(A \ F ) = 0.

The straightforward proof of Theorem 2.2.12 is left as an exercise
(Problem 2.11).

Let A ∈ M(R). Suppose G ⊆ A is Lebesgue measurable, so that A \G ∈
M(R). Then

A = G ∪ (A \G).

Because of this and Theorem 2.2.12 we obtain the following important fact.
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Theorem 2.2.13. Lebesgue measurable sets and Borel sets
Let A ∈ M(R). Then,

∃ B ∈ B(R) and ∃ E ∈ M(R), m(E) = 0, such that
A = B ∪ E, B ∩ E = ∅, and m(A) = m(B),

i.e., every Lebesgue measurable set is a Borel set up to a set of measure zero.

Example 2.2.14. Closed uncountable sets of irrationals
In Problem 1.4a we wanted to find a closed uncountable subset of the irra-
tionals. This is most easily done by taking an open interval of radius ε/2n

about the nth rational and then looking at the complement of the union
of these intervals. Theorem 2.2.12c gives another proof, since m∗([0, 1] ∩
(R \ Q)) = 1, i.e., take A = [0, 1] ∩ (R \ Q) and use the facts that its outer
measure is positive and that it is measurable.

With regard to Problem 1.4b, if X ∈ M(R) and m(X) > 0, then we
can find a closed uncountable set F ⊆ X by the same reasoning, i.e., using
Theorem 2.2.12c, since m(X \ F ) = m(X) −m(F ).

Example 2.2.15. A set of measure 0
Let A be the set of those x ∈ [0, 1] whose decimal expansion consists of not
more than 9 distinct digits. Then, card A > ℵ0 and m(A) = 0. To prove this,
let Sj ⊆ A consist of those elements whose decimal expansions do not contain
j. Thus,

⋃9
0 Sj = A. Now Sj is equivalent, bijectively, to [0, 1] when we view

x ∈ [0, 1] as having an expansion to the base 9. Thus, card Sj > ℵ0 and so
card A > ℵ0.

The proof that m(A) = 0 reduces to showing that for each j, m(Sj) = 0.
Fix j and consider the ten intervals [k/10, (k + 1)/10), k = 0, . . . , 9. Then
throw away the (j + 1)st interval and so dispense with all decimals whose
first term is j; note that the length of this interval is 1/10. Next we divide
each of the remaining 9 intervals into 10 intervals, each of length 1/102. From
each of these divisions we throw away the (j+ 1)st interval and thus we have
removed all decimals whose second term is j; at this stage, then, we dispense
with lengths totaling 9/102. Continuing this process we end up with precisely
Sj ; on the other hand, we have thrown away, altogether, lengths totaling

1
10

+
9

102
+

92

103
+ · · · =

1
10

(
1

1 − (9/10)

)
= 1,

and so m(Sj) = 0.

We have indicated that there is a continuum of Borel subsets of R

(Example 2.1.4). Assuming this for the moment, we can assert that M(R) \
B(R) �= ∅. In fact, all subsets of the ternary Cantor set C are measurable.
Since the Cantor set is uncountable, the number of subsets of C (i.e., the
cardinality of the power set P(C)) is strictly greater than a continuum, and
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so there exist measurable subsets of C that are not Borel. See Example 2.4.14
for another proof that M(R) \ B(R) �= ∅.

In 1904, Lebesgue [313] posed the problem of measure: Does there exist
a nontrivial σ-additive set function on P(R) that is translation-invariant
on P(R) and satisfies (2.2)? Giuseppe Vitali settled this question in the
negative in 1905 [483]. In particular, this means that P(R) \ M(R) �= ∅.

Example 2.2.16. Nonmeasurable sets
a. The following is our translation of Vitali’s ingenious original argument
of 1905 [483]. We include it, since the publication is difficult to obtain. Subse-
quently, there have been many other published proofs, e.g., [438], frequently
similar, and sometimes more complicated.

On the problem of the measure of subsets of a line by G. Vitali.
The problem of [measuring all bounded] subsets A ⊆ R is that of deter-

mining, for every such A, a positive number μ(A) that could be called the
measure of A. This measure should satisfy the following properties (see [313],
page 103):

i. ∀ x ∈ R and ∀ A ⊆ R, bounded,

μ(A) = μ(A+ x);

ii. ∀ {An ⊆ R : An bounded}, a disjoint sequence,

∞∑

n=1

μ(An) = μ

( ∞⋃

n=1

An

)
;

iii. μ((0, 1)) = 1.
Let x ∈ R. The points of R that differ from x by some element of Q form

a denumerable set Ax ⊆ R. If Ax1 and Ax2 are two such sets then

Ax1 ∩Ax2 = ∅ or Ax1 = Ax2 . (2.14)

Let us consider the various sets Ax, well defined by (2.14), and let G be
the family of these sets. If r ∈ R, then there is a unique element A ∈ G, i.e.,
A is some Ax, for which r ∈ A. For A ∈ G, choose a point rA ∈ (0, 1/2) for
which rA ∈ A; and let us denote by V0 the set of such points rA. If q ∈ Q,
we denote by Vq the set of points rA + q, i.e.,

Vq = {rA + q ∈ (0, 1/2) + q : A ∈ G}.

The sets Vq corresponding to various q ∈ Q are pairwise disjoint, there are
countably infinitely many of them, and by the translation-invariance [prop-
erty i] they all have the same measure.

The sets
V0, V1/2, V1/3, V1/4, . . . ⊆ (0, 1);

and therefore their union has measure m ≤ 1 [by properties ii and iii, if, in
fact, the Vq are “measurable”].
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However,

m = μ(V0) +
∞∑

n=2

μ(V1/n) = lim
n→∞nμ(V0)

must also hold, and therefore μ(V0) = 0. But then the union of all the Vq,
q ∈ Q, must likewise have measure 0. However, this union is R and therefore
must have infinite measure. Thus, we may conclude that it is impossible to
define μ : P(R) → R

+ satisfying the properties i, ii, iii.
b. Next we include the Vitali example written in more modern language.
For x, y ∈ R we write x ∼ y if x − y ∈ Q. Clearly, “∼” is an equivalence

relation, i.e., it is
i. Reflexive: ∀ x ∈ R, x ∼ x,
ii. Symmetric: ∀ x, y ∈ R, x ∼ y =⇒ y ∼ x,
iii. Transitive: ∀ x, y, z ∈ R, x ∼ y and y ∼ z =⇒ x ∼ z.
The equivalence class corresponding to x ∈ R is {y ∈ R : y ∼ x}.
We now make explicit use of the axiom of choice and define A to be a

subset of (0, 1) that contains exactly one point from each equivalence class,
noting, for each x ∈ R, that an equivalence class is of the form Ax = x + Q.
We shall prove that A /∈ M(R). Clearly,

if x ∈ (0, 1) then ∃ r ∈ Q ∩ (−1, 1) such that x ∈ A+ r;

also, by the definition of A we argue by contradiction to prove that

if r, s ∈ Q, r �= s, then (A+ r) ∩ (A+ s) = ∅.

Assume A ∈ M(R) and define

S =
⋃

{r +A : r ∈ Q ∩ (−1, 1)}.

From the translation invariance and the fact that (A + r) ∩ (A + s) = ∅ for
r �= s, where r, s ∈ Q, we have that S ∈ M(R), and

m(S) = ∞ or m(S) = 0.

Since A ⊆ (0, 1), S ⊆ (−1, 2), and so m(S) ≤ 3. Hence, m(S) = 0. On the
other hand, (0, 1) ⊆ S; and so m(S) ≥ 1, the desired contradiction. Therefore,
A /∈ M(R), i.e., M(R) cannot be all of P(R) if m is to satisfy (2.2) as well
as being translation invariant.

The following result is true in any measure space (see Section 2.4) having
nonmeasurable sets, and indicates how difficult it is to approximate nonmea-
surable sets with measurable ones.

Proposition 2.2.17. Let E ⊆ R be nonmeasurable. There is ε > 0 such that
if E ⊆ A and E∼ ⊆ B, where A and B are measurable, then m(A ∩B) ≥ ε.
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Proof. Assume that the result is false. Then for each n there are sets Gn,
Dn ∈ M(R) such that

E ⊆ Gn, E
∼ ⊆ Dn, and m(Gn ∩Dn) < 1/n.

The sets G =
⋂
Gn and D =

⋂
Dn are Lebesgue measurable, E ⊆ G,E∼ ⊆

D, and m(G ∩D) = 0. Since G ∈ M(R), m∗(S) = m∗(S ∩G) +m∗(S ∩G∼)
for each S ⊆ R. Now, D ⊆ (G ∩D) ∪G∼, and so

S ∩D ⊆ (S ∩G ∩D) ∪ (S ∩G∼).

This implies that

m∗(S ∩D) ≤ m∗(S ∩G∼) +m∗((S ∩G) ∩D)

≤ m∗(S ∩G∼) +m∗(G ∩D) = m∗(S ∩G∼).

Consequently, m∗(S ∩D) +m∗(S ∩G) ≤ m∗(S ∩G∼) +m∗(S ∩G) = m∗(S).
Observe that

E ⊆ G =⇒ m∗(S ∩ E) ≤ m∗(S ∩G)

and
E∼ ⊆ D =⇒ m∗(S ∩ E∼) ≤ m∗(S ∩D).

Thus, for all S ⊆ R,

m∗(S ∩ E) +m∗(S ∩E∼) ≤ m∗(S),

and so E ∈ M(R), a contradiction. ��

2.3 The existence of Lebesgue measure on R
dR
d

R
d

In the previous section we have established the existence of Lebesgue measure
m on R. This measure is translation-invariant, it measures all Borel sets, and
the Lebesgue measure of an interval is equal to its length.

In this section we shall construct an analogue of Lebesgue measure on R

for R
d for any d ≥ 1. The procedure is general in the sense that we shall

actually give a method of construction of a family of measures on R
d. Then,

a choice of a specific ring and a specific set function on that ring will yield the
desired analogue of Lebesgue measure. In this context, note that the family
of open sets in R

d does not form a ring of subsets of R
d.

Remark. We shall show that it is possible to extend an arbitrary σ-additive
function on a ring R to a σ-additive function on a σ-ring generated by R.
Thus, formally, our construction is not a construction of an arbitrary general
measure, which by definition is a σ-additive function on a σ-algebra. However,
this approach combined with the properties of the standard volume function
on R

d will yield Lebesgue measure on R
d.
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Let R ⊆ P(Rd) be a ring and let μ : R → R
+ ∪ {∞} be a σ-additive set

function. Our goal is to extend the function μ from the ring R to a σ-ring
Rσ that contains R. As before, for A ⊆ R

d we define the outer measure of
A as

μ∗(A) = inf
{In}

∞∑

n=1

μ(In), (2.15)

where the infimum is taken over all countable families {In} of elements of
the ring R, which form a cover of the set A, i.e., A ⊆

⋃
n In and In ∈ R,

n = 1, . . . ; cf. (2.3).

Example 2.3.1. Note that depending on the choice of the set X and the
ring R, it may happen that it will not be possible to define the outer measure
on all of P(X). Consider X to be any uncountable set and let

R = {A ⊆ X : cardA < ∞},

the ring of all finite sets, and let μ : R → R
+ be defined as

μ(A) = cardA.

Then the outer measure μ∗ can be extended only to the collection of countable
subsets of X .

However, it is not difficult to check that the collection

H(R) =

{
A ⊆ R

d : A ⊆
∞⋃

n=1

In, In ∈ R
}

is a σ-ring. Thus, μ∗ is defined on the σ-ring H(R) ⊆ P(Rd).
The σ-ring H(R) has the following property: if A ⊆ B andB ∈ H(R) then

A ∈ H(R). This explains the use of letter “h”, as in “heritage”. If R ⊆ P(Rd)
is a ring and Rσ is the σ-ring generated by R, then Rσ ⊆ H(R).

Remark. We note that if the ring R contains all open subsets of R
d, then

H(R) = P(Rd). In this case, the simpler arguments of Section 2.2 can be
used to prove the existence of Lebesgue measure on R

d. However, in the case
of extensions of a ring to a σ-algebra for arbitrary measures in R

d, as well as
for the general measure theory developed in Section 2.4, we need the notion
of the ring H(R).

Proposition 2.3.2. Let μ : R → R
+ ∪ {+∞} be a σ-additive set function

on a ring R ⊆ P(Rd) and let {An : n = 1, . . .} ⊆ H(R). Then

μ∗
( ∞⋃

n=1

An

)
≤

∞∑

n=1

μ∗(An). (2.16)
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The proof of Proposition 2.3.2 follows the proof of Proposition 2.2.2.

Proposition 2.3.3. Let μ : R → R
+ ∪ {+∞} be a σ-additive set function

on a ring R ⊆ P(Rd). If A ∈ R then μ∗(A) = μ(A).

Proof. Clearly A ⊆ A and thus μ∗(A) ≤ μ(A). To prove the opposite
inequality, consider a collection {In : n = 1, . . .} ⊆ R such that A ⊆

⋃∞
n=1 In.

From the σ-additivity of the set function μ on R it follows that, for any such
collection {In},

μ(A) ≤
∞∑

n=1

μ(In);

see Problem 2.14. Therefore, by the definition of outer measure we have
μ(A) ≤ μ∗(A). ��

We again use Carathéodory’s approach to define measurable sets. Let
μ : R → R

+ ∪ {+∞} be a σ-additive set function on a ring R ⊆ P(Rd) and
let A ∈ H(R). Then A is measurable with respect to μ and R if

∀ E ∈ H(R), μ∗(E) = μ∗(E ∩A) + μ∗(E ∩A∼).

Let A denote the family of all sets measurable with respect to μ and R.
By the definition of the outer measure μ∗,

A, B ∈ H(R) and A ⊆ B =⇒ μ∗(A) ≤ μ∗(B).

Proposition 2.3.4. Let μ : R → R
+ ∪ {+∞} be a σ-additive set function

on a ring R ⊆ P(Rd). The elements of R are measurable with respect to μ
and R, i.e., R ⊆ A.

Proof. From Proposition 2.3.2 it is clear that μ∗(E) ≤ μ∗(E∩A)+μ∗(E∩A∼).
To prove the opposite inequality, fix ε > 0 and take a collection {In : n =
1, . . .} ⊆ R such that E ⊆

⋃∞
n=1 In and

∞∑

n=1

μ(In) < μ∗(E) + ε.

Since E ∩A ⊆
⋃

(In ∩A) and E ∩A∼ ⊆
⋃

(In \A), we obtain

μ∗(E) >
∞∑

n=1

μ(In) − ε =
∞∑

n=1

(μ(In ∩A) + μ(In \A)) − ε

≥ μ∗(E ∩A) + μ∗(E ∩A∼) − ε.

This is true for each ε, and so μ∗(E) ≥ μ∗(E ∩A) + μ∗(E ∩A∼). ��

Theorem 2.3.5. AAA is a ring
Let μ : R → R

+ ∪ {+∞} be a σ-additive set function on a ring R ⊆ P(Rd).
Then A is a ring.
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Proof. We need to show only that, for any two measurable sets A, B ∈ A,
we have A ∪B,A \B ∈ A.

For any E ∈ H(R),

μ∗(E) = μ∗(E ∩A) + μ∗(E ∩A∼)

= μ∗(E ∩A ∩B) + μ∗(E ∩A ∩B∼) + μ∗(E ∩A∼)

≥ μ∗(E ∩A ∩B∼) + μ∗(E ∩ (A ∩B) ∪ (E ∩A∼))

= μ∗(E ∩ (A \B)) + μ∗(E ∩ (A \B)∼).

Since the reverse inequality is always true, it follows that A \B ∈ A.
In a similar manner we obtain

μ∗(E) = μ∗(E∩A∩B)+μ∗(E∩A∩B∼)+μ∗(E∩A∼∩B)+μ∗(E∩A∼∩B∼),

and, replacing E with E ∩ (A ∪B), we have that

μ∗(E ∩ (A ∪B)) = μ∗(E ∩A ∩B) + μ∗(E ∩A ∩B∼) + μ∗(E ∩A∼ ∩B).

Thus,
μ∗(E) = μ∗(E ∩ (A ∪B)) + μ∗(E ∩ (A ∪B)∼),

and so A ∪B ∈ A. ��

To finish the construction of a measure on R
d, we need the following

observation: if A1, . . . , An ∈ A are pairwise disjoint and if E ∈ H(R), then

μ∗

⎛

⎝E ∩

⎛

⎝
n⋃

j=1

Aj

⎞

⎠

⎞

⎠ =
n∑

j=1

μ∗(E ∩Aj). (2.17)

We leave the proof as an exercise (Problem 2.15).

Theorem 2.3.6. AAA is a σσσ-ring
Let μ : R → R

+ ∪ {+∞} be a σ-additive set function on a ring R ⊆ P(Rd).
Then A is a σ-ring.

Proof. In view of Theorem 2.3.5 we need to show only that A is closed under
countable disjoint unions; see Problem 2.16.

Let E ∈ H(R), let {An : n = 1, . . .} ⊆ A be a sequence of pairwise
disjoint measurable sets, and let A =

⋃∞
n=1An. We may assume without loss

of generality that μ∗(E∩A) < ∞. Indeed, if μ∗(E∩A) = ∞ then μ∗(E) = ∞,
and A is measurable.

From Proposition 2.3.2, we have

μ∗(E ∩A) ≤
∞∑

n=1

μ∗(E ∩An).
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Now it follows from (2.17) that for every ε > 0 there exists N such that

μ∗(E ∩A) ≤
N∑

n=1

μ∗(E ∩An) + ε = μ∗
(
E ∩

(
N⋃

n=1

An

))
+ ε.

Because of this and the fact that A is a ring, in particular
⋃N
n=1An ∈ A, we

have

μ∗(E ∩A) + μ∗(E ∩A∼)

≤ μ∗
(
E ∩

(
N⋃

n=1

An

))
+ ε+ μ∗

(
E ∩

(
N⋃

n=1

An

)∼)

= μ∗(E) + ε.

Since this is true for each ε, μ∗(E) ≥ μ∗(E ∩A) +μ∗(E ∩A∼). The opposite
inequality is easily verified, and so A =

⋃∞
n=1An ∈ A. ��

Theorem 2.3.7. The σσσ-additive function μ∗μ∗μ∗ on the σσσ-ring AAA
Let μ : R → R

+ ∪ {+∞} be a σ-additive set function on a ring R ⊆ P(Rd).
Then μ∗ is σ-additive on the σ-ring A.

Proof. We shall prove that μ∗ is σ-additive on A. Let A =
⋃∞
n=1An, where

each An ∈ A and the Ans are pairwise disjoint. We shall show that for any
E ∈ H(R) we have

μ∗(E ∩A) =
∞∑

n=1

μ∗(E ∩An). (2.18)

Then, substituting A for E, we shall have the desired σ-additivity,

μ∗(A) =
∞∑

n=1

μ∗(An).

Since E ∩A = E ∩ (
⋃∞
n=1 An), Proposition 2.3.2 implies

μ∗(E ∩A) ≤
∞∑

n=1

μ∗(E ∩An),

and we have one direction of (2.18). For the opposite inequality, note that,
for every N ,

N∑

n=1

μ∗(E ∩An) = μ∗
(
E ∩

(
N⋃

n=1

An

))
≤ μ∗(E ∩A).

Thus,
∞∑

n=1

μ∗(E ∩An) ≤ μ∗(E ∩A). ��
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Therefore, we have extended a nonnegative, σ-additive set function μ from
a ring R to a σ-ring A. This process is in fact parallel to our construction of
Lebesgue measure on R, where the set function was defined as the length of
an interval.

Example 2.3.8. Volumes of parallelepipeds
Let Q be the collection of parallelepipeds in R

d, i.e., sets of the form Q =
(a1, b1]×· · ·×(ad, bd], for any real a1 < b1, . . . , ad < bd. Let AQ be the family
of all finite unions of pairwise disjoint collections of such parallelepipeds.
Then AQ is a ring.

Let md : AQ → R
+ be defined as

md

⎛

⎝
n⋃

j=1

Qj

⎞

⎠ =
n∑

j=1

volume (Qj) =
n∑

j=1

d∏

k=1

(b(j)k − a
(j)
k ),

where Qj = (a(j)
1 , b

(j)
1 ] × · · · × (a(j)

d , b
(j)
d ], j = 1, . . . , n, are disjoint and where⋃n

j=1Qj ∈ AQ. It is not difficult to see that md is a σ-additive set function
on AQ. Thus, we define the Lebesgue outer measure md∗, according to (2.15).
Then md∗ is defined on the corresponding σ-ring H(AQ), which in this case is
equal to P(Rd). Therefore, H(AQ) is a σ-algebra. In particular, when d = 1,
the definition of the outer measure m1∗ coincides with the definition of the
Lebesgue outer measure on R in Section 2.1.

We now apply Theorem 2.3.7 to the setting of Example 2.3.8. In partic-
ular, Lebesgue outer measure md∗ is σ-additive on a σ-ring M(Rd). Since
R
d ∈ H(AQ) = P(Rd), we can write

∀ E ∈ H(AQ), md∗(E ∩ R
d) +md∗(E \ R

d) = md∗(E) +md∗(∅).

Clearly md∗(∅) = 0 and so R
d ∈ M(Rd), which implies that M(Rd) is in fact

a σ-algebra. Therefore, we have the following result.

Theorem 2.3.9. Lebesgue measure on R
d

R
d

R
d

There exist a σ-algebra M(Rd) ⊇ B(Rd) and a measure md on M(Rd) such
that

∀ x ∈ R
d and ∀ A ∈ M(Rd), md(A+ x) = md(A),

and
∀ Q ⊆ R

d, Q a cube, md(Q) is the volume of Q.

A measure that extends the set function md from Example 2.3.8, defined
on AQ, to the σ-algebra M(Rd) of sets measurable with respect to AQ is
unique and is called Lebesgue measure on R

d. It is obviously translation
invariant, and the σ-algebra M(Rd) contains all Borel subsets of R

d. The
uniqueness follows from Problem 2.20; cf. the more general uniqueness result
asserted in Problem 2.19.
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Naturally, for d = 1, m1 = m, where m is Lebesgue measure as defined in
Section 2.2. In fact, our construction of the Lebesgue measuremd is analogous
to our treatment of measure for R, differing only in the fact that we were
using d-dimensional “cubes” instead of open intervals (which do not form a
ring of subsets of R).

Example 2.3.10. Lebesgue–Stieltjes measure associated with fff
Let f : R → R be an increasing and right-continuous function. Let Q =
(a1, b1] × · · · × (ad, bd] ⊆ R

d, and define the set function

μf (Q) = (f(b1) − f(a1)) · · · (f(bd) − f(ad)).

It is not difficult to see that μf is a σ-additive set function on the ring Q
of disjoint unions of parallelepipeds in R

d (Problem 2.21). The procedure
culminating in Theorem 2.3.7 allows us to extend μf to a measure on a
σ-algebra of measurable sets generated by AQ. This measure, also denoted
by μf , is the Lebesgue–Stieltjes measure associated with f (see Section 3.5),
and Lebesgue measure is the Lebesgue–Stieltjes measure associated with f = 1.
Lebesgue–Stieltjes measures will be identified with Radon measures through
the Riesz representation theorem in Section 7.5.

Systematic treatments of measure constructions on R
d, from various

points of view, are given in the books on Lebesgue integration by Edgar

Asplund and Lutz Bungart [15], Jacques Dixmier [142] (course at the
Sorbonne), Wendell H. Fleming [179], pages 136–205, B. L. Gurevich

and Georgii E. Shilov [208], Frank Jones [264], Elliot H. Lieb and
Michael Loss [321], Walter Rudin [405], pages 49–52, Kennan T. Smith

[445], Richard L. Wheeden and Antoni Zygmund [502], and John H.

Williamson [512]. Also, see [135], [180], [287], [302].

Example 2.3.11. Lebesgue measure of the unit ball
The measure of the unit ball

Bd =

⎧
⎪⎨

⎪⎩
x ∈ R

d : ‖x‖ =

⎛

⎝
d∑

j=1

x2
j

⎞

⎠
1/2

≤ 1

⎫
⎪⎬

⎪⎭

is

md(Bd) =
πd/2

(d/2)Γ (d/2)
, d = 1, 2, . . . ,

where the Euler gamma function is defined as

Γ (x) =
∫ ∞

0

tx−1e−tdt, x > 0.

The proof is by induction. First we observe that m(B1) = 2. Next, we
calculate
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md(Bd)
md−1(Bd−1)

= 2
∫ 1

0

(1 − x2)(d−1)/2dx.

Using a change of variables we obtain

md(Bd)
md−1(Bd−1)

=
∫ 1

0

y−1/2(1 − y)(d−1)/2dy = β

(
1
2
,
d+ 1

2

)
,

where the Euler beta function is

β(x, y) = 2
∫ π/2

0

cos2x−1(θ) sin2y−1(θ) dθ =
Γ (x)Γ (y)
Γ (x+ y)

.

Thus,

md(Bd) = md−1(Bd−1)
Γ (1

2 )Γ (d+1
2 )

Γ (d2 + 1)
.

In order to finish the proof we need to observe that

Γ

(
1
2

)
=

√
π

and
Γ (x+ 1) = xΓ (x);

see, e.g., [179].

2.4 General measure theory

In the previous two sections we presented methods of constructing σ-additive
set functions on σ-rings of subsets of R

d. A similar approach may be used
to extend finitely additive functions on more general spaces X . As we shall
later see, σ-additivity is crucial for proving general and good theorems about
taking limits under integral signs and switching iterated limits. Thus, as an
efficiency move, we now proceed directly to this setting.

Let X be a set and let A be a σ-algebra in P(X), i.e., ∅ ∈ A and A is
closed with respect to taking complements and countable unions. Then (X,A)
is measurable space. A measure, respectively, finitely additive measure, μ on
(X,A) is a function μ : A → R

+ ∪ {+∞} such that

μ(∅) = 0

and

μ

( ∞⋃

n=1

An

)
=

∞∑

n=1

μ(An),

where {An : n = 1, . . .} ⊆ A is a countable, respectively, finite, disjoint
family. A measure space (X,A, μ) is a measurable space (X,A) and a measure
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μ. In this case the elements of A are μ-measurable sets or, more simply,
measurable sets.

The techniques and results of Section 2.3 generalize to this more abstract
setting, and we can state the following theorem, which allows us to construct
measures on many spaces.

Theorem 2.4.1. Carathéodory theorem
Let X be a set, let R ⊆ P(X) be an algebra, and let μ : R → R

+ ∪ {+∞}
be a σ-additive set function. Then μ extends to a measure on the σ-algebra
of measurable sets A, and so also to a measure on the σ-algebra generated
by R.

We leave the details of the proof of Theorem 2.4.1 to Problem 2.20, where
the issue of uniqueness of such extensions is also discussed.

If X is a topological space (see Appendix A.1) and A contains the Borel
sets then a measure μ on (X,A) is a Borel measure.

Johann Radon was the first to define a general measure space (in 1913).
The idea was certainly in the air because of Vitali’s and Lebesgue’s work to
extend the fundamental theorem of calculus to R

d; in fact, in such a setting it
became important to consider set functions; cf. Section 5.6.3. The key result
of Radon’s paper was the first form of the now crucial Radon–Nikodym
theorem, which is a natural generalization of the fundamental theorem of
calculus.

Remark. Let X be a metric space (Appendix A.1), which is also a mea-
sure space. Two Borel subsets of a measure space X are congruent if there
exists an isometry of one set onto the other. One of the simplest examples
of such isometry and congruence is translation and translation invariance,
which is required in defining Lebesgue measure. Banach and Ulam asked
whether, in compact metric spaces, one can always define a finitely additive
measure for which all congruent Borel sets have the same measure; see [344],
Problem 2. The answer is positive if one makes the additional assumption
that X is countable; see [124]. On the other hand, it follows from works of
Mycielski [352], [353] that, for each compact metric space X , there exists a
Borel measure with the property that all open congruent sets have the same
measure.

Example 2.4.2. Measure spaces
We now give some examples of measure spaces.

a. The Lebesgue measure space (Rd,M(Rd),md).
b. For any set X and any σ-algebra A ⊆ P(X), fix x and define

∀ A ∈ A, δx(A) =

{
0, if x /∈ A,

1, if x ∈ A.

Then (X,A, δx) is a measure space. Here δx is the Dirac measure at x asso-
ciated with A.
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c. (Rd,B(Rd),md) is a measure space.
d. For any set X and any σ-algebra A ⊆ P(X), define

∀ A ∈ A, c(A) =

{
cardA, if cardA < ℵ0,

∞, if cardA ≥ ℵ0.

Then (X,A, c) is a measure space and c is called counting measure. For
A = P(R), c is translation-invariant, i.e., c satisfies (2.1) on P(R); compare
this with Example 2.2.16.

Theorem 2.4.3c,d are the results we mentioned after Theorem 2.2.6.

Theorem 2.4.3. The measure of unions and intersections
Let (X,A, μ) be a measure space.

a. If A,B ∈ A, A ⊆ B, then μ(A) ≤ μ(B).
b. For each sequence {An : n = 1, . . .} ⊆ A,

μ

( ∞⋃

n=1

An

)
≤

∞∑

n=1

μ(An).

c. If {An : n = 1, . . .} ⊆ A satisfies the conditions that μ(A1) < ∞ and
An ⊆ An−1 for each n ≥ 2, then

μ

( ∞⋂

n=1

An

)
= lim

n→∞μ(An).

d. If {An : n = 1, . . .} ⊆ A is a sequence with the property that An ⊆ An+1

for each ≥ 1, then

μ

( ∞⋃

n=1

An

)
= lim

n→∞μ(An).

Proof. a. B = A∪(B\A), and so μ(B) = μ(A)+μ(B\A). Since μ(B\A) ≥ 0
we have μ(A) + μ(B \A) ≥ μ(A).

b. Set Gn = An \
(⋃n−1

j=1 Aj

)
. Thus, {Gn : n = 1, . . .} is a disjoint family

and
⋃∞
n=1Gn =

⋃∞
n=1An. Also, Gn ⊆ An, and so

μ

( ∞⋃

n=1

An

)
= μ

( ∞⋃

n=1

Gn

)
=

∞∑

n=1

μ(Gn) ≤
∞∑

n=1

μ(An).

c. Let A =
⋂∞
n=1An, so that A1 is the disjoint union

A1 = A ∪
( ∞⋃

n=1

(An \An+1)

)
;
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Fig. 2.1. Measure of intersections.

see Figure 2.1. Consequently,

μ(A1) = μ(A) +
∞∑

n=1

μ(An \An+1).

Also, An = An+1 ∪ (An \An+1) is a disjoint union, from which we conclude
that

μ(An) − μ(An+1) = μ(An \An+1),

since each of the terms μ(An) is finite. By our hypothesis on A1,
∑
μ(An \

An+1) converges and μ(A) < ∞; thus

μ(A1) = μ(A) +
∞∑

n=1

(μ(An) − μ(An+1))

= μ(A) + lim
m→∞

m∑

n=1

(μ(An) − μ(An+1))

= μ(A) + μ(A1) − lim
m→∞μ(Am+1).

d. We write ∞⋃

n=1

An = A1 ∪
( ∞⋃

n=1

(An+1 \An)

)
,

where all sets on the right-hand side of the above equation are mutually
disjoint. Thus,

μ

( ∞⋃

n=1

An

)
=

∞∑

n=1

μ(An+1 \An) + μ(A1)

= lim
m→∞

(
m∑

n=1

μ(An+1 \An) + μ(A1)

)
= lim

m→∞μ(Am). ��
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Theorem 2.4.4. First Borel–Cantelli lemma
Let (X,A, μ) be a measure space. If {An : n = 1, . . .} ⊆ A satisfies the
condition

∑∞
n=1 μ(An) < ∞, then

μ

( ∞⋂

m=1

∞⋃

n=m

An

)
= 0.

Proof. From Theorem 2.4.3b it follows that for each m the set
⋃∞
n=mAn

is μ-measurable, and μ (
⋃∞
n=1An) < ∞. Thus, {

⋃∞
n=mAn} satisfies the

assumptions of Theorem 2.4.3c and we may conclude that

μ

( ∞⋂

m=1

∞⋃

n=m

An

)
= lim
m→∞μ

( ∞⋃

n=m

An

)
≤ lim

m→∞

∞∑

n=m

μ(An) = 0,

since the series is convergent. ��

The conclusion of the First Borel–Cantelli lemma may also be understood
as follows: The collection of all those x ∈ X that belong to infinitely many
sets An has measure 0.

Remark. For a given sequence A = {An : n = 1, . . .} ⊆ [0, 1] of sets, Ulam

asked for necessary and sufficient conditions in order to define a σ-additive
measure on the Borel algebra generated by A, with the property that the
measure of the union

⋃
An is 1 and single points are of measure 0; see [344],

Problem 145.
This question was answered by Banach [20], who introduced the notion

of atoms associated with the characteristic function of the sequence A =
{An : n = 1, . . .}:

�A(x) = 2
∞∑

n=1

1
3n
�An(x).

Banach’s solution is in terms of a condition for the set of values of �A.

Let (X,A, μ) be a measure space. We say that {An : n = 1, . . . , N} is a
finite collection of independent sets if

μ(An1 ∩ . . . ∩Ank
) = μ(An1) · · ·μ(Ank

),

for all k ≤ N and n1 < . . . < nk ≤ N . An infinite collection of measurable
sets is independent if each of its finite subcollections is independent.

Theorem 2.4.5. Second Borel–Cantelli lemma
Let (X,A, μ) be a measure space such that μ(X) = 1. If {An : n = 1, . . .} ⊆ A
is a sequence of independent sets and

∑∞
n=1 μ(An) = ∞, then

μ

( ∞⋂

m=1

∞⋃

n=m

An

)
= 1.
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Proof. The statement of the theorem is equivalent to

μ

( ∞⋃

m=1

∞⋂

n=m

A∼
n

)
= 0.

Thus, it is enough to show that μ (
⋂∞
n=mA

∼
n ) = 0 for all m. Because of the

independence and since 1 − x ≤ e−x,

μ

(
m+k⋂

n=m

A∼
n

)
=

m+k∏

n=m

(1 − μ(An)) ≤
m+k∏

n=m

e−μ(An);

and this last expression converges to 0 as k → ∞ because of our assumption
that

∑∞
n=1 μ(An) = ∞. ��

Measure spaces satisfying the property μ(X) = 1 are often called probabi-
lity spaces and μ is called a probability measure. The Borel–Cantelli lemmas
are important and useful results in probability theory, as is the following
result.

Theorem 2.4.6. Kolmogorov zero–one law
Let (X,A, μ) be a probability space and let {An : n = 1, . . .} ⊆ A be a sequence
of independent sets. Let Am denote the σ-algebra generated by {An : n =
m, . . .}. For each A ∈

⋂∞
m=1 Am, either μ(A) = 0 or μ(A) = 1.

For the proof of this result and many other interesting applications of
measure theory in probability we refer the interested reader to [61], [266].

Definition 2.4.7. Finite, σσσ-finite, and complete measure spaces
a. Let (X,A, μ) be a measure space. We say that (X,A, μ) or X is a finite
measure space and μ is a bounded measure if μ(X) < ∞. We say that X or
μ is σ-finite if

∃ {An : n = 1, . . .} ⊆ A such that ∀ n, μ(An) < ∞ and
∞⋃

n=1

An = X.

Clearly, we can always take {An : n = 1, . . .} to be a disjoint family.
b. A measure space (X,A, μ) is complete if

∀ A ∈ A, for which μ(A) = 0, and ∀ B ⊆ A, we have B ∈ A,

and thus μ(B) = 0.

It follows from the definition of Lebesgue measure that (R,M(R),m) is
complete. In Example 2.4.14 we shall “construct” a set L ∈ M(R) \ B(R)
such that L ⊆ C, where C is the ternary Cantor set (Example 1.2.7). Thus,
(R,B(R),m) is not a complete measure space.

Note that a complete measure space (R,M(R),m) is formed by “adding”
all of the sets A having Lebesgue measure m(A) = 0 to B(R). This phenom-
enon is general in the following sense.
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Theorem 2.4.8. Completeness theorem
Let (X,A, μ) be a measure space. There is a measure space (X,A0, μ0) such
that

i. A ⊆ A0,
ii. μ = μ0 on A,
iii. A ∈ A0 ⇐⇒ A = B ∪E, where B ∈ A and E ⊆ D, for some D ∈ A

that satisfies μ(D) = 0,
iv. if A ∈ A0, μ0(A) = 0, and S ⊆ A, then S ∈ A0 and μ0(S) = 0.

Proof. a. We first show that A0, defined by iii, is a σ-algebra. First note that
A ⊆ A0 by iii, and so we have i. Let An = Bn ∪ En, where Bn ∈ A and
En ⊆ Dn, for some Dn ∈ A that satisfies μ(Dn) = 0.

We have
⋃
An =

⋃
(Bn ∪ En) = (

⋃
Bn) ∪ (

⋃
En) and

⋃
Bn ∈ A, since

A is a σ-algebra. Clearly,
⋃
En ⊆

⋃
Dn, and

⋃
Dn ∈ A, since Dn ∈ A;

also μ(
⋃
Dn) ≤

∑
μ(Dn) = 0 by Theorem 2.4.3b. Consequently, A0 is closed

under countable unions. Obviously, ∅ ∈ A0.
Finally, we must show that A∼ ∈ A0 if A ∈ A0. Note that A∼ = B∼ ∩

E∼ = (B∼ ∩D∼) ∪ (D ∩E∼ ∩B∼), B∼ ∩D∼ ∈ A, D ∩E∼ ∩B∼ ⊆ D ∈ A,
and μ(D) = 0. Thus, A∼ ∈ A0 by the definition of A0. Therefore, A0 is a
σ-algebra.

b. If A = B ∪ E, with notation as in iii, we define μ0(A) = μ(B).
In particular, we have ii. We must check that μ0 is well defined. Letting
A = B1 ∪E1 = B2 ∪E2, it is sufficient to prove that μ(B1) = μ(B2). Clearly,
B1 ⊆ B2 ∪E2 ⊆ B2 ∪D2, and so μ(B1) ≤ μ(B2) + μ(D) = μ(B2). Similarly,
we compute μ(B2) ≤ μ(B1), and hence μ0 is well defined.

c. Next we show that μ0 is a measure. From part b, μ0 ≥ 0. Now consider⋃
An, where An = Bn ∪ En is decomposed as in iii and {An : n = 1, . . .} is

a disjoint collection. Then

μ0

( ∞⋃

n=1

An

)
= μ0

(( ∞⋃

n=1

Bn

)
∪
( ∞⋃

n=1

En

))
= μ

( ∞⋃

n=1

Bn

)

=
∞∑

n=1

μ(Bn) =
∞∑

n=1

μ0(An).

d. Finally, we verify iv. Let μ0(A) = 0 for a given A ∈ A and take S ⊆ A.
Assume that A = B ∪ E is decomposed as in iii. Then μ(B) = 0, since
μ0(A) = 0. We write A = ∅ ∪ (B ∪ E), noting that

B ∪E ⊆ B ∪D ∈ A and μ(B ∪D) ≤ μ(B) + μ(D) = 0.

Then, S = ∅ ∪ S and S ⊆ A = B ∪ E ⊆ B ∪D ∈ A, where μ(B ∪D) = 0.
Thus, S ∈ A0 and μ0(S) = μ(∅) = 0. ��

We call (X,A0, μ0) the complete measure space corresponding to (X,A, μ).
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Theorem 2.4.9. Induced measure spaces
a. Let {(Xα,Aα, μα)} be a collection of measure spaces. Define the triple
(X,A, μ) as X =

⋃
Xα,

A = {A ⊆ X : ∀ α, A∩Xα ∈ Aα} and ∀ A ∈ A, μ(A) =
∑

μα(A∩Xα).

Then (X,A, μ) is a measure space; and it is σ-finite if and only if all but a
countable number of the μα are zero and the remainder are σ-finite.

b. Let (X,A, μ) be a measure space and let Y ∈ A. Set

AY = {A ∈ A : A ⊆ Y }.

Define μY (A) = μ(A) for A ∈ AY . Then (Y,AY , μY ) is a measure space.

The proof of Theorem 2.4.9 is left as an exercise (Problem 2.30). In light
of Theorem 2.4.9b we shall make the following notational convention. If we
wish to consider Lebesgue measure md restricted to the Lebesgue measurable
sets contained in a fixed set X ⊆ R

d, we shall write (X,M(X),md) for
the corresponding measure space. A similar remark applies to a measure μ
defined on the Borel sets of a topological space X , in which case we shall
write (X,B(X), μ).

Let R
∗ = R ∪ {±∞}. By convention, ∞ + ∞ = ∞, −∞ − ∞ = −∞,

∞ · (±∞) = ±∞, −∞ · (±∞) = ∓∞, and ∓∞ ± ∞ is undefined.

Proposition 2.4.10. Let (X,A, μ) be a measure space and let f : X → R
∗

be a function. The following are equivalent:
a. ∀ α ∈ R, {x : f(x) > α} ∈ A,
b. ∀ α ∈ R, {x : f(x) ≥ α} ∈ A,
c. ∀ α ∈ R, {x : f(x) < α} ∈ A,
d. ∀ α ∈ R, {x : f(x) ≤ α} ∈ A,
e. ∀ U ⊆ R, U open, f−1(U) ∈ A, and

f−1(±∞) ∈ A.

Proof. a =⇒ d . Clearly, {x : f(x) ≤ α} = X \ {x : f(x) > α}, so that since
{x : f(x) > α} ∈ A and A is an algebra, we have {x : f(x) ≤ α} ∈ A.

Similarly, d =⇒ a and b ⇐⇒ c.
a =⇒ b. We have {x : f(x) ≥ α} =

⋂
{x : f(x) > α− (1/n)}, so that we

have the required implication, since A is a σ-algebra.
Similarly, b =⇒ a, and parts a through d are equivalent.
Assume parts a–d and let U =

⋃
Ij , where Ij is an open interval. Then

f−1(U) =
⋃
f−1(Ij) and f−1(Ij) ∈ A because of a–d. Thus, f−1(U) ∈ A,

since A, is a σ-algebra. Conversely, suppose we assume part e and take U =
(α,∞] or U = (α,∞); then f−1(U) ∈ A, and we have part a. ��
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Definition 2.4.11. Measurable functions
a. An extended real-valued function f : X → R

∗, defined on a measure space
(X,A, μ), is measurable, more precisely, A-measurable or μ-measurable, if any
of the conditions a–e in Proposition 2.4.10 holds, cf., Problem 2.36. When we
introduce the notion of “almost everywhere” (a.e.) in Definition 2.4.15, we
shall assume that measurable functions are finite μ-a.e.

b. A complex-valued function f : X → C is measurable if its real and
imaginary parts, Re (f) and Im (f), are measurable.

c. If A is M(Rd) or B(Rd), the corresponding measurable function is
Lebesgue or Borel measurable, respectively.

d. We extend parts a–c of this definition in the following way. Let (X,A)
and (Y, E) be measurable spaces. A function f : X → Y is measurable if

∀ E ∈ E , f−1(E) ∈ A.

Measurable mappings are a staple in several important subjects such as
ergodic theory and the topics of Chapter 9. Perhaps, more surprisingly, they
are essential in the underlying geometry of wavelet sets [48].

Note that when X is a topological space (see Appendix A.1), a real-valued
function f on X is continuous if f−1(U) is open for all open sets U ⊆ R, a
fact that we proved in Section 1.3.2 using the metric definition of continuity.
Whenever X is a topological space and (X,A, μ) is a measure space we shall
assume that B(X) ⊆ A; hence continuous functions f : (X,A, μ) → R are
A-measurable. Of course, every continuous function f : X → R is B(X)-
measurable.

Also, A ∈ A if and only if �A is a measurable function.

Proposition 2.4.12. Let f and g be real-valued measurable functions on a
measure space (X,A, μ). Then, f±g, fg, f+c, and cf are measurable, where
c ∈ R.

Proof. We first outline the proof that f + g is measurable. Let S = {x :
f(x)+g(x) < α}. Thus, if x ∈ S there is r ∈ Q such that f(x) < r < α−g(x).
Hence,

S =
⋃

r∈Q

({x : f(x) < r} ∩ {x : g(x) < α− r}) .

Since f and g are measurable and the union is countable, f+g is measurable.
To show that fg is measurable note that we need only prove that f2 is

measurable, since fg = (1/2)[(f+g)2−f2−g2]. For α ≥ 0, {x : f2(x) > α} =
{x : f(x) >

√
α}∪{x : f(x) < −

√
α} ∈ A implies that f2 is measurable, and

for α < 0, {x : f2(x) > α} is the domain of f . ��

Example 2.4.13. Nonmeasurable subsets of perfect symmetric sets
We shall prove that there is a perfect symmetric set E ⊆ [0, 1] having posi-
tive Lebesgue measure and with a subset N /∈ M(R). The proof is by
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contradiction. From Example 2.2.16, choose S /∈ M(R), where S ⊆ [0, 1];
and let {En : n = 1, . . .} be a sequence of perfect symmetric nowhere-dense
sets as defined in Example 1.2.8 such that

∀ n, 1 ≥ m(En) ≥ 1 − 1
n
.

If S ∩ En ∈ M(R) for each n then

∞⋃

n=1

(S ∩ En) ∈ M(R).

Let [0, 1] ∩ (
⋃
En)∼ = F ⊆ [0, 1]. Then m(F ) = 0 and

S = S ∩
(
F ∪

( ∞⋃

n=1

En

))
.

Now S ∩ F ⊆ F implies m(S ∩ F ) = 0, since (R,M(R),m) is complete; and
so (S ∩F )∪ (

⋃
(S ∩En)) ∈ M(R), i.e., S ∈ M(R), the desired contradiction.

Thus, S ∩En /∈ M(R) for some n ∈ N; and we let E = En and N = S ∩En.

Example 2.4.14. (R,B(R),m)(R,B(R),m)(R,B(R),m) is not complete
We shall find a set L ∈ M(R) \ B(R) such that L ⊆ C, where C is the
ternary Cantor set. Since C ∈ B(R) and m(C) = 0, we can conclude that
(R,B(R),m) is not a complete measure space.

i. Take the set E of Example 2.4.13 and put the contiguous intervals of C
in one-to-one correspondence with those of E by the “almost linear” mapping
g depicted in Figure 2.2. Thus, g is defined on [0, 1]\E, it is increasing, and it
maps [0, 1]\E onto [0, 1]\C. By the monotonicity, g(x±) exist for all x ∈ [0, 1];
and since C is nowhere dense, g can be extended to a continuous increasing
surjection g : [0, 1] → [0, 1]. Thus, g is a Borel measurable function. Take
N ⊆ E as in Example 2.4.13 and define L = g(N). Hence L ⊆ C, and, since
m(C) = 0, we conclude that L ∈ M(R) and m(L) = 0. Also g−1(L) = N
because g is injective.

ii. Finally, observe that L /∈ B(R), for, by a routine property of Borel
measurable functions f , f−1(B(R)) ⊆ B(R) (Problem 2.35); cf. Problem 2.36;
and this would imply that N is a Borel set if in fact L were a Borel set.

Definition 2.4.15. Almost everywhere
a. Let (X,A, μ) be a measure space and let S(x) be a statement about a
point x ∈ X . For example, for a given function f : X → R, S(x) could be the
statement f(x) > 0. A statement S(x) is valid almost everywhere if there is
a set N ∈ A, for which μ(N) = 0, such that

∀ x ∈ X \N, S(x) is true.

In this case we write S μ-a.e.
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Fig. 2.2. A general Cantor function.

b. For two C- or R
∗-valued measurable functions f and g on X , f = g

μ-a.e. signifies that μ ({x : f(x) �= g(x)}) = 0. Suppose we use the notation
f ∼ g to mean f = g μ-a.e. It is elementary to verify that ∼ is a well-defined
equivalence relation on the set of C- or R

∗-valued measurable functions
on X .

c. We shall always assume that our measurable functions are finite μ-a.e.

Proposition 2.4.16. Let (X,A, μ) be a complete measure space. If f is mea-
surable and f = g μ-a.e., then g is measurable.

Proof. Let E = {x : f(x) �= g(x)}; and so μ(E) = 0. Observe that

{x : g(x) > α} = ({x : f(x) > α} ∪ {x ∈ E : g(x) > α})\{x ∈ E : g(x) ≤ α}.

Since (X,A, μ) is complete and μ(E) = 0,

μ ({x ∈ E : g(x) > α}) = 0 = μ ({x ∈ E : g(x) ≤ α}) .

Thus {x : g(x) > α} ∈ A, because f is measurable. ��

Example 2.4.17. Noncompleteness and nonmeasurable functions
For noncomplete measure spaces Proposition 2.4.16 does not hold. Let L ∈
M(R) \ B(R) have Lebesgue measure m(L) = 0, and let G ⊇ L be a Gδ set
for which m(G) = m(L). Define f = �R and

g(x) =

⎧
⎪⎨

⎪⎩

1, if x ∈ R \G,
1
2 , if x ∈ G \ L,
0, if x ∈ L.

Then, since G ∈ B(R), we have f = g m-a.e. in the measure space
(R,B(R),m); but g−1(0) /∈ B(R) and so g is not measurable on (R,B(R),m).
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Remark. Recall that if A ∈ M(R) then A = B ∪ E, where B ∈ B(R) and
m(E) = 0. On the other hand, there are measure spaces (R,A, μ), for which
B(R) ⊆ A, where this decomposition is not true; see Problem 2.28.

Remark. Wac�law Sierpiński [435] has given an example of a set A /∈
M(R2) that has at most two points on each straight line. Using this set
A one can find a function f : R × R → R whose projections are Borel
measurable functions but that itself is not Lebesgue measurable. There are
positive results in the opposite direction, dating from Lebesgue in 1905,
which are important for the finer study of the Fubini theorem. The basic
statement of the Fubini theorem is given in Section 3.7.

We shall end this section with the following observation. We have been
studying extensions of certain set functions into σ-additive set functions on
σ-algebras (and such extensions are called measures). However, if we wish to
construct a measure, without any prerequisites, there is another way to do
so. This method can be easily extracted from our construction of Lebesgue
measure on R. To this end, recall that we defined outer measures in terms of
set functions in Sections 2.2 and 2.3. Now we proceed axiomatically.

Definition 2.4.18. Outer measure
An outer measure is a nonnegative set function μ∗ : P(X) → R

+ ∪{∞} with
the following properties:

i. A ⊆ B =⇒ μ∗(A) ≤ μ∗(B),
ii. μ∗(∅) = 0,
iii. μ∗ (

⋃∞
n=1An) ≤

∑∞
n=1 μ

∗(An).

Theorem 2.4.19. Measures in terms of outer measures
Let μ∗ : P(X) → R

+ ∪ {∞} be an outer measure. There exist a σ-algebra
A ⊆ P(X) and a nonnegative σ-additive set function μ on A that is the
restriction of μ∗ to A.

Proof. We use Carathéodory’s approach, see [87], one more time, and
define A to be all of the sets A ⊆ X with the following property:

∀ E ⊆ X, μ∗(E) = μ∗(E ∩A) + μ∗(E ∩A∼).

We also define μ to be μ∗ restricted to A. We observe that in order to complete
the proof we need the analogues of Theorem 2.2.5a and Theorem 2.2.6b.
Thus, we are done because the only properties of μ∗ that were used in the
proofs of these two results are the analogues of the properties i, ii, iii in
Definition 2.4.18 and the nonnegativity of μ∗. ��

Finally, the process of obtaining μ∗ from μ and vice versa can be summa-
rized in the following way.

Let (X,A, μ) be a measure space. Following the constructions in Sec-
tions 2.2 and 2.3, define the set function μ∗ : P(X) → R

∗ to be
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∀ E ∈ P(X), μ∗(E) = inf

⎧
⎨

⎩

∞∑

j=1

μ(Aj)

⎫
⎬

⎭ , (2.19)

where the infimum is taken over all collections {Aj : j = 1, . . .} ⊆ A that
cover E, see Problem 2.20. It is not difficult to verify that μ∗ is an outer
measure. Moreover, the restriction of μ∗ to the σ-algebra A coincides with
the measure μ. We say that μ∗ is the outer measure associated with μ.

If, on the other hand, we are given an outer measure μ∗, we can use
Theorem 2.4.19 to generate a σ-algebra A and a measure μ on A that is a
restriction of μ∗. The outer measure μo associated with μ does not necessarily
coincide with μ∗ on P(X). However, we have

∀ A ⊆ X, μ∗(A) ≤ μo(A).

2.5 Approximation theorems for measurable functions

Recall that our measurable functions are finite a.e.

Proposition 2.5.1. Let {fn : n = 1, . . .} be a sequence of R
∗-valued measur-

able functions on the measure space (X,A, μ). The operations in the following
assertions are pointwise for each x ∈ X.

a. For each n, g = sup {f1, . . . , fn} and h = inf{f1, . . . , fn} are measur-
able functions.

b. g = supn∈N
{fn} and h = infn∈N {fn} are measurable functions if they

are finite μ-a.e.
c. g = lim fn and h = lim fn are measurable functions if they are finite

μ-a.e.

Proof. We prove one case for each part.
a. {x : g(x) > α} =

⋃n
j=1{x : fj(x) > α} ∈ A, and so g is measurable.

b. A routine argument shows that

{x : g(x) > α} =
∞⋃

j=1

{x : fj(x) > α} ∈ A.

c. lim fn = infn supk≥n fk, so that g is measurable because of part b.
��

The following result is a consequence of Proposition 2.5.1c.

Proposition 2.5.2. Let {fn : n = 1, . . .} be a sequence of C- or R
∗-

valued measurable functions on the measure space (X,A, μ), and assume that
lim fn(x) = f(x) exists pointwise for each x ∈ X. Then f is a measurable
function.
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Example 2.5.3. Nonmeasurable a.e. limits
Naturally we would like to have Proposition 2.5.2 be true with the weaker
hypothesis that fn → f μ-a.e. Unfortunately, such is not the case generally
unless (X,A, μ) is complete, e.g., Theorem 2.5.4. As a counterexample let
(X,A, μ) = (R,B(R),m), set fn = 0 on R, and set f = �L, where L ∈
M(R)\B(R) and m(L) = 0. Then f is not Borel measurable, whereas fn → f
m-a.e. in (R,B(R),m).

The proof of the following theorem is left as an exercise; see Problem 2.34.

Theorem 2.5.4. Measurable functions as limits a.e.
Let (X,A, μ) be a complete measure space and let {fn : n = 1, . . .} be a
sequence of C- or R

∗-valued measurable functions each defined μ-a.e. on X.
If f is defined μ-a.e. and lim fn = f pointwise μ-a.e., then f is measurable.

For a given measure space (X,A, μ), a function f : X → R is simple if it
can be written in the form

f =
n∑

j=1

aj�Aj , where aj ∈ R and Aj ∈ A.

A function f : X → C is simple if the analogous definition holds for aj ∈ C.
Clearly, simple functions are measurable. We can approximate measurable
functions by simple functions in the following way.

Theorem 2.5.5. Measurable functions as limits of simple functions
Let f be a C- or R

∗-valued measurable function on (X,A, μ). There is a
sequence {fn : n = 1, . . .} of simple functions such that

i. ∀ j and ∀ x ∈ X, |fj(x)| ≤ |fj+1(x)|
and

ii. ∀ x ∈ X, limj→∞ fj(x) = f(x).
If there exists K > 0 such that for all x ∈ X, |f(x)| ≤ K, i.e., f is a bounded
function on X, then the convergence in part ii is uniform.

Proof. a. Assume f ≥ 0. For each n = 1, . . . and 1 ≤ k ≤ n2n define the
measurable sets,

An,k =
{
x ∈ X :

k − 1
2n

≤ f(x) <
k

2n

}

and
Bn = {x ∈ X : f(x) ≥ n}.

Set

fn(x) =
n2n∑

k=1

k − 1
2n

�An,k
(x) + n�Bn(x).
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Clearly, fn is a simple function for which 0 ≤ fn ≤ n. We also have

∀ x ∈ X and ∀ j = 1, . . . , 0 ≤ fj(x) ≤ fj+1(x) ≤ f(x).

These inequalities are a consequence of the dyadic partition of each An,k:

An,k = An+1,2k−1 ∪An+1,2k.

Thus, if x ∈ An,k then x ∈ An+1,2k−1 or x ∈ An+1,2k. In the former case we
have fn(x) = fn+1(x), and, in the latter, we have fn+1(x) > fn(x).

If f(x) = ∞ then x ∈ Bn for each n = 1, . . . . Therefore, fn(x) = n,
for each n, and, so fn(x) → ∞. If, on the other hand, f(x) is finite, then
there is m such that, for all n ≥ m, x ∈ B∼

n , i.e., f(x) < n; and thus
|f(x) − fn(x)| < 1/2n for all such n. Consequently, part ii is proved.

If 0 ≤ f ≤ K on X , then

∀ n ≥ K, sup
x∈X

|f(x) − fn(x)| < 1
2n
,

and this yields the desired uniform convergence.
b If f is R

∗-valued, we define the nonnegative functions f+(x) = max
{f(x), 0} and f−(x) = max{(−f)(x), 0}, so that f = f+ − f−. (The same
procedure is used in Definition 3.2.3.) Similarly, if f is C-valued we may write
f = (f1−f2)+i(f3−f4), where each fj ≥ 0. We can then apply the technique
of part a to obtain the result. ��

Remark. The idea of the above proof is to make a finer and finer grid of
X×[0,∞] as n → ∞, and then to draw the appropriate simple function on the
grid. The use of dyadic partitions (or similar ideas) is more than a technical
convenience; see Definition 8.6.11 and Theorem 8.6.14. Such partitions arise
in any number of places. We mention three. First, the primordial construc-
tions of wavelet theory in the 1980s, going back to Alfréd Haar’s thesis
(1909–1910), use such partitions, e.g., [118], [348]. Georg Zimmermann’s
English translation of Haar’s thesis appears in [228]. Second, the deep
Littlewood–Paley theory from the 1930s makes use of dyadic partitions in a
fundamental way; see [183]. Third, there is a dyadic counterpart to Nikolai

N. Luzin’s problem. In Section 3.8.3 and 4.7.5, we shall discuss Luzin’s
problem, which deals with the convergence a.e. of Fourier series. In 1924,
Andrei N. Kolmogorov [289] solved a dyadic version of this problem, and
the dyadic partitions inherent to his work inspired constructions of wavelet
sets 75 years later [48].

Theorem 2.5.5 can be compared with the characterization of regulated
functions in Problem 3.21. Also the following corollary is an elementary con-
sequence of Theorem 2.5.5, see Problem 2.40.

Corollary 2.5.6. Let (X,A, μ) be a measure space and let f : X → R
∗ be a

function that is finite μ-a.e. or let f be C-valued μ-a.e.
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a. Then f is measurable if and only if f is an everywhere pointwise limit
of simple functions increasing in absolute value to |f |.

b. Assume that f is a bounded function on X. Then f is measurable if
and only if f is the uniform limit of simple functions increasing in absolute
value to |f |.

In 1911, Dimitri F. Egorov proved the following result for intervals.

Theorem 2.5.7. Egorov theorem
Let (X,A, μ) be a finite measure space and let {fn : n = 1, . . .} be a sequence
of C- or R

∗-valued measurable functions each defined μ-a.e. on X. Assume
that f is defined and finite μ-a.e. on X and that fn → f μ-a.e. Then

∀ δ > 0, ∃ A ∈ A such that μ(A) < δ and lim
n→∞ fn = f uniformly on A∼.

Proof. Using the convenience (tradition) of tradition (convenience) we give
the proof in the following two parts.

i. Given ε > 0 and δ > 0, we shall find a set Aε,δ ∈ A and an integer N
such that μ(Aε,δ) < δ and

∀ x /∈ Aε,δ, ∀ n ≥ N, |fn(x) − f(x)| < ε.

Without loss of generality assume fn → f everywhere and set

Am = {x : ∃ n ≥ m such that |fn(x) − f(x)| ≥ ε}.

Clearly Am ⊇ Am+1, and for x ∈ X there is an m for which x /∈ Am.
Therefore,

⋂
Am = ∅, and, since μ(Aj) < ∞, we have limμ(Am) = 0. Con-

sequently, choose Aε,δ = AN , where N is chosen so that μ(Am) < δ for all
m ≥ N .

ii. Given δ > 0 and m, we use part i to find Bm ∈ A and Nm such that
μ(Bm) < δ/2m and

∀ x /∈ Bm, ∀ n ≥ Nm, |fn(x) − f(x)| < 1
m
.

Set A =
⋃
Bm. ��

Example 2.5.8. Finite measure hypothesis for Egorov theorem
The hypothesis that μ(X) < ∞ is necessary in Theorem 2.5.7. Take fn =
�[n,n+1] on (R,M(R),m). Clearly, fn → f = 0 pointwise, whereas, if we take
A ∈ M(R) for which m(A) < 1, then

∀ n , ∃ xn ∈ [n, n+ 1] ∩A∼ such that |f(xn) − fn(xn)| = 1.



74 2 Lebesgue Measure and General Measure Theory

Definition 2.5.9. L∞
μ (X)L∞
μ (X)L∞
μ (X)

a. Let (X,A, μ) be a measure space and let f : X → C be measurable. Define

‖f‖∞ = inf {M : μ({x : |f(x)| > M}) = 0}.

Notationally, we also write

‖f‖∞ = ess sup
x∈X

|f(x)|.

b. L∞
μ (X) is the set of all measurable functions f : X → C such that

‖f‖∞ < ∞.
c. Let L∞

μ (X) be the set of equivalence classes defined by the equivalence
relation ∼ on L∞

μ (X).
Recall from Definition 2.4.15 that f ∼ g signifies that μ({x : f(x) �=

g(x)}) = 0. We shall usually think of F ∈ L∞
μ (X) in terms of any one of its

representatives f ∈ L∞
μ (X). In this case, we write f ∈ L∞

μ (X). No confusion
arises, either technically or conceptually, because of the following Remark,
which also includes another calculation about L∞

μ (X).

Remark. a. Note that if f, g ∈ L∞
μ (X) then

f ∼ g =⇒ ‖f‖∞ = ‖g‖∞ < ∞.

In fact, if ‖f‖∞ < ‖g‖∞, then we can choose ‖f‖∞ ≤ M < ‖g‖∞. Thus,

μ({x : |f(x)| > M}) = 0 and μ({x : |g(x)| > M}) > 0.

This contradicts the hypothesis that f ∼ g.
b. We shall verify that

f ∈ L∞
μ (X) =⇒ |f(x)| ≤ ‖f‖∞ μ-a.e. (2.20)

First note that if f ∈ L∞
μ (X), then

∀ K > ‖f‖∞, μ({x : |f(x)| > K}) = 0 (2.21)

by definition of ‖f‖∞ < ∞. Next, let {Kn} ⊆ R
+ decrease strictly to ‖f‖∞.

Then we have

{x : |f(x)| > ‖f‖∞} =
∞⋃

n=1

{x : |f(x)| > Kn}. (2.22)

Each term of the union on the right side of (2.22) has measure 0 by (2.21);
and so μ({x : |f(x)| > ‖f‖∞}) = 0. If x /∈ {x : |f(x)| > ‖f‖∞} then
|f(x)| ≤ ‖f‖∞, and (2.20) is verified.

c. It is elementary to prove that ‖ . . . ‖∞ is a norm and that L∞
μ (X) is a

Banach space, i.e., a complete normed vector space. For these facts and more
on L∞

μ (X), see Section 5.5.
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It is elementary to prove the following result.

Proposition 2.5.10. Let {f, fn : n = 1, . . .} ⊆ L∞
μ (X) be a sequence of

measurable functions on the σ-finite measure space (X,A, μ). Then limn→∞
‖fn − f‖∞ = 0 if and only if there is a set A ∈ A such that μ(A) = 0 and
fn → f uniformly on A∼.

After Definition 2.4.11, we noted that when X is both a topological space
and a measure space then continuous functions f : X → R are also measur-
able. We close this section by looking more closely at the relation between
continuous and measurable functions, especially in light of Theorems 2.5.4.
2.5.5, and 2.5.7.

Recall that �R\Q is not the pointwise limit of continuous functions, e.g.,
Problem 1.15, although, from Theorem 2.5.5, every measurable function is the
pointwise limit of simple functions. On the other hand, we have the following
example due to Johann P. G. Lejeune Dirichlet.

Example 2.5.11. Dirichlet example
Set

gm(x) = lim
n→∞ (1 − cos2n(m!πx)).

Clearly,

gm(x) =

{
0, if m!x ∈ Z,

1, if m!x /∈ Z,

and so
∀ x ∈ R, lim

m→∞ gm(x) = �R\Q.

Remark. In Problem 1.15b we gave necessary conditions in order that a
sequence of continuous functions converge pointwise to a function on [a, b].
In fact there are the following necessary and sufficient conditions, e.g., [64],
pages 99–102. A sequence {fn : n = 1, . . .} of continuous functions fn :
[a, b] → R converges pointwise to a function f if and only if for every closed
set P ⊆ [a, b] without isolated points

C(f) ∩ P = P.

Also, from Theorem 2.5.7, say, we know that if a topological space X
has enough continuous functions defined on it, e.g., if X = [a, b], then the
following assertion is true. Let f : X → R

∗ be measurable, μ(X) < ∞,
and let ε > 0; then there is a continuous function h : X → R such that
μ({x : |f(x) − h(x)| ≥ ε}) < ε. A much more powerful result is the Vitali–
Luzin theorem, commonly called the Luzin theorem. We shall give Vitali’s
original proof from 1905 [484] for two reasons: first, for historical reasons, and,
second, since it is an efficient and intuitive proof. Luzin’s proof appeared
in 1912 [332]; and there are standard proofs due to Sierpiński [436] and
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L. Cohen [107]. All the proofs that we have seen have a similar conceptual
flavor. Such a theorem, relating topological and measure-theoretic notions,
was certainly thought of quite early, and Vitali suggests that Borel and
Lebesgue might have known of it before him; in any case, Vitali published
the first proof. Naturally the setting for Vitali was ([a, b],M([a, b]),m).
We shall state the result in its most convenient present-day setting, and
this requires some definitions.

A Hausdorff topological space X is locally compact if each point has a
neighborhood basis of compact sets (see Appendix A.1). Such spaces are
auspicious in measure theory, since they guarantee the existence of nontrivial
continuous functions, and we do want to integrate continuous functions. If the
notion of local compactness is not in your toolkit yet you may think of X as
an interval for the time being.

Definition 2.5.12. Regular Borel measures
Let X be a locally compact Hausdorff space and let (X,A, μ) be a measure
space for which B(X) ⊆ A. Then μ is a Borel measure and (X,A, μ) is a
Borel measure space. The measure μ is a regular Borel measure and (X,A, μ)
is a regular Borel measure space if

i. ∀ F ⊆ X, compact, μ(F ) < ∞,
ii. ∀ A ∈ A,

μ(A) = inf {μ(U) : A ⊆ U and U is open},

iii. ∀ U ⊆ X, open or μ(U) < ∞,

μ(U) = sup {μ(F ) : F ⊆ U andF is compact}.

This definition is equivalent to an apparently weaker criterion, where the
supremum property over compact F is omitted in the case, μ(U) < ∞; see
[235], Theorem 10.30 and page 178.

Theorem 2.5.13. Vitali–Luzin theorem
Let (X,A, μ) be a measure space, where X is a locally compact Hausdorff
space and μ is regular. Choose A ∈ A for which μ(A) < ∞ and take a
measurable function f : X → R

∗ that vanishes on A∼. For each ε > 0 there
is a continuous function g : X → R that vanishes outside of a compact set
such that

μ ({x : f(x) �= g(x)}) < ε.

Proof. Without loss of generality assume that μ(X) < ∞ andA = X . We first
prove that

∀ ε, δ > 0, ∃ F ⊆ X, compact, such that μ(F ) > μ(X) − ε, (2.23)
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and that

∀ x ∈ F, ∃ Ux, an open neighborhood of x, such that
sup

y∈Ux∩F
f(y) − inf

y∈Ux∩F
f(y) ≤ δ; (2.24)

cf. the notion of oscillation ω(f, I) of f on I defined before Proposition 1.3.6.
To do this, first set

An,δ = {x : nδ ≤ f(x) < (n+ 1)δ},

and note that

μ(X) =
∞∑

n=−∞
μn,δ,

where μn,δ = μ(An,δ). Choose n1, . . . , nk such that

μ(X) −
k∑

j=1

μnj ,δ <
ε

2
,

and let rj < μnj ,δ, j = 1, . . . , k, have the property that
∑k
j=1 rj < ε/2. From

the regularity of μ there are compact sets Fj ⊆ Anj ,δ, j = 1, . . . , k, for which
μ(Fj) > μnj ,δ − rj . Consequently, F =

⋃k
j=1 Fj is compact and

μ(F ) =
k∑

j=1

μ(Fj) >
k∑

j=1

(μnj ,δ − rj) > μ(X) − ε.

Thus, (2.23) is obtained; and (2.24) follows from the definition of An,δ.
We now use (2.23) and (2.24) countably often to obtain the result. Let

ε > 0. Choose εj , δj > 0 such that
∑∞
j=1 εj < ε and limj→∞ δj = 0. At the

first step let F1 be compact, with measure μ(F1) > μ(X)− ε1, and let it also
satisfy the oscillation condition (2.24) with δ = δ1.

Choose a compact set F2 ⊆ F1 such that μ(F2) > μ(F1) − ε2 and such
that the oscillation condition (2.24) is satisfied with δ = δ2. Thus, μ(

⋂
Fj) >

μ(X)−ε and f is continuous on
⋂
Fj . The fact that we can extend f from the

compact set
⋂
Fj to a continuous function g on X follows from the Urysohn

lemma (Theorem A.1.3). ��

Nicolas Bourbaki [69], Chapitre IV.5.1, uses the Vitali–Luzin crite-
rion as the definition of measurable function. In fact, we have the following
corollary to Theorem 2.5.13.

Corollary 2.5.14. Let (X,A, μ) be a measure space, where X is a locally
compact Hausdorff space and μ is regular. A function f : X → R

∗ that is
finite μ-a.e. is measurable if and only if for every compact set K ⊆ X and
for every ε > 0,
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∃ F ⊆ K, compact, such that μ(K \ F ) < ε

and such that f restricted to F is continuous.

A locally compact Hausdorff space is σ-compact if it is the countable union
of compact sets.

Corollary 2.5.15. Let (X,A, μ) be a complete measure space, where X is
σ-compact and μ is regular. A function f : X → R

∗ that is finite μ-a.e. is
measurable if and only if there is a sequence of continuous functions fn :
X → R such that fn → f μ-a.e.

Proof. The sufficient conditions follow from Theorem 2.5.4. For the necessary
conditions we use Theorem 2.5.13, and for each n we choose a continuous
function fn such that

μ(An) = μ({x : f(x) �= fn(x)}) <
1
2n
. (2.25)

Setting

A =
∞⋂

k=1

∞⋃

n=k

An,

we have μ(A) = 0, since μ(
⋃∞
m=k Am) ≤ 1/2k−1; cf. Theorem 2.4.4.

Also, by definition, A is precisely the set of points x that are in infinitely
many Ak. Consequently, if x /∈ A then x is in at most finitely many Ak, and
so fn(x) = f(x) for all large n. Then fn → f μ-a.e. ��

2.6 Potpourri and titillation

1. The axiom of choice (AC) states that for every family A of disjoint non-
empty sets there exists a set B that has exactly one element in common with
each set in A.

AC is equivalent to the following statement KZ: If in a nonempty, partially
ordered set A each linearly ordered subset has a supremum then there exists
a maximal element of A.

KZ is known as Zorn’s lemma, the Zorn maximum principle, or the
Kuratowski–Zorn lemma. KZ was proved independently by Kazimierz

Kuratowski [306] and Max Zorn [523]. The formulations of the two
authors were different, but they turned out to be equivalent to each other
and to AC; e.g., see [278], [279], [308].

There is an unverifiable anecdote that relates that Kuratowski was once
attending a conference at which Zorn was a speaker. During his talk, Zorn

referred to Zorn’s lemma, and then paused and said “Zorn is me, and over
there sits Professor Kuratowski, who proved it first”.

For a detailed treatment of AC, see [231].
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2. In 1964, Robert M. Solovay proved that a stronger version of
Zermelo–Fraenkel set theory (ZF), but one that still does not contain the
axiom of choice, is consistent, i.e., there is a model of set theory with the
property LM, which states that

every A ⊆ R is Lebesgue measurable.

The main paper in which his work appears is [446]; see [104], [494] for more
recent expositions. Solovay’s theorem does not say that

if AC fails then LM, (2.26)

i.e., it does not say that AC is necessary to find A /∈ M(R). In fact,
in Paul J. Cohen’s model for establishing certain results concerning the
independence of the axiom of choice fails, and there are nonmeasurable sets.
Solovay’s result does say that LM is consistent with but independent of the
failure of AC. If we wanted to prove that the existence of a nonmeasurable set
implies the axiom of choice, then we would have to show that in every model
in which AC fails every set is Lebesgue measurable. Solovay has given one
such model in which this occurs. He also proves that ZF is consistent with
the property that every uncountable set X ⊆ R contains an uncountable
closed set; e.g., Problem 1.4b, Example 2.2.14, and Problem 2.10. Related to
statement (2.26) he shows that even with AC we cannot produce a definable
(from a countable sequence of ordinals) set A /∈ M(R). We mention again
the reference [104], which makes all of this understandable to nonexperts like
ourselves.

3. Cantor’s continuum hypothesis is the statement that

∀ A ⊆ R, card A > ℵ0 =⇒ card A = card R,

i.e., card A > ℵ0 implies that there is a bijection A → R. Explicitly using
the continuum hypothesis, Banach and Kuratowski [22] and Ulam [477]
proved that there is no nontrivial measure on all of P(R) that satisfies (2.2);
see [440], pages 107–109, and [362], pages 24–26. In fact, the result is that
there are no nontrivial continuous measures (such measures are defined in
Chapters 4 and 5) defined on P(R). These are stronger conclusions than
what we proved in Example 2.2.16. In 1950, Shizuo Kakutani, Kunihiko

Kodaira, and Oxtoby [272], [273] proved a positive result in this area by
extending Lebesgue measure to a large σ-algebra A � M(R) while preserving
the translation-invariance property (2.1) on A; see also [247]. It is not difficult
to define translation-invariant measures on P(R) that do not have property
(2.2), e.g., Example 2.4.2.

4. With regard to the continuum hypothesis, it can be verified that if
F ⊆ R is closed and uncountable then

card F = card R.
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This is a consequence of the following results.
i. If card F > ℵ0, then F = P ∪ D, where D is countable and P is a

closed set without isolated points.
ii. If P ⊆ R is a nonempty closed set without isolated points then card P =

card R.
Part i is the Cantor–Bendixson theorem. Part ii is proved using Cantor’s

theorem, which asserts that if {Fn : n = 1, . . .} ⊆ P(R) is a nested decreasing
sequence of closed sets whose diameters tend to 0 then

⋂
Fn is a single point.

We shall prove Cantor’s result in the proof of the Baire category theorem
(Theorem A.6.1). Compare Cantor’s theorem with Theorem 1.2.10b.

Two of the major theorems dealing with the continuum hypothesis are due
to Kurt Gödel (late 1930s) and P. Cohen (1966). Both results assume the
consistency of the traditional axioms of set theory, viz., the Zermelo–Fraenkel
axioms and the axiom of choice, but conclude with apparently alarmingly
diverse conclusions about the continuum hypothesis. A recent analysis of
the topic, which placated one of the authors, who studied Gödel’s Annals
of Mathematics Studies in 1960–1961 as an assignment from Gleason (see
page 1), is found in [513], [514].

5. In Example 2.2.16 the countable subadditivity of m was crucial to
establishing the existence of an element A ∈ P(R) \ M(R). For R

3 there is
the following more general result.

Theorem 2.6.1. Nonexistence of finitely additive set functions in
P(R3)P(R3)P(R3)
There is no nontrivial finitely additive set function μ : P(R3) → R

+ ∪ {+∞}
such that μ(B) < ∞ for bounded sets B ⊆ R

3 and for which μ(A) = μ(B) if
A and B are isometric.

(See Appendix A.1 for the definition of isometry.)
Theorem 2.6.1 is proved using the axiom of choice in the form of the

Hausdorff paradox: Let S2 be the surface of the unit sphere in R
3; then there

is a countable set D ⊆ S2 and there are disjoint subsets A,B,C ⊆ S2 \ D
such that

S2 \D = A ∪B ∪ C and A � B � C � B ∪ C,

where “�” designates congruence, i.e., a surjective isometry. We refer to
[441] for an exposition of the equivalence of AC and the Hausdorff paradox.
To prove Theorem 2.6.1 from the Hausdorff paradox, assume that such a μ
exists and define ν : P(S2) → R

+ ∪{+∞} as follows: if X ⊆ S2, ν(X) is μ of
the union of all radii of the unit sphere with endpoints in X . Then, ν satisfies
the same conditions as μ and we obtain a contradiction to the hypothesis of
finite additivity because of Felix Hausdorff’s result.

The Banach–Tarski paradox , see [25], is a corollary of the Hausdorff para-
dox. We shall settle for a statement of the Banach–Tarski result and again
refer to [441] for details: Let A,B ⊆ R

3 be disjoint solid spheres having the
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same radius; there exist C1, . . . , C41 ⊆ A and D1, . . . , D41 ⊆ A∪B such that
A =

⋃
Cj, A ∪B =

⋃
Dj, Cj � Dj for each j, and

Ci ∩ Cj = Di ∩Dj = ∅, 1 ≤ i < j ≤ 41.

There is also a proof of the Banach–Tarski paradox as a consequence of
the Hahn–Banach theorem; see [367]. An explanation of this phenomenon is
due to John (Johann) von Neumann, who showed that the Banach–Tarski
paradox is impossible in R and R

2, because only R
d for d ≥ 3 contains free

nonabelian groups; e.g., see Jean Dieudonné’s biography of von Neumann

in [197].
As our final remark on these matters, Banach has shown that on R and

R
2 there are nonnegative finitely additive set functions on P(R) and P(R2)

that are finite for bounded sets, translation-invariant, and equal to Lebesgue
measure for Lebesgue measurable sets. It is consistent with ZF to extend
Banach’s result to the σ-additive case.

6. In The Scottish Book [344], Steinhaus proposed in the following prob-
lem related to finite measures.

Given three sets A1, A2, A3 in R
3, each having finite Lebesgue measure,

does there exist a plane cutting each of the three sets A1, A2, A3 into two
parts of equal measure? There is the analogous problem for d sets in R

d.
In R

3 this problem was solved by Steinhaus in 1936. His result is
called the “ham sandwich theorem”; see William A. Beyer and Andrew

Zardecki, Amer. Math. Monthly 111 (2004), 58–61, for an early history
of the ham sandwich theorem. The idea is to start by bisecting one set
(“ham”) by a plane and observing that continuous changes of these bisec-
tions, which cut the “two slices of bread”, provide an odd mapping, g, i.e.,
for all x ∈ S2 ⊆ R

3 g(−x) = −g(x), from S2 ⊆ R
3 into R

2. The rest of
the proof follows from an application of the Borsuk–Ulam theorem, conjec-
tured by Ulam and proved by Karol Borsuk in 1932. In one of its forms
the Borsuk–Ulam theorem asserts that any continuous function from Sd, the
d-dimensional sphere in R

d+1, to R
d, must send some pair of opposite (bipo-

lar) points to the same point; see Andrew Browder, Amer. Math. Monthly
113 (2006), 935–937, for an elementary proof in dimension 2.

The Borsuk–Ulam theorem itself has led to extensive developments. For
example, it implies the Brouwer fixed-point theorem; see Francis E. Su,
Amer. Math. Monthly 104 (1997), 855–859.

7. In his 1933 classic [293], Kolmogorov defined a probability space
as a triple (X,R, p) satisfying the following conditions on the set X , the
algebra R of subsets of X , and the function p : R → R

+: p(X) = 1, p is
finitely additive, and if {An : n = 1, . . . } ⊆ R is decreasing and

⋂
An = ∅,

then limn→∞ p(An) = 0. In this case the following theorem can be proved;
cf. Theorems 2.2.6c, 2.3.7, 2.4.1, and 2.4.3c, as well as the uniqueness results
in Problems 2.19 and 2.20: Let (X,R, p) be a probability space; there is a
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unique measure on A, the σ-algebra generated by R, that is an extension of
p. This measure is the probability measure on A and is also denoted by p.

Because of this theorem and the results proved in Chapter 3, and as
mentioned prior to Theorem 2.4.6, we say that a probability space is any triple
(X,A, p), where X is a set, A is a σ-algebra in P(X), and p is a measure for
which p(X) = 1.

The definition of a probability space frequently assumes the completeness
of the measure space, and, as we have seen, the Carathéodory extension
procedure leads automatically to complete measures. After Kolmogorov’s
short treatise [293] there appeared several other major probability books in
the 1940s and 1950s including those of Aleksandr Y. Khinchin (1948)
[284], Paul Lévy (1948) [319], William Feller (1950) [171], and Joseph

Doob (1953) [144]. Of course, probability theory has been around forever,
e.g., the work of Gerolamo Cardano (1501–1576) on gambling and the
remarkable contribution of probability to arithmetic by Borel in 1909; and
it is an important and multifaceted field.

One such facet with extraordinary implications is prediction theory and
the spectral theory of minimal sequences due to Kolmogorov himself [292].
(There is an English translation by Gopinath Kallianpur given to one
of the authors by the magisterial Pesi Masani.) It is of the Kolmogorov

paper that Harald Cramér (1976) wrote, “The fundamental importance
of this work of Kolmogorov lies in the fact that he showed how the abstract
theory of Hilbert space (as well, of course, as other types of spaces) could be
applied to the theory of random variables and stochastic processes”. We refer
to [38] for an exposition of this area that relates several topics in modern
analysis including frames and positive operator-valued measures, e.g., [47].

8. Let (X,A, p) be a probability space. An A-measurable function f :
X → R is a random variable. In the case f : X → C then f is a random
variable if Re (f) and Im (f) are A-measurable. It is elementary to check
that if f : X → R is a random variable and B ∈ B(R), then f−1(B) ∈ A.

One chooses B(R) and not M(R) in the probabilistic interpretation of a
random variable for the following reasons. The B(R)-case gives more random
variables than the M(R)-case, because B(R) ⊆ M(R); and it is easier to
check that one has a random variable f in the B(R)-case, because one need
only check that f−1(I) ∈ A for intervals I.

This measure-theoretic setting for probability theory and random vari-
ables is a natural model for many probabilistic experiments. In particular,
X represents a set of experimental outcomes, A is a class of events, and p is
the probability assigned to these events. For example, in the experiment of
rolling a die, X consists of six faces of the die.
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2.7 Problems

Some of the more elementary problems in this set are Problems 2.1, 2.3, 2.4,
2.7, 2.9, 2.11, 2.13, 2.14, 2.16, 2.18, 2.27, 2.29, 2.31, 2.33, 2.34, 2.36, 2.38,
2.39.

2.1. Prove Proposition 2.2.3.

2.2. Find a function f : [0, 1] → R and a set D ⊆ [0, 1] such that D ∈
M([0, 1]), m(D) = 0, D is uncountable, f is continuous on D, and f is
discontinuous on [0, 1] \D.
[Hint. Modify the Cantor function appropriately. Also see the example in the
proof of Proposition 2.2.9.]

2.3. a. Prove Theorem 2.2.6.
b. Give an example to show that the hypothesis is necessary in Theo-

rem 2.2.6c.
c. Find two disjoint sets A1, A2 ⊆ [0, 1] such that

m∗(A1 ∪A2) < m∗(A1) +m∗(A2).

d. Find {Aj : j = 1, . . .} ⊆ P([0, 1]), pairwise disjoint, such that

m∗

⎛

⎝
∞⋃

j=1

Aj

⎞

⎠ <

∞∑

j=1

m∗(Aj).

e. Find {Aj : j = 1, . . .} ⊆ P([0, 1]) such that Aj+1 ⊆ Aj and

m∗

⎛

⎝
∞⋂

j=1

Aj

⎞

⎠ < lim
j→∞

m∗(Aj).

Obviously, m∗(Aj) < ∞ for each j.

2.4. Let μ : A → R
+ ∪ {∞} be a σ-additive set function on an algebra

A. Let μ∗ be the associated outer measure. If μ∗(A) = 0 prove that A is
measurable.

2.5. Let (Rd,A, μ), B(Rd) ⊆ A, be a regular measure space, and let μ∗ be
the associated outer measure. Generalize Proposition 2.2.3 to this situation.

2.6. Let (X,A, μ) be a measure space, where A is a σ-algebra generated by
an algebra R. Prove that μ is σ-finite on R if and only if μ is σ-finite on A.

2.7. Define A ⊆ P(R) by the property that either card A or card (R \A) is
countable for A ∈ A. The set function μ : A → R ∪ {∞} is given by

μ(A) =

{
0, if card A ≤ ℵ0,

∞, if card (R \A) ≤ ℵ0.

Prove that (R,A, μ) is a measure space.
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2.8. For each X ⊆ R, define

Xd = {x ∈ (0, 1) : ∃ k ∈ Z such that kx ∈ X}.

Prove that

∀ N > 0 and ∀ ε > 0, ∃ X ⊆ R such that m(X) > N and m(Xd) < ε.

[Hint. Begin with the following special case. Take

X =
[n/δ]⋃

k=1

(
n

k
,
n+ δ

k

)
,

where [n/δ] is the greatest integer less than or equal to n/δ. Show that

∀ n, m(X) =
[n/δ]∑

k=1

δ

k
> δ log

(n
δ

)

and that for large n

m(Xd) = δ +
[n/δ]∑

k=n+1

δ

k
< δ + 2δ log

(
1
δ

)
.

Consequently, “m(X) → ∞” and “m(Xd) → 0”.]

2.9. a. Find X ⊆ [0, 1] such that m(X) = 0 and X is not of first category.
[Hint. Consider a perfect symmetric set with perfect symmetric sets in each
of its contiguous intervals, etc.; make the measures add up to 1 and look at
the complementary set.]

b. For each ε > 0 construct an open set U ⊆ [0, 1] such that U = [0, 1]
and m(U) = ε.
[Hint. Take intervals of length ε/2k about the rationals.]

c. Find A,B ⊆ [0, 1] such that A,B ∈ M([0, 1]), A ∩B = ∅,

m(A) = 0 and A is not of first category,

and
m(B) = 1 and B is of first category.

[Hint. Check Proposition 2.2.9. Can you find a simpler example?]

2.10. a. Prove that every B ∈ B(R) that is not of first category contains a
closed uncountable subset.

b. Is part a true for uncountable Borel sets of first category?
c. Prove that Felix Bernstein’s example, which is what we reference

in Problem 1.4b, contains uncountable sets of measure 0.
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2.11. Prove Theorem 2.2.12.

2.12. Let m2 be Lebesgue measure on R
2.

a. A packing problem. Let U be the open unit disk in R
2 and let {Un :

n = 1, . . .} be a sequence of open disks in R
2 such that

i. Un ⊆ U for each n,
ii. {Un : n = 1, . . .} is pairwise disjoint,
iii.
∑
rn < ∞, where rn is the radius of Un.

Define X = U \
⋃∞
n=1 Un and prove m(X) > 0; see [499].

b. Show that every set of positive Lebesgue measure in R
2 contains the

vertices of an equilateral triangle.
c. Is part b true for other polygons in R

2?

Remark. There are many packing problems with many modern applications,
e.g., to error-correcting codes [468]. We refer to the treatise by John Conway

and Neil J. A. Sloane [114] for a tantalizing and deep treatment.
Related to packing there is the following problem/theorem due to Herman

Auerbach, Banach, Mazur, and Ulam. It is called the “sack of potatoes
theorem”, and it appeared in The Scottish Book [344] in the following form:
If {Kn}∞n=1 is a sequence of convex bodies in R

d, each of diameter less than
or equal to a, and let the sum of their volumes be less than or equal to b;
prove that there exists a cube with diameter c = f(a, b) such that one can put
all the given bodies in it disjointly. Recall that X ⊆ R

d is a convex set if,
for any x, y ∈ R

d, the line segment {z = (1 − t)x + ty : 0 ≤ t ≤ 1} ⊆ R
d is

contained in X . The diameter of X is defined in Definition A.1.4f.
The first published proof is in [300].

2.13. a. Prove that there are no numbers ε and δ, such that 0 < ε ≤ δ < 1,
that have the following property: if {An : n = 1, . . .} ⊆ P([0, 1]) is any
sequence of Lebesgue measurable sets each satisfying m(An) ≥ δ then there
is a set A of measure ε for which A ⊆ An for infinitely many n.
[Hint. Let An be the set of x ∈ (0, 1) such that the nth digit in its decimal
expansion is nonzero.]

b. Let {An : n = 1, . . .} ⊆ M([0, 1]), An ⊆ [0, 1], and assume that 1
is a limit point of {m(An) : n = 1, . . .}. Prove that there is a subsequence
{nk : k = 1, . . .} for which

m

( ∞⋂

k=1

Ank

)
> 0. (2.27)

[Hint.
∑∞

k=1(1 −m(Ank
)) < 1.]

Remark. If we begin by taking an uncountable collection then (2.27) is always
possible. For further results on this type of problem we refer to [195], [196].
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2.14. Let μ : R → R
+ ∪ {∞} be a σ-additive set function on a ring R.

Prove that μ satisfies the following properties for E,Ej , F ∈ R:
a. E ⊆ F =⇒ μ(E) ≤ μ(F );
b. E ⊆ F =⇒ μ(E) + μ(F \E) = μ(F );
c. E ⊆

⋃∞
j=1 Ej and μ(E) < ∞ =⇒ μ(E) ≤

∑∞
j=1 μ(Ej);

d. if
⋃∞
j=1 Ej ⊆ E and if the Ej are pairwise disjoint, then

∞∑

j=1

μ(Ej) ≤ μ(E).

2.15. Let R ⊆ P(X) be a ring and let μ : R → R
+ ∪{+∞} be a σ-additive

set function. Let E ∈ H(R) and let {A1, . . . , AN} ⊆ A be a collection of
measurable, pairwise disjoint elements of the σ-algebra A generated by R.
Prove the equality

μ∗
(

N⋃

n=1

An ∩ E
)

=
N∑

n=1

μ∗(An ∩ E).

[Hint. First prove it for N = 2 and use induction.]

2.16. Prove that a ring R that is closed under taking countable unions of
its elements is a σ-ring.

2.17. Prove that a family of sets that is closed under countable increasing
unions and under countable decreasing intersections, and that contains an
algebra A, also contains the σ-algebra generated by A.

2.18. Let (X,A, μ) be a measure space, and let A,B ∈ A. Show that if
μ(A ∪B) = μ(A) + μ(B), then μ(A ∩B) = 0.

2.19. Let (X,A) be a measurable space, and let μ and ν be measures on
(X,A). Assume that μ = ν on some subset D ⊆ A. A reasonable problem is
to consider nontrivial conditions in order that μ = ν on A. More specifically,
prove the following result. Assume that X and ∅ are elements of D, that D
is closed under finite unions and intersections, and that A is the smallest
σ-algebra containing D; if

∃ {Dn : n = 1, . . .} ⊆ D such that
∞⋃

n=1

Dn = X and ∀ n, μ(Dn) < ∞

then μ = ν on A; cf. Problem 2.20. Consequently, we see that a measure
defined on the Borel subsets of the line is uniquely determined there by its
values on the half-open intervals (a, b], including (−∞, b] and (a,∞). This
uniqueness issue leads to the following problem: Suppose that ν is not neces-
sarily a measure but only finitely additive on D, whereas the other hypotheses
for the above problem are satisfied; when can we conclude that μ = ν on A?
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2.20. Let X be a set and let R ⊆ P(X) be an algebra. Assume that the set
function μ : R → R

+, for which μ(∅) = 0, satisfies

∀ {Aj} ⊆ R, a disjoint sequence such that
∞⋃

j=1

Aj ∈ R,

μ

⎛

⎝
∞⋃

j=1

Aj

⎞

⎠ =
∞∑

j=1

μ(Aj).

Define

∀ E ∈ P(X), μ∗(E) = inf

⎧
⎨

⎩

∞∑

j=1

μ(Aj)

⎫
⎬

⎭ ,

where the infimum is taken over all collections {Aj : j = 1, . . .} ⊆ R that
cover E. Define E ∈ P(X) to be μ∗-measurable if

∀ F ∈ P(X), μ∗(F ) ≥ μ∗(F ∩E) + μ∗(F ∩ E∼);

cf. the development in Section 2.2.
a. Prove the Carathéodory theorem: The μ∗-measurable sets form a

σ-algebra A containing R such that (X,A, μ∗) is a measure space and μ∗ = μ
on R. Note that A is not the σ-algebra generated by R, but the σ-algebra of
measurable sets with respect to R and μ∗.

b. Prove that if μ is σ-finite then μ∗ is the unique extension of μ as a
measure to the smallest σ-algebra containing A (this latter part is precisely
Problem 2.19).

2.21. Let f : R → R be an increasing, right continuous function. Prove that
the set function μf defined in Example 2.3.10 is σ-additive on the ring of
disjoint unions of parallelepipeds in R

d. The set of parallelepipeds in R
d is

an example of a semiring; see Problem 2.22.

2.22. We say that a collection S ⊆ P(X) is a semiring if

∀ A, B ∈ S, A ∩B ∈ S

and

A \B =
n⋃

j=1

Aj , for some pairwise disjoint sequence {A1, . . . , An} ⊆ S.

If S ⊆ P(X) is a semiring and X ∈ S, then we say that S is a semialgebra.
a. If R is a ring generated by a semiring S, i.e., the smallest ring that

contains S, prove that

∀A ∈ R, A =
n⋃

j=1

Aj , for some pairwise disjoint sequence {A1, . . . , An}⊆ S.
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b. Let μ : S → R
+ ∪ {∞} be a σ-additive set function on a semiring S.

Prove that there exists a unique extension of μ to a σ-additive set function
on the ring generated by S.

Thus, if, in addition, S is a semialgebra and μ is σ-finite on S, then there
exists a unique extension of μ from S to a σ-additive set function on the
σ-algebra generated by S.
[Hint. Use part a.]

2.23. Let f : R → R be a Lebesgue measurable function and let G : R
2 → R

be continuous. Show that if

∀ x, y ∈ R, |f(x+ y)| ≤ G(f(x), f(y)),

then f is bounded on bounded sets.
[Hint. h(x) = |f(x)| + |f(−x)| is measurable, and so there is a set X ⊆ R

such that m(X) > 0 and h is bounded on X ; thus for all x, y ∈ X , f(x− y)
is bounded. Since X − X is a neighborhood of 0 (a useful result with an
ingenious proof due to Steinhaus, which we shall give in Problem 3.6), f is
bounded on U . By applying induction to the hypothesis we see that f(nz) is
bounded, for z ∈ U ; and so f is bounded on any bounded set.]

2.24. a. Let A ⊆ [0, 1], and assume m∗(A) > 0. Prove that there is a
nonmeasurable set E ⊆ A. Can you show that for any α ∈ (0, 1) there
is a nonmeasurable set E ⊆ [0, 1] for which m∗(E) = α? For purposes of
comparison note Example 2.4.13.

b. For Y ⊆ R let τ−αY = {y + α : y ∈ Y }. If S =
⋃∞
k=−∞[2k, 2k + 1),

prove that τ−αS = S∼ when α is an odd integer.
c. Define τS = inf {α ∈ R, α > 0 : τ−αS = S∼}; thus τS is 1 for S

defined in part b. Prove that if τS = 0, then S /∈ M(R).
d. The set H ⊆ R is a Hamel basis if

∀ x ∈ R, ∃ {rα} ⊆ Q and ∃ {hα} ⊆ H, such that x =
∑

rαhα,

where the sum is finite and the representation is unique. Using Zorn’s lemma,
which is an equivalent form of the axiom of choice, it is easy to prove that
Hamel bases exist using the following argument: let F be the family of all
subsets S ⊆ R that are linearly independent over Q; then there is a maximal
element H ∈ F . Prove that if H is a Hamel basis and H ∈ M(R) then
m(H) = 0. Thus, if H is a Hamel basis and m∗(H) > 0, we conclude that
H /∈ M(R).

e. The existence of a Hamel basis with m∗(H) > 0 is a corollary of
the following fact: There is a Hamel basis HB that intersects every closed
uncountable set in R.

This result was first proved by C. Burstin in 1916, and a simpler proof
of this fact is due to Alexander Abian [1]. Assuming Burstin’s result
prove that m∗(HB) > 0.
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f. Let H = {x} ∪ {xα : α ∈ A, an index set} ⊆ R be a Hamel basis, and
define X to be the set of elements y ∈ (0, 1) whose Hamel expansions do not
use x. Prove that X /∈ M(R), e.g., [2], [434].

Remark. In [440], Sierpiński defined a set X ⊆ R to have the property S if

∀ A ⊆ R, m(A) = 0 =⇒ card A ∩X ≤ ℵ0.

Thus, X has the property S if and only if every uncountable subset of X
is nonmeasurable. He then proved that uncountable sets with the property
S exist if the continuum hypothesis is assumed; cf. [145] for a more recent
development.

2.25. a. Let (X,A, μ) be a measure space and let E ∈ A. Suppose M ∈
P(X) has the property that the only measurable subsets ofM∩E andM∼∩E
are of measure zero. Prove that μ∗(M ∩ E) = μ∗(M∼ ∩ E) = μ(E).

b. Let (R,M(R),m) be the Lebesgue measure space. Prove that there
exists an m-measurable set M ∈ M(R) such that

∀ E ⊆ M(R), m∗(M ∩ E) = m∗(M∼ ∩ E) = m∗(E).

[Hint. Take any ξ ∈ R\Q and define A = {n+mξ : n,m ∈ Z}, B = {n+2mξ :
n,m ∈ Z}, and C = {n+(2m+1)ξ : n,m ∈ Z}. Similarly to Example 2.2.16,
let x ∼ y if x, y ∈ R and x − y ∈ A. Clearly, “∼” is an equivalence relation.
Let S be a set that contains one representative from each equivalence class
and define

M = S +B =
⋃

b∈B
(S + b).

Observe that (M −M) ∩C = ∅, and use Steinhaus’ theorem, mentioned in
Problem 2.23 and Problem 3.6, to show that every measurable subset of M
must have measure zero. Also, observe that M∼ = M + ξ, and conclude a
similar result for M∼. To finish the problem use part a.]

2.26. a. Consider the situation as in Theorem 2.4.1, i.e., let R ⊆ P(X) be
an algebra, and let μ : R → R

+ ∪ {+∞} be a σ-additive set function that
extends to a measure (also denoted by μ) on the σ-algebra of measurable sets
A. Prove that this extension (X,A, μ) is a complete measure space.

b. Let (X,A, μ) be a σ-finite measure space, where A is the σ-algebra
generated by an algebra R. Define (X,A0, μ0) to be the complete measure
space corresponding to (X,A, μ), as in Theorem 2.4.8. Prove that A0 =
M(R), the σ-algebra of measurable sets generated by R and μ.

[Hint. Clearly, by definition, A0 ⊆ M(R). To prove the other inclusion, we
first note that if A ∈ A0 and μ∗(A) < ∞, then A ∈ A0. This follows since, for
a given n > 0, we can find Fn ∈ A such that A ⊆ Fn and μ∗(Fn \A) < 1/n;
and hence F =

⋂
Fn ∈ A. The general assertion, that A ∈ M(R) implies

A ∈ A0, is a consequence of the fact that (X,A, μ) is σ-finite.]
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2.27. With regard to Example 2.3.11, prove that limd→∞md(Bd) = 0.
In fact, the rate at which limd→∞md(Bd) = 0 can be quantified. For example,
prove that if d = 2n is even, then, not only is md(Bd) = πn/n!, but also

πn

n!
=

1√
2πn

(eπ
n

)n
un,

where un → 1.
[Hint. Use the Stirling formula,

lim
n→∞

(n/e)n
√

2πn
n!

= 1;

e.g., [504].]

2.28. Find an example of a measure space (R,A, μ), for which B(R) ⊆ A,
and where it is not true that if A ∈ M(R) then A = B ∪ E, for B ∈ B(R)
and m(E) = 0.

2.29. Let μ : R → R
+ ∪ {∞} be a σ-additive set function on an algebra R.

Prove that the outer measure μ∗ is complete on the σ-algebra A of measurable
sets generated by R.

2.30. Prove Theorem 2.4.9.

2.31. Prove that there is a continuous function f : [0, 1] → R such that
f(x) ∈ Q m-a.e., and for which f is not constant on any interval.
[Hint. At the first step form a sequence {fn,1 : n = 1, . . .} of continuous
functions such that fn,1 → f1 uniformly and f1 has rational values on a set
of Lebesgue measure 1/2.]

2.32. For each x ∈ (0, 1], let f(x) =
∑
aj/j when x = .a1 . . . (2), where we

take the expansion of x to have an infinite number of 1s in the case that x
has the form .a1 . . . an (2). Are f−1(R+) and f−1(∞) Lebesgue measurable
sets?

2.33. Let f be a decreasing and bounded real-valued function on [0, 1]. Show
that there is a sequence {fn : n = 1, . . .} of continuous decreasing functions
such that fn → f m-a.e.

2.34. Prove Theorem 2.5.4.
[Hint. Define A ∈ A with empty complement in terms of {fn : n = 1, . . .}
and f , set gn = fn�A, g = f�A, and use Proposition 2.4.16.]

2.35. Let f : R → R be Borel measurable. Prove that f−1(B(R)) ⊆ B(R).
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2.36. a. Let f : [a, b] → R be a Lebesgue measurable function. Prove that

∀ B ∈ B(R), f−1(B) ∈ M([a, b]).

Thus, Lebesgue measurable functions f on [a, b] are characterized by the
condition, f−1(B(R)) ⊆ M([a, b]), as Example 2.4.14 shows.
[Hint. Let C = {A ⊆ R : f−1(A) ∈ M([a, b])} and prove that C is a σ-algebra.]

b. Give an example of a Lebesgue measurable function f : [a, b] → R for
which f−1(M(R)) is not contained in M([a, b]); cf. Figure 2.2.

c. Is it true that f−1(B(R)) ⊆ B([a, b]) for every Lebesgue measurable
function f : [a, b] → R?

2.37. Find an everywhere discontinuous function f : R → R such that f is
measurable on (R,M(R),m) but not measurable on (R,B(R),m).
[Hint. Use the idea of Example 2.4.17.]

2.38. Let the functions f, g : (0, 1) → R have the following property:

∀ α ∈ R, m({x : f(x) > α}) = m({x : g(x) > α}). (2.28)

Prove that if f and g are left continuous for all x ∈ (0, 1), as well as being
decreasing, then f = g on (0, 1).
[Hint. Assume f(x0) > g(x0), let ε = f(x0)− g(x0), and find δ > 0 such that

m({x : f(x) ≥ f(x0)}) = x0 and m({x : g(x) ≥ g(x0)}) = x0 − δ.]

2.39. Find a sequence {fn : n = 1, . . .} of functions [0, 1] → R such that

∀ x ∈ [0, 1], lim
n→∞ fn(x) = 0,

whereas for each [a, b] ⊆ [0, 1], {fn : n = 1, . . .} does not converge uniformly
on [a, b].

2.40. Prove Corollary 2.5.6.

2.41. With respect to Problem 1.13, prove or disprove the following state-
ment: for any fixed n there is a set X ⊆ R, with m(X) = 0, such that

∀ d1, . . . , dn > 0, ∃ x0, . . . , xn ∈ X for which ∀ j = 1, . . . , n,
dj = xj − xj−1.

2.42. Let αn → 0. Find a bounded Lebesgue measurable function f :
[0, 1] → R such that f(x− αn) does not tend to f(x) m-a.e.
[Hint. Let f = �E , where E is a perfect symmetric set of positive Lebesgue
measure.]

2.43. Let (X,A, μ) be a measure space, letX be a locally compact Hausdorff
space, let μ be a Borel measure, and assume that μ is regular on the Borel
algebra B(X). Prove that μ need not be regular on A.
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Remark. A refinement of this exercise is found in [212], page 230, exercise
(5); the related exercise (10) on page 231 is due to Dieudonné.

2.44. Let L be a collection of closed line segments in R
d and let E(L) be

the set of all endpoints of the members of L. Any set X ⊆ R
d of two or more

points has the form E(L) for some L. A set X ⊆ R
d is an endset if X = E(L)

for a pairwise disjoint collection L. Prove the following results.
a. In R, if S is an endset then cardS ≤ ℵ0.
b. In R

2, if S is a closed bounded endset then m2(S) = 0.

Remark. Part b does not extend to R
d for d ≥ 3. In fact, for d ≥ 4 there is a

compact endset of positive Lebesgue measure. For this result and a discussion
of the difficult case of d = 3, we refer to the Amer. Math. Monthly 78 (1971),
516–518, article by Andrew M. Bruckner and J. G. Ceder.

2.45. a. Let A ∈ M(R), where A ⊆ [0, 1] and 0 < m(A) < 1. Prove that

inf m(A ∩ I)/m(I) = 0 and sup m(A ∩ I)/m(I) = 1,

where the inf and sup are taken over all nontrivial proper subintervals I of
[0, 1].

b. Find A ∈ M(R), where A ⊆ [0, 1], such that for each nontrivial proper
subinterval I ⊆ [0, 1],

m(A ∩ I) > 0 and m(A∼ ∩ I) > 0.

Remark. In Bernstein’s example, mentioned in Problems 1.4b and 2.10c,
R is decomposed as a disjoint union A ∪ B where neither A nor B contains
uncountable closed sets F but where for each such F , A ∩ F, B ∩ F �= ∅.
It is easy to check that neither A nor B is measurable; in fact, assume that
A is measurable, approximate the measure from within by compact sets,
and obtain a contradiction to the decomposition properties. Compare this
situation with Problem 2.45b. Also, see Example A.6.7.

2.46. Let (X,B(X), μ) be a Borel measure space on a separable metric space
X ; see Appendix A.1 and A.3 for definitions.

a. If μ is a bounded measure, prove that it is also regular on the Borel
algebra B(X).

b. If μ is a σ-finite measure, prove that

∀ A ∈ B(X), μ(A) = sup{μ(F ) : F ⊆ A and F is compact}.

c. If μ is a σ-finite measure with the property that every compact set has
finite measure, prove that μ is regular.

d. Find an example of a σ-finite measure on the measurable space
(X,B(X)) that does not satisfy the following condition:

∀ A ∈ B(X), μ(A) = inf{μ(U) : A ⊆ U and U is open}.
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2.47. A homeomorphism h : [0, 1] → [0, 1] is a continuous bijection whose
inverse is also continuous; cf. the definition in Appendix A.1. Note that the
Borel sets are invariant under homeomorphisms h : [0, 1] → [0, 1], and that
such is not the case for the Lebesgue measurable sets (Example 2.4.14). This
is another reason why in probability theory the class of “probabilizable” sets
are the Borel sets and not the Lebesgue measurable sets; see Section 2.6.8.

a. Let E ⊆ [0, 1] be a closed nowhere dense set. Show that there is a
homeomorphism h : [0, 1] → [0, 1] such that m(h(E)) = 0.
[Hint. Define

h(x) = m([0, x] ∩ ([0, 1] \ E))/m([0, 1] \ E).]

b. Let E ⊆ [0, 1] be a set of first category. Show that there is a homeo-
morphism h : [0, 1] → [0, 1] such that m(h(E)) = 0.
[Hint. Let H be the family of homeomorphisms [0, 1] → [0, 1] with metric
ρ(f, g) = supx∈[0,1] |f(x) − g(x)|. If E =

⋃
En, where En is nowhere dense,

define
An,k = {h ∈ H : m(En) < 1/k}.

Prove thatAn,k is open in H, and, setting A =
⋂
An,k, note thatm(h(E)) = 0

for each h ∈ A.]

Remark. Actually it is possible to find an uncountable set F ⊆ [0, 1] such
that

∀ h ∈ H, m(h(F )) = 0. (2.29)

This result makes explicit use of the continuum hypothesis and was first
proved by Abram S. Besicovitch [54]. For each h ∈ H there is a corre-
sponding Hausdorff measure μh (we define this notion in Chapter 9), and
Besicovitch actually proved μh(F ) = 0 for each h ∈ H; (2.29) follows
from this in a straightforward manner. Relative to our remark about Borel
sets and homeomorphisms at the beginning of this exercise, we know that
F ∈ M([0, 1]) \ B([0, 1]).

Besicovitch’s solution to (2.29) is essentially equivalent to his solution of
a famous conjecture made by Borel (1919). In order to state the conjecture
we say that a set F ⊆ [0, 1] has the property C if

∀ {an : an > 0, n = 1, . . .}, ∃ {In = (cn, dn) : dn − cn = an, n = 1, . . .}

such that

F ⊆
∞⋃

n=1

In.

The Borel conjecture was that every set with the property C had to be
countable. In order to construct his counterexample to the Borel conjecture,
Besicovitch defined the notion of a concentrated set F in the neighborhood
of a given countable set H by the property that
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card (F \ (U ∩ F )) ≤ ℵ0

for each open set U containing H . Using the continuum hypothesis,
Besicovitch was able to construct such sets F for which card F > ℵ0.
These concentrated sets provide the solution to Borel’s conjecture as well
as to (2.29); see Section 9.3.



3 The Lebesgue Integral

3.1 Motivation

An excellent description of the motivation to develop the notion of the
Lebesgue integral has been given by Lebesgue himself in an article,
“Development of the integral concept” (1926), which appears in [316].

We begin by recalling the definition of the Riemann integral for certain
bounded functions f : [a, b] → R. For any partition

P : a = x0 < x1 < · · · < xn = b

of [a, b] consider the numbers

SP =
n∑

i=1

Mi(xi − xi−1) and sP =
n∑

i=1

mi(xi − xi−1), (3.1)

where
Mi = sup {f(x) : xi−1 < x ≤ xi}

and
mi = inf {f(x) : xi−1 < x ≤ xi}.

Define

R

∫ b

a

f = inf
P

SP and R

∫ b

a

f = sup
P

sP . (3.2)

Clearly,R
∫

≥ R
∫

, and we say that f is Riemann integrable if R
∫

= R
∫

.
In this case, the Riemann integral of f over [a, b] is

R

∫ b

a

f = R

∫ b

a

f = R

∫ b

a

f.

Note that

R

∫ b

a

f = inf

⎧
⎨

⎩

∫ b

a

ψ : ψ ≥ f, ψ =
n∑

j=1

cj�(xj−1,xj]

⎫
⎬

⎭ ,

©
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where x0 < x1 < · · · < xn is a partition of [a, b] and

∫ b

a

ψ =
n∑

j=1

cj(xj − xj−1).

Example 3.1.1. A non-Riemann-integrable function
Define the function f : [a, b] → R as

f(x) =

{
0, if x ∈ [a, b] is irrational,
1, if x ∈ [a, b] is rational.

Clearly,

R

∫ b

a

f = b− a and R

∫ b

a

f = 0,

so that f is not Riemann integrable.

Lebesgue’s observation goes something like this. The numbers R
∫

and
R
∫

will be close if somehow there is a lot of continuity in each interval of
each partition. Example 3.1.1 shows that this will not happen if f has many
discontinuities. Lebesgue’s goal was to collect approximately equal values
of f . He proceeded in the following way. Let f : [a, b] → R be a bounded
Lebesgue measurable function, and consider the partition

Q : α = y0 < y1 < · · · < yn = β,

where

α = inf {f(x) : x ∈ [a, b]} and β = sup {f(x) : x ∈ [a, b]},

and the norm of Q is

|Q| = max{|yj − yj−1| : j = 1, . . . , n− 1}. (3.3)

If Aj = {x : yj−1 < f(x) ≤ yj}, j = 1, . . . , n, A0 = {x : f(x) = α}, and
y−1 = α, we define

SQ =
n∑

j=0

yjm(Aj) and sQ =
n∑

j=0

yj−1m(Aj),

and ∫ b

a

f = inf
Q

SQ and
∫ b

a

f = sup
Q

sQ.
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A major initial result is the following.

Theorem 3.1.2. Integrability of bounded measurable functions
Let f : [a, b] → R be a bounded Lebesgue measurable function. Then

∫ b

a

f =
∫ b

a

f,

and the common value is denoted by
∫ b
a
f .

Proof. i. We must prove that supQ sQ = infQ SQ, where Q is a partition
of [α, β] and α ≤ f(x) ≤ β for x ∈ [a, b]. We begin by noting that −∞ <
supQ sQ, infQ SQ < ∞; in fact, α(b−a) ≤ sQ ≤ SQ ≤ β(b−a). For any ε > 0
we shall verify that | supQ sQ − infQ SQ| < ε.

ii. If Q′ ⊆ Q, we note that

sQ′ ≤ sQ and SQ′ ≥ SQ. (3.4)

In fact, without loss of generality, take Q′ : α = y0 < · · · < yn = β and let
Q = Q′ ∪ {y}, where yj−1 < y < yj . Define Bj = {x : y < f(x) ≤ yj} and
Cj = {x : yj−1 < f(x) ≤ y}, so that

yjm(Bj) + ym(Cj) ≤ yj(m(Bj) +m(Cj)) = yjm(Aj).

Consequently, SQ ≤ SQ′ , with a similar calculation for sQ. Hence (3.4) is
obtained.

iii. Therefore, since sup sQ and inf SQ are finite, there are partitions Q1

and Q2 of [α, β] such that
∣∣∣∣sup
Q

sQ − sQ1

∣∣∣∣ <
ε

3
and

∣∣∣∣inf
Q

SQ − SQ2

∣∣∣∣ <
ε

3
.

Moreover, because of (3.4), we may assume that if {yi,k} = Qk, k = 1, 2, then
yi,k − yi−1,k < ε/(3(b− a)). Let Q̃ be the partition formed by the points in
both Q1 and Q2, i.e., Q̃ = Q1 ∪Q2 = {ỹi}. Then, |s �Q − S �Q| < ε because of
the triangle inequality and the fact that

0 ≤ S �Q − s �Q =
n∑

i=0

(ỹi+1 − ỹi)m(Ãi) <
ε

3(b− a)

n∑

i=0

m(Ãi) =
ε

3
.

Combining these inequalities we obtain | infQ sQ − supQ SQ| < ε. ��

Lebesgue’s partitioning of the “f(x)-axis” is both an ingenious techni-
cal observation and conceptual insight, allowing the full power and subtlety
of measure theory to operate; see Lebesgue’s book [313], second edition,
page 136; cf. [130].
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Remark. If g is a simple function

g =
k∑

j=1

aj�Aj

defined on ([a, b],M([a, b]),m), it is natural to define the integral
∫ b
a
g as

∫ b

a

g =
k∑

j=1

ajm(Aj);

cf. the Remark at the beginning of Section 3.2. It is not difficult to check
that this definition agrees with our definition of the Lebesgue integral in
Theorem 3.1.2; see also Section 3.4. In light of Theorem 2.5.5, Theorem 3.1.2
can be restated as follows. If f : [a, b] → R is a bounded Lebesgue measurable
function, then there is a sequence {fn : n = 1, . . .} of simple functions such
that fn → f pointwise (in fact, the convergence is uniform and ‖fn‖∞ ≤
‖f‖∞) and ∫ b

a

fn →
∫ b

a

f. (3.5)

In this form it is interesting to compare this result with the Lebesgue domi-
nated convergence theorem (LDC) in Section 3.3.

Because of Theorem 3.1.2 we define the Lebesgue integral of a bounded
Lebesgue measurable function f : [a, b] → R to be

∫ b
a
f .

Example 3.1.3. �Q�Q�Q on [a, b][a, b][a, b]
a. Take f as in Example 3.1.1. Clearly f is Lebesgue measurable. For the
partition R : 0 = y0 < y1 < · · · < yn = 1 we have

SR = y1(b− a).

Therefore, infQ SQ =
∫ b
a
f = 0.

b. Let {rn : n = 1, . . .} be an ordering of Q∩ [a, b] and define the function
fm : [a, b] → R as

fm(x) =

{
1, if x = r1, . . . , rm,

0, if otherwise.

Clearly fm ≥ 0 and {fm : m = 1, . . .} increases pointwise to the function f
defined in Example 3.1.1. Also,

∀ m = 1, . . . , R

∫ b

a

fm = 0. (3.6)

Even though (3.6) is true, R
∫ b
a f does not exist, as we showed in Exam-

ple 3.1.1. One of the beauties of Lebesgue’s theory is that (on a finite interval
[a, b], say) if gn ≥ 0 is measurable and the sequence {gn : n = 1, . . .} increases
pointwise to a bounded function g, then

∫
g exists and equals limn→∞

∫
gn.



3.2 The Lebesgue integral 99

Remark. Example 3.1.3 is not a good example of a function that is Lebesgue
integrable but not Riemann integrable. In fact, f is 0 m-a.e. and so there is
a Riemann integrable function, viz., g identically 0, in the same equivalence
class as f , recalling that “a.e.” defines an equivalence relation. In Exam-
ple 3.4.6c we shall give examples of functions g whose Lebesgue integrals
exist but for which there are no Riemann integrable functions h with the
property that g = h m-a.e.

3.2 The Lebesgue integral

Let (X,A, μ) be a measure space. We define the integral of a simple function

f =
n∑

j=1

aj�Aj , Aj ∈ A, aj ∈ R, (3.7)

to be ∫

X

f dμ =
n∑

j=1

ajμ(Aj)

if Aj = {x : f(x) = aj} and μ(Aj) < ∞. For each such f we write
∫

A

f dμ =
∫

X

�Af dμ, A ∈ A.

Remark. We can write a simple function f in many ways. Our canonical
criterion will be (3.7) with the property that Aj = {x : f(x) = aj}. On the
other hand, the operation “

∫
” is a linear mapping on the vector space of

simple functions that vanish outside of a set of finite measure, and so we do
not have to worry if Aj∩Ak �= ∅. This fact can be proved in the following way.
Write a given simple function f =

∑
bj�Bj canonically as

∑
aj�Aj ; define∫

f dμ as
∑
ajμ(Aj) and check that this is well defined; finally, calculate

that
∑
aj�Aj =

∑
bj�Bj . All the details are routine.

Theorem 3.1.2 can be generalized in a straightforward way to the following
context.

Theorem 3.2.1. Measurability criterion for bounded functions
Let (X,A, μ) be a complete finite measure space, and let f : X → R be a
bounded function. The function f is μ-measurable if and only if

inf
{∫

X

h dμ : f ≤ h and h is simple
}

= sup
{∫

X

g dμ : f ≥ g and g is simple
}
.

(3.8)
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The completeness hypothesis in Theorem 3.2.1 is not required to prove
(3.8).

Because of Theorem 3.2.1, we define the μ-integral of a μ-measurable
bounded function f : X → R, μ(X) < ∞, as

∫

X

f dμ = inf
{∫

X

h dμ : f ≤ h and h is simple
}
. (3.9)

Example 3.2.2. Step and regulated functions
We say that f : [a, b] → R is a step function if there exists an increasing
finite sequence {xj : j = 0, . . . , n} ⊆ [a, b], such that x0 = a, xn = b, and
f is constant in each of the open intervals (xj , xj+1), j = 0, . . . , n− 1. Also,
g : [a, b] → R is a regulated function if limy→x± g(y) exist for each x ∈ (a, b),
and limy→a+ g(y) and limy→b− g(y) exist. For each step function f there
is a simple function h such that f = h. Further, continuous functions are
regulated, as are functions of bounded variation, e.g., Chapter 4, and each
regulated function is bounded m-a.e. A basic fact about regulated functions is
the following: f is regulated if and only if f is the uniform limit of a sequence
of step functions; cf. Theorem 2.5.5 and Example A.9.7.

Definition 3.2.3. μμμ-integrable function and its integral
Let f ≥ 0 be a μ-measurable function on the measure space (X,A, μ).
We define ∫

X

f dμ = sup
h≤f

∫

X

h dμ, (3.10)

where h is a bounded μ-measurable function and μ({x : h(x) �= 0}) < ∞. The
function f is μ-integrable with integral

∫
X f dμ if

∫
f dμ < ∞. For X ⊆ R

d,
A = Md(X), and μ = md, we write

∫

X

f dmd =
∫

X

f(x) dx =
∫

X

f dx =
∫

X

f.

This definition of a μ-integrable function for f ≥ 0 is reasonable in light of
Theorem 3.2.1. Moreover, because of Theorem 3.2.1, it agrees with our defi-

hand, there is a slight possible pathology involved if there are not enough such
functions h on the given measure space (X,A, μ). This point arises explicitly
in Theorem 3.3.5, and we shall tacitly assume that the measure spaces with
which we deal do not have this deficiency. Also, with this definition of a
μ-integrable function, the innocent-looking linearity in Theorem 3.2.6b, and
a consequence of this linearity in Theorem 3.2.7a, really depend on the results
in Section 3.3. Since no logical problems evolve and since aesthetically the
linearity should be mentioned now, we have done so.

Next, let f : X → R
∗ be a μ-measurable function on the measure space

(X,A, μ), and set

f+(x) = max{f(x), 0} and f−(x) = max{(−f)(x), 0}.

nition of an integral for bounded measurable functions in (3.9). On the other
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Since f is μ-measurable, both f+ and f− are μ-measurable and

f = f+ − f− and |f | = f+ + f−.

A function f is μ-integrable if f+ and f− are μ-integrable, and we define
the μ-integral of f as

∫

X

f dμ =
∫

X

f+ dμ−
∫

X

f− dμ. (3.11)

Similarly, we define
∫
X f dμ for f : X → C.

Proposition 3.2.4. Let (X,A, μ) be a measure space and let f be a
μ-measurable function that is nonnegative μ-a.e. Then,

∫

X

f dμ = 0 ⇐⇒ f = 0 μ-a.e.

Proof. Define the sets An = {x : f(x) > 1/n} and A = {x : f(x) > 0},
and let

∫
X f dμ = 0. Thus, A =

⋃
An, and we need only prove that, for

each n, μ(An) = 0. If μ(An) > 0 we set gn = (1/n)�An . Hence, gn ≤ f
and

∫
X
gn dμ = (1/n)μ(An). Thus,

∫
X
f dμ > 0, the required contradiction.

Conversely, if f = 0 μ-a.e., then its integral is 0 by definition of the integral.
��

Instead of considering the space of μ-integrable functions it is more
advantageous to employ the space L1

μ(X) (defined below), each of whose
elements is the collection of μ-integrable functions that are equal μ-a.e. There
are two reasons that this is done: first, the operation of integration assigns
the same value to two functions that are equal μ-a.e. (this is a consequence
of Proposition 3.2.4 and of the linearity of the operation of taking an inte-
gral of μ-integrable functions); and, second, the natural norm topology on
L1
μ(X) is Hausdorff, a notion that essentially dispenses with the topological

crises inherent in the lives of identical twins. On the other hand, there is no
problem in computation if we deal with integrable functions instead of the
corresponding elements in L1

μ(X).

Definition 3.2.5. L1
μ(X)L1
μ(X)L1
μ(X)

Let (X,A, μ) be a measure space. Let L1
μ(X) be the set of all μ-measurable

functions f : X → C such that
∫

X

|f | dμ < ∞.

Let ∼ denote the equivalence relation f ∼ g if f = g μ-a.e. We define
the space L1

μ(X) to be the collection of all equivalence classes in L1
μ(X).

Moreover, if f is an element of any such equivalence class, we set
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‖f‖1 =
∫

X

|g| dμ,

where g = f μ-a.e.; and, with abuse of notation, we write f ∈ L1
μ(X). This

is well defined by Proposition 3.2.4 and the linearity of the integral, since if
f ∈ L1

μ(X), then ‖f‖1 = 0 if and only if f = 0 μ-a.e.

The next theorem contains some of the basic properties of the space
L1
μ(X). For more on this space and related Lpμ(X) spaces see Section 5.5.

Theorem 3.2.6. Linearity, monotonicity, and additivity
Let (X,A, μ) be a measure space.

a. The set of simple functions
∑n

j=1 aj�Aj , μ(Aj) < ∞, is dense in
L1
μ(X) taken with the L1-norm ‖...‖1.

b. L1
μ(X) is a vector space, and

∫

X

(αf + βg) dμ = α

∫

X

f dμ+ β

∫

X

g dμ,

where f, g ∈ L1
μ(X) and α and β are scalars. Thus, L1

μ(X) is a real, respec-
tively, complex, vector space if the elements of L1

μ(X) are R-valued, respec-
tively, C-valued.

c. If f, g ∈ L1
μ(X) and f ≤ g μ-a.e., then

∫

X

f dμ ≤
∫

X

g dμ.

d. Let A ∈ A and B ∈ A be disjoint, and choose f ∈ L1
μ(X). Then

∫

A∪B
f dμ =

∫

A

f dμ+
∫

B

f dμ.

Part a of Theorem 3.2.6 is a consequence of our definition of the integral,
part b is a consequence of the Levi–Lebesgue theorem (Theorem 3.3.6), and
the remaining parts are elementary. Theorem 3.3.6 does not depend on part
b. Part a is also a consequence of Theorem 2.5.5 and the Lebesgue dominated
convergence theorem (Theorem 3.3.7), which does not depend on this result.

Theorem 3.2.7. Elementary role of
∫
X

|f | dμ
∫
X

|f | dμ
∫
X

|f | dμ
Let (X,A, μ) be a measure space.

a. f ∈ L1
μ(X) ⇐⇒ |f | ∈ L1

μ(X) and f is μ-measurable.
b. Assume f ∈ L1

μ(X). Then
∣∣∫
X
f dμ

∣∣ ≤
∫
X

|f | dμ.
c. Assume f ∈ L1

μ(X). Then
∣∣∫
X
f dμ

∣∣ =
∫
X

|f | dμ ⇐⇒ there is c ∈ C

such that |c| = 1 and cf ≥ 0 μ-a.e.

Proof. a. Part a follows from Theorem 3.2.6 and the decomposition of f in
terms of f+ and f−.
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b. There is c ∈ C, for which |c| = 1, such that
∣∣∣∣
∫

X

f dμ

∣∣∣∣ =
∫

X

fc dμ.

Thus, by the definition of the integral,
∣∣∣∣
∫

X

fc dμ

∣∣∣∣ =
∫

X

fc dμ =
∫

X

Re (cf) dμ+ i

∫

X

Im (cf) dμ

=
∫

X

Re (cf) dμ ≤
∫

X

|cf | dμ,

where the inequality follows since |cf | − Re (cf) ≥ 0. Here Re (a) and Im (a)
are the real and imaginary parts of a ∈ C.

c. Because of part b we have the desired equality if and only if Re (cf) =
|cf | μ-a.e., and this occurs if and only if cf ≥ 0 μ-a.e. ��

Example 3.2.8. fff nonmeasurable and |f ||f ||f | measurable
It is necessary to assume that f is μ-measurable in Theorem 3.2.7a. In fact, if
we consider the measure space ([0, 1],M([0, 1]),m) and choose A /∈ M([0, 1]),
then the function

f(x) =

{
1, if x ∈ A,

−1, if x /∈ A

is not m-measurable, whereas |f | is m-measurable.

Remark. As we shall see, we can find functions f : [a, b] → R such that f ′

exists everywhere but f ′ /∈ L1
m([a, b]). There are general integration theories

with the property that the fundamental theorem of calculus holds whenever
f ′ exists everywhere on [a, b]; these are due to Oskar Perron and Arnaud

Denjoy. Such theories are important, but, as of now, they have not achieved
the general success of Lebesgue’s theory; one of the reasons for this is
precisely that they do not have the property of Theorem 3.2.7a. We refer
to [370] (translated from Russian) for a modern and historical approach
to the Perron–Denjoy theories. Classically, there are some introductory
remarks in [471], Chapter 11, and more full-fledged treatments in [283], [355],
volume II, and [412], Chapters 6–8. Denjoy has written extensively on the
subject. We should also mention the Kempisty integral [281] from 1925, which
can be used in harmonic analysis; see [33], pages 233–234, for such an appli-
cation as well as reference to its relationship to Denjoy’s work.

Example 3.2.9. A recursive integral equation
Let f0 > 0 on (0, 1) be an element of L1

m((0, 1)) and set

fn+1(x) =
(∫ x

0

fn(t) dt
)1/2

.

It can be shown that limn→∞ fn(x) = x/2.
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Example 3.2.10. Improper Riemann integrability for non-Lebesgue-
integrable functions
a. Let f(x) = x2 sin(1/x2) for x ∈ (0, 1], and set f(0) = 0. Then

f ′(x) =

{
0, if x = 0,
2x sin

(
1/x2

)
− 2

x cos
(
1/x2

)
, if x ∈ (0, 1].

Note that, for x > 0,

|f ′(x)| ≥ 2
x

∣∣∣∣cos
(

1
x2

)∣∣∣∣− 2x
∣∣∣∣sin

(
1
x2

)∣∣∣∣ ≥
2
x

∣∣∣∣cos
(

1
x2

)∣∣∣∣− 2x.

Define

In =

[((
2n+

1
3

)
π

)−1/2

,

((
2n− 1

3

)
π

)−1/2
]
.

Observe that

∀ x ∈ In,

∣∣∣∣cos
(

1
x2

)∣∣∣∣ ≥
1
2

;

in fact, for x = ((2n+ (1/3))π)−1/2,
∣∣∣∣cos

(
1
x2

)∣∣∣∣ =
∣∣∣cos

(
2nπ +

π

3

)∣∣∣ =
∣∣∣cos

(π
3

)∣∣∣ .

Thus, for any x ∈ In, |f ′(x)| ≥ (1/x) − 2x, and so
∫

In

|f ′| ≥
∫

In

(
1
x

− 2x
)
dx

=
1
2

log
(

2n+ (1/3)
2n− (1/3)

)
− 2

3
1

π(2n+ (1/3))(2n− (1/3))
.

The fact that the sequence {In : n = 1, . . .} is a disjoint family follows, since
2n+2−(1/3) > 2n+(1/3) implies [(2n+2−(1/3))π]−1/2 < [(2n−(1/3))π]−1/2.
Consequently, if we let aN =

∑N
n=1 1/[(2n+ (1/3))(2n− (1/3))] we have

∫ 1

0

|f ′| ≥
N∑

n=1

∫

In

|f ′| ≥ 1
2

N∑

n=1

log
(

2n+ (1/3)
2n− (1/3)

)
− 2aN

3π

≥ 1
2

N∑

n=1

log
(

1 +
1

6n

)
− 2aN

3π
.

Because the sequence {aN : N = 1, . . .} is convergent and

N∑

n=1

log
(

1 +
1

6n

)
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is divergent, noting that
∑N
n=1 1/(6n) and therefore

∏N
n=1 (1 + 1/(6n))

diverge, we conclude that
f ′ /∈ L1

m([0, 1]).

b. Consider the function f of part a. From the fundamental theorem of
calculus for Riemann integration, e.g., Problem 1.30, we compute

R

∫ 1

ε

f ′ = f(1) − f(ε) = sin(1) − ε2 sin(1/ε2)

for each ε > 0, and so

lim
ε→0

R

∫ 1

ε

f ′ = sin(1).

We shall see in Section 3.4 that f ′ ∈ L1
m([ε, 1]), since it is bounded and

Riemann integrable on [ε, 1]; consequently,

lim
ε→0

∫ 1

ε

f ′ = sin(1).

c. We again consider the function f from part a. We now observe that
even though f ′ exists everywhere on [0, 1], f is not a function of bounded
variation; see Definition 4.1.1 and Theorem 4.3.2. In fact,

f(1/
√
kπ) = 0 and f

(
1/
√
kπ + (π/2)

)
= (−1)k/ (kπ + (π/2)) ,

and so the variation of f is larger than

∞∑

k=1

∣∣∣∣0 − (−1)k

kπ + (π/2)

∣∣∣∣ = ∞.

As we shall see in Theorem 4.6.7, if g′ exists everywhere on [a, b] and
g′ ∈ L1

m([a, b]), then not only is g a function of bounded variation, but it is
also absolutely continuous.

3.3 The Lebesgue dominated convergence theorem
(LDC)

In his thesis, cf. Section 1.3, Lebesgue notes that his dominated convergence
theorem is a generalization, with simplification in the proof, of a theorem by
William F. Osgood [361] (1897). Osgood’s result is Proposition 3.3.1
for the special case of a continuous function f , and Proposition 3.3.1 was
originally proved by Cesare Arzelà [10] (1885). We shall state Arzelà’s
result before making additional remarks.

A sequence {fn : n = 1, . . .} of functions [a, b] → R converges boundedly
to a function f : [a, b] → R if {fn : n = 1, . . .} converges pointwise to f and
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sup
n∈N

‖fn‖∞ < ∞.

Clearly, if {fn : n = 1, . . .} is a sequence of bounded functions on [a, b] and if
fn → f uniformly on [a, b], then fn → f boundedly.

Proposition 3.3.1. Let {f, fn : n = 1, . . .} be a sequence of Riemann
integrable functions f, fn : [a, b] → R, and assume that fn → f boundedly.
Then

lim
n→∞ R

∫ b

a

fn = R

∫ b

a

f.

Starting with the definition of the Riemann integral it is nontrivial to
prove Proposition 3.3.1, whereas starting from the axioms of measure theory
it is not difficult to prove the corresponding and more general Lebesgue
dominated convergence theorem (Theorem 3.3.2). The reason for this is not
so mysterious. Arzelà’s result depends on a σ-additivity property, and,
starting with Riemann’s definition of integral, the route to proving such
a property requires some effort; on the other hand, in Lebesgue’s theory
the σ-additivity is essentially built into the preliminaries. The history of the
elementary (that is, without Lebesgue’s theory) proofs of Proposition 3.3.1
has been recorded by Wilhelmus A. J. Luxemburg [334]; he also gives
another elementary proof of his own that is basically a corrected version of
an old proof due to Hausdorff (1927). The problem of “taking limits under
the integral”—which, of course, has many forms—is one of the absolutely
fundamental issues in analysis; consequently, new proofs of such results as
Proposition 3.3.1 are valuable for providing insights on the matter of “switch-
ing limits”.

Arzelà’s original proof depended on a complicated lemma that is, in fact,
an easy corollary of our Problem 2.13b. It was in this lemma that he derived
the “countable additivity property”—mentioned in the previous paragraph—
that was necessary for his theorem. Mind you, Problem 2.13b is straightfor-
ward to prove when one begins with the σ-additivity of Lebesgue measure.
Using Problem 2.13b, we now give Arzelà’s proof, properly streamlined, of
Proposition 3.3.1.

Proof. (Proposition 3.3.1) Without loss of generality assume that [a, b] =
[0, 1], f = 0, and fn(x) ∈ [−1, 1] for all x and n. If the result is false, then
limn→∞R

∫ 1

0 fn or limn→∞R
∫ 1

0 fn is not zero. Assume limn→∞R
∫ 1

0 fn =
r > 0. Define An = {x : fn(x) ≥ r/2}, so that limn→∞m(An) > 0. By Prob-
lem 2.13b we see that there is a point y ∈ [0, 1] such that fn(y) ≥ r/2 for
infinitely many n. This contradicts the hypothesis that fn(y) → 0. ��

Observe that we assumed f to be Riemann integrable in Proposition 3.3.1.
The corresponding assumption will not have to be made in Theorem 3.3.2.

Recall that R
∗ = R ∪ {±∞}.
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Theorem 3.3.2. Special case of Lebesgue dominated convergence
(LDC) theorem
Let (X,A, μ) be a finite measure space and let {fn : n = 1, . . .} be a sequence
of measurable functions fn : X → R

∗ for which

sup
n∈N

‖fn‖∞ = M < ∞.

If fn → f pointwise on X then f ∈ L1
μ(X), ‖f‖∞ ≤ M , and

lim
n→∞ ‖fn − f‖1 = 0;

in particular,

lim
n→∞

∫

X

fn dμ =
∫

X

f dμ. (3.12)

Proof. Clearly f is measurable by Proposition 2.5.2, and ‖f‖∞ ≤ M ; thus
f ∈ L1

μ(X). Take ε > 0 and choose N and A ∈ A, by Egorov’s theorem, such
that μ(A) < ε/(4M) and

∀ n ≥ N, ∀ x /∈ A, |fn(x) − f(x)| < ε

2μ(X)
.

Thus, for all n ≥ N ,
∫

X

|fn − f | dμ =
∫

A

+
∫

X\A
|fn − f | dμ ≤ 2Mε

4M
+ μ(X \A)

ε

2μ(X)
≤ ε. ��

Example 3.3.3. Elementary examples for LDC
a. We can find a sequence {fn : n = 1, . . .} of simple functions on
([0, 1],M([0, 1]),m) such that

i. fn ≥ 0,
ii.
∫ 1

0
fn(x) dx = 1,

iii. fn → 0 pointwise,
iv. limn→∞ ‖fn‖∞ = ∞.

In fact, take fn = n(n+ 1)�[1/(n+1),1/n].
a.′ We can also find a sequence {fn : n = 1, . . .} of simple functions on

([0, 1],M([0, 1]),m) that satisfies
i. fn ≥ 0,
ii.
∫ 1

0
fn(x) dx = 1,

iii’. fn � 0 pointwise,
iv. limn→∞ ‖fn‖∞ = ∞.

Take fn = n/2�[1/2−1/n,1/2+1/n].
b. Observe that properties ii and iii in part a cannot hold along with the

condition that supn ‖fn‖∞ < ∞; for if we had iii and the norm boundedness
we would contradict ii by Theorem 3.3.2.
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c. Define fn(x) = xn on [0, 1]. Then, fn → f = 0 pointwise on [0, 1) but
the convergence is not uniform. On the other hand, |fn| ≤ 1,

∫ 1

0
xn dx =

1/(n+ 1), and
∫ 1

0 f(x) dx = 0.
d. Set

fn(x) =

{
0, if x ≤ 0 and x ≥ 1/n,
n2, if 0 < x < 1/n.

Then, fn → f = 0 pointwise on R but once again the convergence is not
uniform:

∫
R
fn(x) dx = n → ∞ and

∫
R
f(x) dx = 0.

e. Set

fn(x) =

{
1/n, if |x| ≤ n2,

0, if |x| > n2.

Then, fn → f = 0 uniformly on R,
∫

R
fn(x) dx = 2n → ∞, and

∫
R

f(x) dx = 0.

We now give Fatou’s lemma (Theorem 3.3.5) which Pierre Fatou, a
friend of Lebesgue, published in his famous thesis [162]. In order to motivate
this result we first establish some notation and make some remarks on Fourier
series.

Example 3.3.4. Fourier series and Fatou
a. By definition, a function f is an element of L1

m(T) if f is a 1-periodic
complex-valued m-measurable function defined on R such that, for some (and
therefore for all) r ∈ R, ∫ r+1

r

|f | < ∞.

The associated measure space is designated by (T,M(T),m), and the L1
m(T)

norm of f ∈ L1
m(T) is

‖f‖1 =
∫ 1

0

|f |.

We also define f ∈ L∞
m (T) with norm ‖f‖∞ if f ∈ L1

m(T) and

‖f‖∞ = ess sup
x∈R

|f(x)| < ∞.

If f ∈ L1
m(T), then the Fourier coefficients of f are defined by

f̂(n) = cn =
∫ 1

0

f(x)e2πinx dx, n ∈ Z,

and the Fourier series of f is

S(f)(x) =
∑

n∈Z

cne
−2πinx.
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There are many expositions of Fourier series, from [39] to Zygmund’s classic
[524]. Also, see Appendix B.

b. Setting
u(r, x) =

∑

n∈Z

cnr
ne−2πinx, r ∈ (0, 1),

Fatou proved
lim
r→1−

u(r, x) = f(x) m-a.e. (3.13)

This result is quite important in function theory, and in order to prove it
Fatou used Theorem 3.3.5. Combining (3.13) and Theorem 3.3.5 he also
obtained the Parseval equality

∫ 1

0

|f(x)|2 dx =
∑

n∈Z

|cn|2

for f ∈ L2
m(T) = {f : f2 ∈ L1

m(T)}, a fact that Lebesgue initially proved
only for f ∈ L∞

m (T). Shortly thereafter, Frigyes (Frédéric) Riesz used
Fatou’s theory to prove that L2

m(T) is a complete metric space with metric
ρ defined by

ρ(f, g) =
(∫

T

|f(x) − g(x)|2 dx
)1/2

,

i.e., he proved that L2
m(T) is a Hilbert space, e.g., Appendix A.2.

Theorem 3.3.5. Fatou lemma
Let {fn : n = 1, . . .} be a sequence of measurable functions X → R

∗ defined
on the measure space (X,A, μ). Assume that {fn : n = 1, . . .} is bounded
below by some g ∈ L1

μ(X), fn → f μ-a.e., and f is μ-measurable. Then
∫

X

f dμ ≤ lim
n→∞

∫

X

fn dμ.

Proof. First note that we make no claims about integrability either in the
hypothesis or conclusion, since our integrals may be unbounded.

Without loss of generality assume that g is identically 0, that fn → f
pointwise everywhere, and that lim

∫
fn dμ < ∞. Take a bounded measur-

able function h such that 0 ≤ h ≤ f and h = 0 off a set Y of finite measure;
cf. the remark on pathology after Definition 3.7.6.

Define hn(x) = min{h(x), fn(x)}. Thus, 0 ≤ hn ≤ h and hn = 0 on
Y ∼. Since fn → f pointwise and h ≤ f , we have hn → h pointwise by the
definition of hn. Consequently we apply Theorem 3.3.2 to obtain

∫

X

h dμ =
∫

Y

h dμ = lim
n→∞

∫

Y

hn dμ. (3.14)
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Now fn ≥ hn ≥ 0 implies
∫
X
fn dμ ≥

∫
Y
fn dμ ≥

∫
Y
hn dμ, and so

lim
n→∞

∫

X

fn dμ ≥ lim
n→∞

∫

Y

hn dμ = lim
n→∞

∫

Y

hn dμ.

This combined with (3.14) yields the result by the definition of
∫
X
f dμ. ��

The following result allows us to prove Theorem 3.2.6b. This is important
since we use linearity in Theorem 3.3.7.

Theorem 3.3.6. Levi–Lebesgue theorem
Let (X,A, μ) be a measure space and let {fn : n = 1, . . .} be a sequence of
μ-measurable R

∗-valued functions defined on X. Assume that {fn : n = 1, . . .}
is bounded below by some g ∈ L1

μ(X) and that {fn : n = 1, . . .} converges
μ-a.e. to a μ-measurable function f . If

∀ n = 1, . . . , fn ≤ f μ-a.e.,

then ∫

X

f dμ = lim
n→∞

∫

X

fn dμ.

Proof. Since fn ≤ f μ-a.e., we have
∫
fn dμ ≤

∫
f dμ. By Theorem 3.3.5,

∫

X

f dμ ≤ lim
n→∞

∫

X

fn dμ ≤ lim
n→∞

∫

X

fn dμ ≤
∫

X

f dμ,

and we are done. ��

If fn increases to f then the conditions of Theorem 3.3.6 hold. It was
in this form that the result was proved in 1906 by Beppo Levi (May 14,
1875, Torino, Italy–August 28, 1961, Rosario, Argentina). For this setting,
Theorem 3.3.6 is referred to as the monotone convergence theorem.

The fundamental criterion for taking limits under the integral sign is the
following theorem.

Theorem 3.3.7. Lebesgue dominated convergence (LDC) theorem
Let (X,A, μ) be a measure space and let {fn : n = 1, . . .} be a sequence of
μ-measurable functions each of which is complex-valued μ-a.e. Assume that
fn → f μ-a.e., that f is μ-measurable, and that there is an element g ∈ L1

μ(X)
such that

∀ n = 1, . . . , |fn| ≤ g μ-a.e.

Then f ∈ L1
μ(X) and

lim
n→∞ ‖f − fn‖1 = 0.

In particular, ∫

X

f dμ = lim
n→∞

∫
fn dμ. (3.15)
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Proof. We have f ∈ L1
μ(X), since |f | ≤ g μ-a.e. Without loss of generality

take fn real-valued μ-a.e., and so

0 ≤ g − fn μ-a.e.

Thus, from Theorem 3.3.5,
∫

X

(g − f) dμ ≤ lim
n→∞

∫

X

(g − fn) dμ.

Consequently, from properties of the lim and lim and since f, fn ∈ L1
μ(X),

∫

X

g dμ−
∫

X

f dμ ≤
∫

X

g dμ− lim
n→∞

∫

X

fn dμ.

This yields

lim
n→∞

∫

X

fn dμ ≤
∫

X

f dμ.

For the opposite direction we consider g + fn and compute
∫

X

f dμ ≤ lim
n→∞

∫

X

fn dμ.

This proves (3.15).
Now let gn = |f − fn|, n = 1, . . . . Since

∀ n = 1, . . . , |gn| ≤ |f | + |fn| ≤ |f | + |g| ∈ L1
μ(X),

and, since gn → 0 μ-a.e., we can apply (3.15) to the sequence {gn}, and we
obtain that

lim
n→∞

∫
|f − fn| dμ = 0. ��

Remark. Nets (or directed sets) [279], page 65, or filters [188] arise in non-
metric convergence, e.g., Appendix A.9. See [188], pages 306–307, for a brief
history.

If a net of functions is indexed by a countable set then Theorem 3.3.7
holds [69], Chapter IV.3.7. We shall give an example of a convergent net for
which Theorem 3.3.7 fails. Let N be the set of characteristic functions �F ,
where F ⊆ [0, 1] is a finite set. By definition (which we have not yet given!),
N is a net, since �F1∪F2 dominates the functions �F1 and �F2 ; and the net N
converges to the function �[0,1]. On the other hand, Theorem 3.3.7 fails, since∫
�F = 0 and

∫
�[0,1] = 1. The deficiency in this example is that �F = 0

m-a.e. In this context it is natural to inquire whether a genuine failure of
Theorem 3.3.7 for nets is possible; for this question it is well to keep in mind
the fact that measurable functions are characterized in terms of sequences of
measurable functions; see Corollary 2.5.15.
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One means of generalizing Theorem 3.3.7 is the following; see Problem 3.9.

Theorem 3.3.8. A general LDC
Let (X,A) be a measurable space and let {μn : n = 1, . . .} be a sequence of
measures on A such that

∀ A ∈ A, lim
n→∞μn(A) = μ(A), (3.16)

where μ is a measure on A. Assume that the sequence {g, gn : n = 1, . . .} ⊆
L1
μ(X) satisfies the conditions that gn → g pointwise and

lim
n→∞

∫

X

gn dμn =
∫

X

g dμ.

If {fn : n = 1, . . .} is a sequence of functions with the properties that fn → f
pointwise, each fn is μn-measurable, and

∀ n, |fn| ≤ gn,

then f ∈ L1
μ(X) and

lim
n→∞ ‖f − fn‖1 = 0.

In particular,
∫
X f dμ = limn→∞

∫
X fn dμn.

Generally we shall refer to Theorem 3.3.2, Theorem 3.3.6, Theorem 3.3.7,
and Theorem 3.3.8 as LDC (Lebesgue dominated convergence theorem) in the
sequel. The hypothesis that μ in (3.16) is a measure raises the problem to find
conditions such that (3.16) defines a measure. We shall study this question
when we discuss weak convergence of measures in Chapter 6, and we shall
do it in the context of trying to find necessary and sufficient conditions for
the conclusion of LDC to hold. For now we refer to Problem 3.9b and the
following “outline”, which we shall expand on later.

Proposition 3.3.9. Let (X,A, μ) be a measure space and let f ∈ L1
μ(X).

Then

∀ ε > 0, ∃ δ > 0 such that ∀ A ∈ A, for which μ(A) < δ,

∫

A

|f | dμ < ε.

Proof. The result is obvious if ‖f‖∞ < ∞. Define

fn(x) =

{
|f |(x), if |f(x)| ≤ n,

n, if |f(x)| > n.

Then ‖fn‖∞ ≤ n and |fn| → |f | pointwise. From LDC

∃ N such that ∀ n ≥ N,

∫

X

(|f | − |fn|) dμ < ε/2.
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Letting 0 < δ < ε/(2N) we have
∣∣∣∣
∫

A

f dμ

∣∣∣∣ ≤
∫

A

|f | dμ =
∫

A

(|f | − |fN |) dμ+
∫

A

|fN | dμ

≤
∫

X

(|f | − |fN |) dμ+Nμ(A) < ε

if μ(A) < δ. ��

Definition 3.3.10. Absolute continuity
Let (X,A, μ) be a measure space.

a. A μ-measurable function f on X is absolutely continuous with respect
to μ if

∀ ε > 0, ∃ δ > 0 such that ∀ A ∈ A, for which μ(A) < δ,
∫

A

|f | dμ < ε.

Thus, each element f ∈ L1
μ(X) is absolutely continuous with respect to μ.

In Chapter 5 we shall define a “measure ν absolutely continuous with respect
to μ” and show that such measures are actually characterized by L1

μ(X).
b. A collection {fα} ⊆ L1

μ(X) is uniformly absolutely continuous if

∀ ε > 0, ∃ δ > 0 such that ∀ A ∈ A, for which μ(A) < δ, and ∀ α,
∫

A

|fα| dμ < ε.

c. If F ⊆ P(X) and ν is a scalar-valued function on F , we say that ν is
Vitali continuous if, for each decreasing sequence {An : n = 1, . . .} ⊆ F for
which

⋂
An = ∅, we can conclude that

lim
n→∞ ν(An) = 0.

A sequence of Vitali continuous functions νm on F is Vitali equicontinuous
if for each decreasing sequence {An : n = 1, . . .} ⊆ F , for which

⋂
An = ∅,

we have
∀ ε > 0, ∃ N such that ∀ n > N and ∀ m,

|νm(An)| < ε.

d. If F from part c is A then a sequence {νm : m = 1, . . .} of scalar-valued
functions on A is uniformly absolutely continuous if

∀ ε > 0, ∃ δ > 0 such that ∀ A ∈ A, for which μ(A) < δ, and ∀ m,
|νm(A)| < ε.

This definition obviously generalizes the above definition of uniformly
absolutely continuous sets of integrable functions.
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Clearly, if ‖f − fn‖1 → 0 then

∀ ε > 0, lim
n→∞μ({x : |f(x) − fn(x)| ≥ ε}) = 0. (3.17)

We are basically interested in finding a converse to this observation in order to
obtain the best possible LDC. We make the following definition. A sequence
{fn : n = 1, . . .} of μ-measurable functions on a measure space (X,A, μ)
converges in measure to a μ-measurable function f if (3.17) holds. Vitali

made initial and deep progress in characterizing LDC with essentially the
following results [486].

Theorem 3.3.11. Vitali uniform absolute continuity theorem
Let (X,A, μ) be a finite measure space and choose a sequence {fn : n =
1, . . .} ⊆ L1

μ(X). Then
lim
n→∞ ‖f − fn‖1 = 0 (3.18)

for some f ∈ L1
μ(X) if and only if

i. {fn : n = 1, . . .} converges in measure to a μ-measurable function f ,
and

ii. {fn : n = 1, . . .} is uniformly absolutely continuous.

Theorem 3.3.12. Vitali equicontinuity theorem
Let (X,A, μ) be a measure space and choose a sequence {fn : n = 1, . . .} ⊆
L1
μ(X). Then (3.18) holds for some f ∈ L1

μ(X) if and only if
i. {fn : n = 1, . . .} converges in measure to a μ-measurable function f ,

and
ii. {νn : ∀ A ∈ A, νn(A) =

∫
A |fn| dμ} is Vitali equicontinuous.

Lebesgue proved that if fn → f μ-a.e. on a measure space (X,A, μ),
where f is μ-measurable, and if |fn| ≤ g μ-a.e. for some g ∈ L1

μ(X), then
fn → f in measure; cf. Theorem 3.3.13b and Theorem 6.1.1. Further, with
these hypotheses it is straightforward to deduce part ii in Theorem 3.3.12.
Thus, LDC is a corollary of Theorem 3.3.12.

Part a of the following result is due to F. Riesz, and part b is due to
Lebesgue; see Problem 3.26d,e.

Theorem 3.3.13. F. Riesz–Lebesgue theorem
Let (X,A, μ) be a measure space and let {f, fn : n = 1, . . .} be a sequence of
measurable functions.

a. If fn → f in measure on (X,A, μ), then there is a subsequence {fnk
:

k = 1, . . .} that converges to f pointwise μ-a.e.
b. Assume that (X,A, μ) is a finite measure space. If fn → f μ-a.e., then

fn → f in measure.

Theorem 3.3.14. Strongly nonconvergent dilations
Let f be a nonconstant bounded Lebesgue measurable function defined on R

such that
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∀ x ∈ R, f(x+ 1) = f(x).

Set fn(x) = f(nx). There is no subsequence of {fn : n = 1, . . .} that converges
m-a.e. on any bounded interval [a, b], where b > a.

Proof. i. Take any interval [α, β]. From the periodicity of f ,
∫ β

α

f(nx) dx =
1
n

∫ nβ

nα

f(x) dx

=
1
n

⎧
⎨

⎩

[nβ]∑

j=[nα]

∫ j+1

j

f(x) dx+
∫ nβ

[nβ]

f(x) dx −
∫ nα

[nα]

f(x) dx

⎫
⎬

⎭

=
1
n

(1 + [nβ] − [nα])
∫ 1

0

f(x) dx+
1
n

(∫ nβ

[nβ]

f(x) dx −
∫ nα

[nα]

f(x) dx

)
,

where [x] is the greatest integer less than or equal to x. Clearly, the last term
in the last expression is bounded by 2‖f‖∞/n and so tends to 0 as n → ∞.

Now note that

1
n

([nβ] − [nα]) =
1
n

(nβ − nα+ ([nβ] − nβ) + (nα− [nα]))

= β − α+
[nβ] − nβ

n
+
nα− [nα]

n
.

Consequently,

lim
n→∞

∫ β

α

fn(x) dx = (β − α)
∫ 1

0

f(x) dx. (3.19)

ii. Assume that f(nkx) → g(x) m-a.e. on [a, b] as k → ∞. Take [α, β] ⊆
[a, b] and let K =

∫ 1

0 f(x) dx. From LDC we compute
∫ β

α

g(x) dx = lim
k→∞

∫ β

α

f(nkx) dx = (β − α)K,

and so ∫ β

α

(g(x) −K) dx = 0.

Since [α, β] is an arbitrary subinterval of [a, b] we conclude that g = K m-a.e.
in [a, b].

We now use |f − g| = |f −K| and [a, b] instead of f and [α, β] in (3.19).
Thus,

(b− a)
∫ 1

0

|f(x) −K| dx = lim
k→∞

∫ b

a

|fnk
(x) −K| dx = 0.

The last equality follows by LDC, and so f = K m-a.e. on [0, 1], a contra-
diction. ��
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Example 3.3.15. Examples of strongly nonconvergent dilations
Apply Theorem 3.3.14 to the following functions.

a. f(x) = x− [x] on [0, 1]; see Figure 3.1.

Fig. 3.1. Linear nonconvergent dilations.

b. f(x) = sin(2πx) on [0, 1]; see Figure 3.2.

Fig. 3.2. Trigonometric nonconvergent dilations.
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Remark. a. Theorem 3.3.14 is interesting in light of Lipót Fejér’s theorem,
e.g., Problem 3.14, which tells us, in particular, that if f is a bounded
Lebesgue measurable function on R with period 1, then

lim
n→∞

∫ 1

0

f(nx) dx =
∫ 1

0

f(x) dx;

cf. Section 6.3.
b. Banach suggested the following result; see [344], Problem 162: If f is

a Lebesgue measurable function on R with period 1, then

lim
n→∞ f(nx) = ess sup

x∈[0,1]

f(x)

and
lim
n→∞

f(nx) = ess inf
x∈[0,1]

f(x)

for m-a.e. x ∈ R.

3.4 The Riemann and Lebesgue integrals

We begin by proving a fact that we have implicitly assumed for a while now.

Proposition 3.4.1. Let f : [a, b] → R be a bounded function. If R
∫ b
a
f

exists, then f ∈ L1
m([a, b]) and

R

∫ b

a

f =
∫ b

a

f(x) dx. (3.20)

Proof. Let g and h denote simple functions. Then

R

∫ b

a

f ≤ sup
g≤f

∫ b

a

g ≤ inf
h≥f

∫ b

a

h ≤ R

∫ b

a

f,

since, for example, R
∫ b
a f = sup {R

∫ b
a g : g =

∑
aj�(xj−1,xj ] ≤ f and a =

x0 < x1 < · · · < xn = b} and {g : g =
∑
aj�(xj−1,xj] and a = x0 < x1 <

· · · < xn = b} is a subfamily of the class of simple functions.
Equation (3.20) follows because R

∫ b
a f exists, by Theorem 3.2.1, and from

the definition of the Lebesgue integral. ��

Proposition 3.4.2. A function f : R → R is continuous m-a.e. if and
only if

∀ V ⊆ R, open, f−1(V ) = U ∪A,

where U is open and A ∈ M(R) has Lebesgue measure m(A) = 0.
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Proof. (=⇒) Let X = f−1(V ) and set X = Xc ∪Xd, where Xc = X ∩ C(f)
and Xd = X ∩ D(f). For each x ∈ Xc choose an open neighborhood Ux of
x such that f(Ux) ⊆ V ; we can do this since f is continuous on Xc. Clearly
Ux need not be contained in Xc; for example, take the ruler function. Since
f−1(V ) = X and Ux ⊆ f−1(V ), we have

X = Xc ∪Xd ⊆
(
⋃

x∈Xc

Ux

)
∪Xd ⊆ X.

Let A = Xd and U =
⋃
x∈Xc

Ux. Then m(A) = 0 by hypothesis, and U is
obviously open.

(⇐=) For each x ∈ D(f) there is an open set V such that f(x) ∈ V ,
and for each open neighborhood U of x, f(U) � V . Let f(x) ∈ N(s, r) =
{y ∈ R : y ∈ (s − r, s+ r), s, r ∈ Q} ⊆ V . Consequently, for all such sets U ,
f(U) � N(s, r). By hypothesis, f−1(N(s, r)) = Us,r∪As,r , where Us,r is open
and m(As,r) = 0. Now, because of the above observations, x ∈ f−1(N(s, r))
and x /∈ Us,r. Thus, x ∈ As,r, and so D(f) ⊆

⋃
{As,r : s, r ∈ Q}. Hence f is

continuous m-a.e. ��

Example 3.4.3. Composition of continuous mmm-a.e.a.e.a.e. functions
We shall show that if f and g are continuous m-a.e. on R, then f ◦ g is not
necessarily continuous m-a.e.. Define

g(x) =

⎧
⎪⎨

⎪⎩

0, if x is irrational,
1, if x = 0,
1/|q|, if x = p/q, where (p, q) = 1,

and

f(x) =

{
1, if x = 1/n, n = 1, . . . ,
0, otherwise.

Then f ◦ g = �Q, and this function is not continuous anywhere. See Prob-
lem 3.20 in this regard. Note that g is the analogue on R of the ruler function.

We now sketch a “first approximation” to one direction of Lebesgue’s
characterization of Riemann integrable functions. The proof is elementary
and does not involve Lebesgue measure.

Proposition 3.4.4. Let f be a Riemann integrable function defined on [a, b].
Then f is continuous on a dense subset of [a, b].

Proof. Assume that f is a real-valued function. Let {Pn : n = 1, . . .} be a
sequence of partitions of [a, b] such that each Pn divides [a, b] into n segments
of equal length. Thus, SPn − sPn → 0. Letting “ε = (1/2)(b− a)” we have

∃ m ≥ 4 such that ∀ n ≥ m,

n∑

i=1

(Mi −mi)(xi − xi−1) < (1/2)(b− a).
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By the definition of {Pn : n = 1, . . .}, and since n ≥ 4,

n∑

i=1

(Mi −mi) < (1/2)(b− a)
n

b− a
=
n

2
≤ n− 2.

Consequently, for each n ≥ m there are at least three integers, i, where
1 ≤ i ≤ n, such that Mi −mi < 1.

With these estimates we generate inductively a nested sequence of intervals
[an, bn] ⊆ [an−1, bn−1] such that an �= an−1, bn �= bn−1, bn− an ≤ (b− a)/4n,
and

ω(f, [an, bn]) < 1/n.

Thus,
⋂

[an, bn] = {x0} and f is continuous at x0. Using the same technique
we obtain continuity on a dense set.

We needed three integers above to determine continuity instead of one-
sided continuity. ��

Theorem 3.4.5. Riemann integrability and continuity mmm-a.e.a.e.a.e.

Let f : [a, b] → R be a bounded function. Then R
∫ b
a f exists if and only if f

is continuous m-a.e.

Proof. (=⇒) Let

Dk =

{
x : lim

δ→0
sup

y,z∈[x−δ,x+δ)
|f(y) − f(z)| > 1/k

}
,

so that D(f) =
⋃
kDk. We assume that m(D(f)) > 0 and we shall show that

R
∫ b
a
f does not exist.

Since m(D(f)) > 0, there is a k for which m(Dk) = dk > 0. Let P :
x0 < · · · < xn be a partition of [a, b]. Then,

⋃
(xj−1, xj) covers all but a finite

number of points of Dk, and so
∑

j∈Ṗ
(xj − xj−1) ≥ dk,

where j ∈ Ṗ indicates that (xj−1, xj) ∩Dk �= ∅. From the definition of Dk, if
j ∈ Ṗ then

Mj −mj > 1/k.

Thus,

SP − sP =
∑

(Mj −mj)(xj − xj−1) ≥
∑

j∈Ṗ
(Mj −mj)(xj − xj−1)

>
1
k

∑

j∈Ṗ
(xj − xj−1) ≥ dk

k
> 0.

(3.21)
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The number k is fixed and (3.21) is true for all partitions P . Consequently
R
∫ b
a
f does not exist.

(⇐=) Let M = ‖f‖∞ and consider the functions R
∫ x
a f and R

∫ x
a f ,

where R
∫ x
a
f is defined as R

∫ b
a
f if x ≥ b and we similarly extend R

∫ x
a
f .

For each a ≤ x1 < x2 ≤ b we have
∣∣∣∣R
∫ x1

a

f −R

∫ x2

a

f

∣∣∣∣ ≤ M(x2 − x1). (3.22)

Let

F (x) = R

∫ x

a

f.

It is easy to check directly, e.g., Problem 1.30 and Problem 3.22, that

F
′
(x) = f(x) m-a.e. (3.23)

Here, of course, we use the hypothesis that f is continuous m-a.e.
Define the functions

fn(x) = n

[
F

(
x+

1
n

)
− F (x)

]
, n = 1, . . . .

Each fn is continuous on [a, b], and, because of (3.22), {fn : n = 1, . . .} is a
uniformly bounded sequence of functions. It is also clear, from (3.23), that
fn → f m-a.e. Consequently, we apply LDC and obtain

∫ b

a

f = lim
n→∞

∫ b

a

fn. (3.24)

Next observe that
∫ b

a

fn = n

∫ b+(1/n)

b

F − n

∫ a+(1/n)

a

F = F (b) − n

∫ a+(1/n)

a

F .

Also,
∣∣∣∣∣n
∫ a+(1/n)

a

F

∣∣∣∣∣ ≤ sup
x∈[a,a+(1/n)]

∣∣∣∣R
∫ x

a

f

∣∣∣∣n
∫ a+(1/n)

a

1 dx ≤ M/n.

Hence,

lim
n→∞

∫ b

a

fn = F (b) = R

∫ b

a

f.

Combining this with (3.24) yields
∫ b

a

f = R

∫ b

a

f ;

and we compute similarly that
∫ b

a

f = R

∫ b

a

f. ��
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Example 3.4.6. Lebesgue integrable non-Riemann-integrable func-
tions
a. Let E ⊆ [0, 1] be a perfect symmetric set with m(E) > 0, and let f be its
associated Volterra function defined in Example 1.3.1. Recall that the deriva-
tive of f vanishes on E, and for x just to the right of a, in the contiguous
interval (a, b), it has the value

2(x− a) sin
(

1
x− a

)
− cos

(
1

x− a

)
.

From the symmetric definition of f on (a, b) we therefore see that f ′ is
bounded and Lebesgue measurable. Thus, f ′ ∈ L1

m([0, 1]). Since f ′ is not
continuous m-a.e. we can conclude from Theorem 3.4.5 that R

∫ 1

0
f ′ does not

exist; see part c.ii and Example 3.4.10.
b. For the ruler function r : [0, 1] → R, R

∫ 1

0
r exists since m(D(r)) =

m(Q∩ [0, 1]) = 0. The function �[0,1]∩Q is not Riemann integrable, as we saw
in Example 3.1.1. For the generalized ruler function rγ , of which r and �[0,1]∩Q

are special cases, we observed that if γq → 0 then m(D(rγ)) = m(Q∩[0, 1]) =
0, and so R

∫ 1

0 rγ = 0, e.g., Example 1.3.8.
c. We have seen that f(x) = x−1/2 and f(x) = �[0,1]∩Q are not Riemann

integrable on [0, 1], whereas they are both Lebesgue integrable. In some sense
both of these functions provide unsatisfactory examples: in the first case f
is unbounded, and although the Riemann integral necessarily supposes f to
be bounded,

∫ 1

0 x
−1/2 dx exists in an “improper” Riemann sense; similarly

f = �[0,1]∩Q = 0 m-a.e., so that even though R
∫ 1

0
�[0,1]∩Q does not exist, the

function g, which is identically 0 and equal to f m-a.e., is Riemann integrable.
We now give genuine examples of bounded Lebesgue measurable functions f
defined on [0, 1] such that

∀ g = f m-a.e., R

∫ 1

0

g does not exist. (3.25)

c.i. Let E ⊆ [0, 1] be a perfect symmetric set with Lebesgue measure
m(E) > 0. Setting f = �E , we obtain (3.25) since m(D(f)) > 0.

c.ii. Volterra’s example f (part a) has the property that f ′ is a
bounded Lebesgue measurable function and m(D(f ′)) > 0.

A complete solution to the problem implied by Example 3.4.6b is given
in the following result, due to Isaac J. Schoenberg.

Proposition 3.4.7. The Riemann integral of the generalized ruler function
rγ on [0, 1] exists if and only if γq → 0; in this case R

∫ 1

0 rγ = 0.

Proof. Obviously we need only check that if R
∫ 1

0 rγ exists then γq → 0.
Assume not. We prove that R

∫ 1

0
rγ does not exist by showing that rγ is not

continuous at any irrational point and applying Theorem 3.4.5.
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Given n, consider the φ(n) integers r1 < · · · < rφ(n) ≤ n for which
(rj , n) = 1, and define the partition

Pn : 0 < r1/n < · · · < rφ(n)/n < 1

with norm

gn = sup
{rj
n

− rj−1

n
: j = 1, . . . , φ(n) + 1, r0 = 0, and rφ(n)+1 = n

}
.

Here φ is the Euler function mentioned in Problem 1.25. We now make an
act of faith and state that

lim
n→∞ gn = 0. (3.26)

The proof of (3.26) depends on a theorem due to György (George) Pólya,
e.g., [374], I, problem 188, which proves that the partitions Pn are asympto-
tically uniformly distributed; recall Problem 1.28 and see Problem 3.29 with
regard to uniform distribution.

Pick any irrational number y ∈ (0, 1), and for each n let k = k(n) be the
integer for which

rk−1

n
< y <

rk
n
.

From (3.26), limn→∞ rk(n)/n = y. On the other hand rγ(y) = 0 and
rγ(rk(n)/n) = γn. Since we have assumed that {γn : n = 1, . . .} does not
tend to 0 we conclude that rγ is not continuous m-a.e. ��

The following is left as an exercise (Problem 3.21).

Proposition 3.4.8. Assume that the function f : [a, b] → R has the property
that

∀ x ∈ (a, b), lim
y→x± f(y) exist.

Then

R

∫ b

a

f exists.

For perspective we have the following proposition.

Proposition 3.4.9. If f ∈ L1
m([a, b]) then there is a sequence {αn > 0 : n =

1, . . .} such that if βn ∈ (0, αn), n = 1, . . . , then limn→∞ f(x + βn) = f(x),
m-a.e.

This result is proved by choosing a sequence {αn : n = 1, . . . } for which∑
‖ταnf − f‖1 < ∞, where ταf(x) = f(x− α). It should be compared with

Problem 2.42; and the details of its proof are the content of Problem 3.16.
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Example 3.4.10. More on the function f(x) = 1/x1/2f(x) = 1/x1/2f(x) = 1/x1/2

a. In Problem 3.3b we show that f(x) = 1/x1/2 ∈ L1
m([0, 1]). Using this result

we now observe that if f ≥ 0 is a Lebesgue measurable function defined on
R and if

∀ a < b, ∀ r ∈ R, m ({(a, b) ∩ {x : f(x) ≥ r}}) > 0,

then it is not necessarily true that
∫

R

f(x) dx = ∞.

In fact, define

fk(x) =

{
(x− rk)−1/2, if x ∈ (rk, rk + 1),
0, otherwise,

and set

f =
∞∑

k=1

fk
2k
,

where {rk : k = 1, . . .} = Q. We then compute that
∫

R

f(x) dx =
2
3
.

Clearly, for any a < b and r > 0 there are q ∈ Q ∩ (a, b) and c such that
(q, c) ⊆ (q, q + 1) and f ≥ r on (q, c).

b. In view of the function f(x) = 1/x1/2, x �= 0, f(0) = 0, defined on [0, 1],
we now define a function g, unbounded on [0, 1], such that g ∈ L1

m([0, 1]) and
the improper Riemann integral of g does not exist. Note that for f(x) =
sin(x)/x on (0,∞) the opposite phenomenon is true (Problem 3.32d). Let∑∞

k=1 ak be a convergent series of positive terms, and set

g(x) =
∞∑

k=1

ak
|x− bk|1/2

,

where {bk : k = 1, . . .} is a dense subset of [0, 1]. Of course we could even
define some sort of improper Riemann integral in this case in terms of partial
sums.

3.5 Lebesgue–Stieltjes measure and integral

In this chapter we have defined and developed a general theory of integration
for arbitrary measures. For historical reasons, we would like to devote this
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section to a class of integrals that is closely related to the Lebesgue integral
and, more importantly, that may be viewed as a nascent means of formulating
the spectacular equivalence of measure-theoretic integration theory and the
functional-analytic theory of Radon measures developed in Chapter 7.

We shall start by recalling Example 2.3.10, where we have considered the
family Q = {(a1, b1] × · · · × (ad, bd] : a1, . . . , ad, b1, . . . , bd ∈ R} of half-open
parallelepipeds in R

d; these are half-open intervals (a, b] in R if d = 1. This
family forms a semiring in P(Rd) as defined in Problem 2.22. In view of
Theorem 2.3.7 and Problem 2.22, in order to find a Borel measure on R

d it
is enough to find a σ-additive nonnegative set function on a σ-algebra that
contains Q. We shall restrict our attention to the case d = 1, and we begin
with the following observation.

Theorem 3.5.1. σσσ-additive set functions on QQQ
Let f : R → R be an increasing right-continuous function. The set function
μf defined by

μf ((a, b]) = f(b) − f(a)

is a nonnegative, σ-additive set function on the semiring Q.

Proof. Clearly, μf is nonnegative and finitely additive, so we need to prove
only σ-additivity. Let A =

⋃∞
j=1 Aj , where {A = (a, b], Aj = (aj , bj] : j =

1, . . .} ⊆ Q and where the sets Aj , j = 1, . . . , are pairwise disjoint. Since⋃n
j=1 Aj ⊆ A, it follows from the finite additivity and nonnegativity of μf

that
n∑

j=1

μf (Aj) ≤ μf (A).

Therefore, taking the limit as n → ∞, we have

∞∑

j=1

μf (Aj) ≤ μf (A).

To prove the opposite inequality fix ε > 0, and, using the right continuity of
f , choose δ > 0 and δj > 0, j = 1, . . . , such that

μf ((a, a+ δ]) = f(a+ δ) − f(a) ≤ ε

and
μf ((bj , bj + δj ]) = f(bj + δj) − f(bj) ≤ ε

2j
.

Then

[a+ δ, b] ⊆
∞⋃

j=1

(aj , bj + δj).

By compactness of a closed interval there exists k such that (without loss of
generality)
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[a+ δ, b] ⊆
k⋃

j=1

(aj , bj + δj).

Therefore, the nonnegativity and finite additivity of μf imply that

μf ((a+ δ, b]) ≤
k∑

j=1

μf ((aj , bj + δj ]) ≤
∞∑

j=1

μf ((aj , bj + δj ])

≤
∞∑

j=1

μf ((aj , bj]) +
∞∑

j=1

μf ((bj , bj + δj ]).

Considering our choice of δ and δj we obtain

μf ((a, b]) ≤ μf ((a, a+ δ]) +
∞∑

j=1

μf ((aj , bj ]) +
∞∑

j=1

μf ((bj , bj + δj ])

≤ ε+
∞∑

j=1

μf ((aj , bj]) +
∞∑

j=1

ε

2j

≤
∞∑

j=1

μf ((aj , bj ]) + 2ε.

We complete the proof by letting ε → 0, being technically rigorous by taking
the lim of both sides. ��

Theorem 3.5.1 together with Problem 2.22 implies that μf extends to a
σ-additive set function on R, the ring generated by Q. Following the develop-
ments in Section 2.3 that led us to Theorem 2.3.7, we note that μf further
extends to a σ-additive set function on the σ-ring AQ of sets measurable with
respect to μf and Q. Since the elements of the ring R are measurable, AQ
is in fact a σ-algebra; and this extension of μf is a measure. We shall also
denote this new measure by μf , and it is defined to be the Lebesgue–Stieltjes
measure associated with the function f .

The assumption in Theorem 3.5.1 that f is real-valued implies in partic-
ular that μf is σ-finite on R. In view of Problem 2.20 this means that there
exists a unique extension of μf to the smallest σ-algebra generated by Q.

We have the following “converse” of Theorem 3.5.1.

Proposition 3.5.2. Let μ : Q → R
+ be a σ-additive set function on the

semiring Q of half-open intervals (a, b] in R. There exists an increasing right-
continuous function f : R → R such that

∀ a < b, μ((a, b]) = f(b) − f(a). (3.27)
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Proof. We define

f(x) =

⎧
⎪⎨

⎪⎩

μ((0, x]), if x ≥ 0,
0, if x = 0,
−μ((x, 0]), if x < 0.

This function satisfies (3.27) since μ is additive. Clearly this choice is not
unique. We see that f is increasing, since

a ≤ b =⇒ f(b) − f(a) = μ((a, b]) ≥ 0 =⇒ f(b) ≥ f(a).

To show that f is right continuous consider a sequence {an : n = 1, . . .} ⊆ R,
where a1 ≥ · · · ≥ an and an → b. We can write

(b, a1] =
∞⋃

j=1

(aj+1, aj ],

and use the σ-additivity of μ to obtain

f(a1) − f(b) = μ((b, a1]) =
∞∑

j=1

μ((aj+1, aj])

=
∞∑

j=1

(f(aj) − f(aj+1))

= f(a1) − lim
j→∞

f(aj). ��

As a consequence, we have the following result.

Proposition 3.5.3. Let μ : B(R) → R
+ ∪ {∞} be a measure that is finite

on all bounded intervals. There exists an increasing right-continuous function
f : R → R such that (3.27) holds.

The integral of Section 3.2 associated with the measure μf is the Lebesgue–
Stieltjes integral, and the Lebesgue–Stieltjes integral of h is naturally
denoted by ∫

R

h dμf .

Clearly, Lebesgue measure and the Lebesgue integral are a special example
of the Lebesgue–Stieltjes theory for the case that f(x) = x and μf = m.

In view of the results of Section 3.4, we shall now define the Riemann–
Stieltjes integral with respect to an increasing right-continuous function, and
we shall give its relationship with the Lebesgue–Stieltjes integral.

Let f : R → R be an increasing right-continuous function. Let h : [a, b] →
R be a bounded function. Analogous to Section 3.1, for any partition

P : a = x0 < x1 < · · · < xn = b
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of [a, b], we let

SfP (h) =
n∑

i=1

Mi(f(xi) − f(xi−1)) and sfP (h) =
n∑

i=1

mi(f(xi) − f(xi−1)),

where
Mi = sup {h(x) : xi−1 < x ≤ xi}

and
mi = inf {h(x) : xi−1 < x ≤ xi},

for i = 1, . . . , n. Define
∫ b

a

h df = inf
P

SfP (h) and
∫ b

a

h df = sup
P

sfP (h). (3.28)

As in the case for the Riemann integral, we have
∫ b

a

h df ≥
∫ b

a

h df.

If
∫ b
a
h df =

∫ b
a
h df , we say that h is Riemann–Stieltjes integrable with

respect to f . In this case, the Riemann–Stieltjes integral of f over [a, b] is
∫ b

a

h df =
∫ b

a

h df =
∫ b

a

h df. (3.29)

The Riemann–Stieltjes integral played a fundamental role historically in
the functional-analytic formulation of integration theory exemplified by the
Riesz representation theorem; see Theorem 7.1.1.

In analogy with Theorem 3.4.5 we have the following result.

Theorem 3.5.4. Riemann–Stieltjes integrability and continuity
μfμfμf -a.e.a.e.a.e.
Let f : R → R be an increasing right-continuous function and let h : [a, b] →
R be a bounded function. Then h is Riemann–Stieltjes integrable with respect
to f if and only if h is continuous μf -a.e.

The proof of Theorem 3.5.4 is left as an exercise (Problem 3.23).
We shall now use Theorem 3.5.4 to prove that Lebesgue–Stieltjes integra-

tion generalizes the Riemann–Stieltjes idea.

Theorem 3.5.5. Lebesgue–Stieltjes integrals generalize Riemann–
Stieltjes integrals
Let f : R → R be an increasing right-continuous function and let h : [a, b] →
R be a bounded function. If h is Riemann–Stieltjes integrable, then it is inte-
grable with respect to the measure μf , and

∫ b

a

h df =
∫ b

a

h dμf . (3.30)
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Proof. Reformulating the definition of Riemann–Stieltjes integrability, it is
not difficult to see that there are increasing sequences {Pk} and {Qk} of
partitions with norms |Pk|, |Qk| → 0. Associated with these partitions there
are sequences {hk : k = 1, . . .} and {Hk : k = 1, . . .} of simple functions, such
that hk ≤ hk+1 ≤ h ≤ Hk+1 ≤ Hk on [a, b], and for which

∫ b

a

h df = lim
k→∞

∫ b

a

Hk dμf

and ∫ b

a

h df = lim
k→∞

∫ b

a

hk dμf .

As such, we define the functions

m(x) = lim
k→∞

hk(x)

and
M(x) = lim

k→∞
Hk(x).

Clearly, m(x) ≤ h(x) ≤ M(x) on [a, b].
Further, we verify that if h is continuous at x ∈ [a, b] then m(x) = h(x) =

M(x). Indeed, if h is continuous at x, then for every ε > 0 there is δ > 0 such
that |x− y| < δ implies |h(x) − h(y)| < ε. Because we have assumed that the
norms of partitions converge to 0, we obtain m(x) = h(x) = M(x) by letting
ε → 0.

On the other hand, a converse statement is true for all but countably many
x ∈ [a, b]. To see this, let x /∈

⋃∞
k=1(Pk ∪ Qk) and suppose m(x) = h(x) =

M(x). Then there exists a decreasing sequence of partition intervals (xk, yk]
containing x in their interiors such that mk = inf{h(y) : y ∈ (xk, yk]} → h(x)
and Mk = sup{h(y) : y ∈ (xk, yk]} → h(x). This implies the continuity of h
at x.

The functions hk and Hk are μf -measurable. Therefore, m and M are
μf -measurable as limits of μf -measurable functions.

By Theorem 3.5.4, Riemann–Stieltjes integrability of h with respect to
f implies that h is continuous μf -a.e. In view of our previous observation
this means that m(x) = h(x) = M(x) μf -a.e. Since both m and M are
μf -measurable, and since, in view of Problem 2.26, the Lebesgue–Stieltjes
measure is complete, it follows from Theorem 2.5.4 that f is measurable with
respect to the measure μf on the σ-algebra of measurable sets generated by
Q. Moreover, by LDC,

∫ b

a

h df =
∫ b

a

m dμf =
∫ b

a

M dμf =
∫ b

a

h dμf ,

and so (3.30) is obtained. ��
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The above discussion extends easily to R
d in the following way. Let Q be

the family of all half-open parallelepipeds in R
d and let f : R → R be an

increasing right-continuous function. Then there exists a nonnegative finitely
additive set function μdf on Q such that

μdf ((a1, b1] × · · · × (ad, bd]) = (f(b1) − f(a1)) · · · (f(bd) − f(ad)).

We leave the verification of this assertion for the reader, as well as proving the
fact that such a function μdf extends to a measure on B(Rd); see Problem 3.31.
With this definition of μdf , all of the results in this section can be extended
to R

d; cf. [15]. For a more general approach to Lebesgue–Stieltjes measures
on R

d, see [14].

3.6 Some fundamental applications

The following three results are variants of LDC, and they are left as exercises
(Problem 3.24).

Theorem 3.6.1. The interchange of limits and integration
Let (X,A, μ) be a measure space and choose an open interval S ⊆ R. Pick
t0 ∈ S. Define the function f(x, t) on X × S assuming that:

i. ∀ t ∈ S, f(·, t) is a μ-measurable function,
ii. ∀ t0 ∈ S, limt→t0 f(x, t) = f(x, t0) exists μ-a.e.,

and
iii. ∃ g ∈ L1

μ(X) such that ∀ t ∈ S, |f(x, t)| ≤ g(x) μ-a.e.
Then f(·, t0) ∈ L1

μ(X) and

lim
t→t0

∫

X

f(x, t) dμ(x) =
∫

X

f(x, t0) dμ(x).

Theorem 3.6.1 is true for the case that S is a metric space; see Appen-
dix A.1 for the definition of a metric space.

Theorem 3.6.2. The interchange of summation and integration
Let (X,A, μ) be a measure space and assume that {fn : n = 1, . . .} is a
sequence of μ-measurable functions for which

∞∑

n=1

∫

X

|fn| dμ < ∞.

Then
∑∞

n=1 fn ∈ L1
μ(X) and

∫

X

( ∞∑

n=1

fn

)
dμ =

∞∑

n=1

(∫

X

fn dμ

)
.
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Theorem 3.6.3. The interchange of differentiation and integration
Let (X,A, μ) be a σ-finite measure space and choose an open interval S ⊆ R.
Define the function f(x, t) on X × S assuming that:

i. f(·, t) is a μ-measurable function for m-a.e. t ∈ S, and there exists
t0 ∈ S such that f(·, t0) is integrable,

ii. d
dtf(x, t) exists and is continuous on S μ-a.e.,

and
iii. ∃ h ∈ L1

μ(X) such that ∀ t ∈ S, | ddtf(x, t)| ≤ h(x) μ-a.e.
Then

∫
X
f(x, ·) dμ(x) is continuously differentiable on S and

d

dt

∫

X

f(x, t) dμ(x) =
∫

X

d

dt
f(x, t) dμ(x).

Theorems 3.6.1, 3.6.2, and 3.6.3 generalize classical criteria that one
proves with a uniform convergence hypothesis, e.g., [7], [407].

The Riemann–Lebesgue lemma, which we now prove, is a fundamental
result in Fourier series; we indicate another proof of it in Problem 3.14d.

Theorem 3.6.4. Riemann–Lebesgue lemma
For each f ∈ L1

m(T),
lim

|n|→∞
f̂(n) = 0.

(The Fourier coefficients f̂ of f ∈ L1
m(T) were defined in Example 3.3.4a.)

Proof. If (a, b) ⊆ [0, 1),

lim
|n|→∞

∣∣∣∣∣

∫ b

a

e2πinx dx

∣∣∣∣∣ = lim
|n|→∞

∣∣∣∣
1

2πn
(
e2πinb − e2πina

)∣∣∣∣ = 0.

Consequently, the result is true for characteristic functions of intervals; and
the expected application of our approximation theorems yields the result for
arbitrary elements of L1

m(T). ��
Example 3.6.5. Weak convergence that is not strong convergence
There is a sequence {fn : n = 1, . . .} ⊆ L1

m(T) such that

∀ A ∈ M(T), lim
n→∞

∫

A

fn(x) dx = 0

and

lim
n→∞

∫ 1

0

|fn(x)| dx > 0.

In fact, limn→∞
∫
A sin(2πnx) dx = 0 by Theorem 3.6.4, whereas

∫ 1

0

| sin(2πnx)| dx =
2
π
.

From the point of view of functional analysis this will serve as an example
of weak convergence that is not strong convergence. We shall discuss this
phenomenon more fully in Chapter 6.
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Example 3.6.6. Unboundedness associated with a generalized sinc
function on ZZZ

We shall construct an open set S ⊆ [0, 1) such that

lim
n→∞

∣∣n�̂S(n)
∣∣ = ∞. (3.31)

Note that limn→∞ �̂S(n) = 0 because of Theorem 3.6.4. In particular, �S is
not a function of bounded variation; e.g., Problem 4.4d, a notion we study
systematically in the next chapter. If S = [−T, T ], 0 < T < 1/2, then

�̂S(n) =
1
πn

sin(2πTn),

and so it is natural to seek sets S for which (3.31) holds; see [339], [78],
and [203].

For each j and each k = 1, . . . , 2j set

Sj,k = ((k − 1/2)/(2j)!, k/(2j)!).

These 2j intervals are obviously disjoint. We define

Sj =
2j⋃

k=1

Sj,k and S =
∞⋃

j=1

Sj ,

noting that the sequence {Sj : j = 1, . . .} forms a disjoint family. We shall
prove that

lim
m→∞(2m)!�̂S((2m)!) = ∞.

We first calculate
∫

Sj,k

e2πi(2m)!x dx =
e2πik(2m)!/(2j)! − e2πi(k−1/2)(2m)!/(2j)!

2πi(2m)!
. (3.32)

Observe that the numerator in (3.32) vanishes if j < m and it takes the value
2 if j = m. Therefore,

�̂S((2m)!) =
∞∑

j=m

∫

Sj

e2πi(2m)!x dx

=
∞∑

j=m+1

∫

Sj

e2πi(2m)!x dx+
2m

πi(2m)!
.

Further,
⋃∞
j=m+1 Sj ⊆ (0, 1/(2m+ 1)!), and so

∣∣∣∣∣∣

∞∑

j=m+1

∫

Sj

e2πi(2m)!x dx

∣∣∣∣∣∣
≤ 1

(2m+ 1)!
.

Consequently,
∣∣(2m)!�̂S((2m)!)

∣∣ ≥ 2m
π

− 1
2m+ 1

→ ∞.
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3.7 Fubini and Tonelli theorem

We now present the Fubini and Tonelli theorems. These are among the most
important results in analysis. Let (X,A1, μ) and (Y,A2, ν) be σ-finite mea-
sure spaces. The Fubini–Tonelli theorems give conditions such that

∫∫

X×Y
f d(μ× ν) =

∫

X

(∫

Y

f(x, y) dν(y)
)
dμ(x)

=
∫

Y

(∫

X

f(x, y) dμ(x)
)
dν(y).

(3.33)

Obviously, the formal expressions in (3.33) require explanations. We shall
start by constructing a product measure on certain subsets of the direct prod-
uct X × Y of the spaces X and Y .

For A ∈ A1 and B ∈ A2, A×B is a measurable rectangle. The collection
R of all such rectangles is a semialgebra as defined in Problem 2.22, i.e.,
X × Y ∈ R, it is closed under finite intersections,

(A1 ×B1) ∩ (A2 ×B2) = (A1 ∩A2) × (B1 ∩B2),

and the complement of a rectangle is a finite union of rectangles,

(A×B)∼ = (A∼ ×B) ∪ (A×B∼) ∪ (A∼ ×B∼).

Let A be the collection of all finite unions of disjoint elements of R. Clearly
A is an algebra, as we have seen in Section 2.3.

For any rectangle A×B ∈ R we define

ω(A×B) = μ(A) · ν(B),

with the convention that 0 · ∞ = 0. This convention is consistent with the
assumption that the measure spaces (X,A1, μ) and (Y,A2, ν) are σ-finite.
For example, if μ(A) = 0 and ν(B) = ∞, then there exist sets Bn, n = 1, . . . ,
such that B ⊆

⋃
Bn and ν(Bn) < ∞, n = 1, . . . . Hence, if we want ω to

be extended to a σ-additive set function, we must let ω(A × B) = 0, since∑
ω(A×Bn) = 0.
Next, let A × B ∈ R and suppose A × B =

⋃
i∈I Ai × Bi, where each

Ai ×Bi ∈ R and I is countable. Then we have

ω(A×B) =
∑

i∈I
ω(Ai ×Bi),

which is a consequence of the Levi–Lebesgue theorem (Theorem 3.3.6).
Because of this observation, ω has a unique extension to a σ-additive set
function on the algebra A, see Problem 3.38, and we also denote this exten-
sion by ω. In particular, ω : A → R

+ is a well-defined σ-additive set function
with the property that for any

⋃N
i=1(Ai ×Bi) ∈ A, a disjoint union, we have
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ω

(
N⋃

i=1

(Ai ×Bi)

)
=

N∑

i=1

ω(Ai ×Bi).

Hence, following our construction of a measure in Section 2.3, or using the
Carathéodory theorem (Problem 2.20), there exists an extension of ω to a
σ-additive set function on the σ-algebra generated by A. We denote this
σ-algebra by A1 × A2 ⊆ P(X × Y ). Moreover, since we have assumed that
(X,A1, μ) and (Y,A2, ν) are σ-finite, such an extension is unique. We call this
extension the product measure on the measurable space (X × Y,A1 × A2),
and (X × Y,A1 × A2, μ× ν) is the associated product measure space, where
μ× ν is the unique extension of ω.

We combine a few simple properties of product measures in the next
proposition.

Proposition 3.7.1. Let (X,A1, μ) and (Y,A2, ν) be measure spaces.
a. If (X,A1, μ) and (Y,A2, ν) are finite measure spaces, then (X×Y,A1×

A2, μ× ν) is a finite measure space.
b. If (X,A1, μ) and (Y,A2, ν) are σ-finite measure spaces, then (X ×

Y,A1 × A2, μ× ν) is a σ-finite measure space.
c. If (X,A1, μ) and (Y,A2, ν) are complete σ-finite measure spaces, then

(X × Y,A1 × A2, μ× ν) is not necessarily complete.

For a set E ⊆ X × Y and for x ∈ X , we define the section Ex ⊆ Y as

Ex = {y ∈ Y : (x, y) ∈ E}.

Similarly, for y ∈ Y , we define the section Ey ⊆ X to be

Ey = {x ∈ X : (x, y) ∈ E}.

Proposition 3.7.2. Let (X,A1, μ) and (Y,A2, ν) be σ-finite measure spaces,
and let E ∈ A1 × A2. Then,

∀ x ∈ X, Ex ∈ A2, and ∀ y ∈ Y, Ey ∈ A1.

Proof. Since the situation is symmetric for x and y, we shall prove only
the first part. Thus, it is enough to show that the collection E of all sets
E ∈ A1 × A2 for which Ex ∈ A2, for all x ∈ X , is a σ-algebra that contains
A.

Clearly, if E = A × B is a measurable rectangle, then, for all x ∈ X ,
Ex ∈ A2, since either Ex = B or Ex = ∅. In particular, X × Y ∈ E . Also, if
E ∈ E , then

∀ x ∈ X, ((X × Y ) \ E)x = Y \ Ex ∈ A2,

because A2 is an algebra. If {En : n = 1, . . .} ⊆ E is a pairwise disjoint
collection of elements of E , then, from the fact that A2 is a σ-algebra, we
have that
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( ∞⋃

n=1

En

)

x

=
∞⋃

n=1

(En)x

is also an element of E . ��

For a function f : X × Y → R
∗ we define the sections fx and fy of f by

fx(y) = fy(x) = f(x, y).

Proposition 3.7.3. Let (X × Y,A1 × A2, μ × ν) be the σ-finite product
measure space associated with the σ-finite measure spaces (X,A1, μ) and
(Y,A2, ν). Let f : X × Y → R

∗ be a (μ × ν)-measurable function. For all
x ∈ X, fx is ν-measurable, and for all y ∈ Y , fy is μ-measurable.

Proof. The proof is again symmetric for x and y, and so we shall prove only
the first part. For a set I ⊆ R

∗, we have

f−1
x (I) =

(
f−1(I)

)
x
.

Thus, the ν-measurability of fx follows from Proposition 3.7.2 and Proposi-
tion 2.4.10. ��

Theorem 3.7.4. Measurability of sections
Let (X,A1, μ) and (Y,A2, ν) be σ-finite measure spaces. For every (μ × ν)-
measurable set E ∈ A1 ×A2, the functions ν(Ex) and μ(Ey) are measurable,
e.g., ν(Ex) is a μ-measurable function X → R

∗, and
∫

X

ν(Ex) dμ(x) =
∫

Y

μ(Ey) dν(y) = (μ× ν)(E). (3.34)

Proof. The proof is symmetric for ν(Ex) and μ(Ey). We shall provide details
for ν(Ex).

Assume μ(X), ν(Y ) < ∞. If E = A×B then ν(Ex) = ν(B) ·�A(x). Thus,
∫

X

ν(Ex) dμ(x) =
∫

X

ν(B) · �A(x) dμ(x) = μ(A) · ν(B).

For any E =
⋃N
n=1En =

⋃N
n=1(An × Bn) ∈ A, a disjoint union, we have by

the additivity of ν that

∫

X

ν(Ex) dμ(x) =
∫

X

ν

((
N⋃

n=1

En

)

x

)
dμ(x)

=
∫

X

ν

(
N⋃

n=1

(En)x

)
dμ(x)

=
∫

X

N∑

n=1

ν ((En)x) dμ(x)
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=
N∑

n=1

∫

X

ν(Bn) · �An(x) dμ(x)

=
N∑

n=1

μ(An) · ν(Bn).

Therefore, for all E ∈ A, ν(Ex) is μ-measurable and
∫

X

ν(Ex) dμ(x) = (μ× ν)(E).

Let E denote the family of all sets E ∈ A1 ×A2 for which our hypothesis
is true. We have just shown that A ⊆ E .

In view of Problem 2.17, in order to show that E contains A1 × A2,
the σ-algebra generated by A, it is enough to prove that E is closed under
increasing countable unions and decreasing countable intersections.

If E =
⋃∞
n=1En, En ⊆ En+1, n = 1, . . . , then the functions ν((En)x) are

measurable and they increase pointwise to the function ν(Ex). Thus, ν(Ex)
is also measurable. From Theorem 3.3.6 it follows that∫

X

ν(Ex) dμ(x) = lim
n→∞

∫

X

ν ((En)x) dμ(x)

= lim
n→∞(μ× ν)(En) = (μ× ν)(E),

where the last equality holds in view of Theorem 2.4.3d.
The proof that E is closed under countable decreasing intersections is

similar, and it uses Theorem 3.3.7 and the fact that the measures are
bounded.

If we now assume that μ and ν are σ-finite, then

X × Y =
∞⋃

n=1

Xn × Yn,

where μ × ν(Xn × Yn) < ∞ and Xn × Yn ⊆ Xn+1 × Yn+1, n = 1, . . . .
For E ∈ A1 × A2 and for all n, ν((E ∩ (Xn × Yn))x) is μ-measurable and
μ((E ∩ (Xn × Yn))y) is ν-measurable; and hence respectively so are ν(Ex)
and μ(Ey). Equation (3.34) now follows from another application of Theo-
rem 3.3.6:∫

X

ν(Ex) dμ(x) =
∫

X

lim
n→∞ ν ((E ∩ (Xn × Yn))x) dμ(x)

=
∫

X

lim
n→∞ (�Xn(x)ν (Ex ∩ Yn)) dμ(x)

= lim
n→∞

∫

Xn

ν (Ex ∩ Yn) dμ(x)

= lim
n→∞(μ× ν)(E ∩ (Xn × Yn)) = (μ× ν)(E).

A similar argument works for μ(Ey). ��
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Theorem 3.7.5. Fubini theorem for integrable functions
Let (X,A1, μ) and (Y,A2, ν) be σ-finite measure spaces, and let h : X×Y →
R

∗ be an element of L1
μ×ν(X × Y ).

a. For μ-a.e. x ∈ X, hx ∈ L1
ν(Y ) and

∫
Y
hx dν ∈ L1

μ(X).
b. Similarly, for ν-a.e. y ∈ Y , hy ∈ L1

μ(X) and
∫
X h

y dμ ∈ L1
ν(Y ).

c. Moreover,
∫∫

X×Y
h(x, y) d(μ× ν)(x, y) =

∫

X

(∫

Y

h(x, y) dν(y)
)
dμ(x)

=
∫

Y

(∫

X

h(x, y) dμ(x)
)
dν(y).

(3.35)

Proof. It follows from Theorem 3.7.4 that the theorem is true for character-
istic functions �E of μ × ν-measurable sets E ⊆ X × Y . Thus, it also holds
for any measurable simple function

∑n
j=1 aj�Ej .

Let h ∈ L1
μ×ν(X × Y ). Write h = h+ − h−, with h+, h− ≥ 0. There

exist monotone sequences, {h+
n : n = 1, . . .} and {h−n : n = 1, . . .}, of simple

functions, such that h+ = limn→∞ h+
n and h− = limn→∞ h−n , pointwise on

X × Y . This implies, in particular, that h±x = limn→∞(h±n )x exist, and the
convergence is monotone. Thus, the functions h±x are ν-measurable for all x,
and it follows from Theorem 3.3.6 that

∫

Y

h±x (y) dν(y) = lim
n→∞

∫

Y

(
h±n
)
x

(y) dν(y).

Consequently,
∫
Y h

±
x (y) dν(y) is μ-measurable.

Another application of Theorem 3.3.6 and Theorem 3.7.4 yields
∫

X

(∫

Y

h±x (y) dν(y)
)
dμ(x) =

∫

X

lim
n→∞

(∫

Y

(
h±n
)
x

(y) dν(y)
)
dμ(x)

= lim
n→∞

∫

X

(∫

Y

(
h±n
)
x

(y) dν(y)
)
dμ(x)

= lim
n→∞

∫∫

X×Y
h±n (x, y) d(μ× ν)(x, y)

=
∫∫

X×Y
h±(x, y) d(μ× ν)(x, y) < ∞.

Therefore,
∫
Y
h±x (y) dν(y) ∈ L1

μ(X), and, consequently, h±x ∈ L1
ν(Y ) for

μ-a.e. x. Analogous arguments hold for (h±)y. ��

Example 3.7.6. Intuitive proof of Fubini theorem
a. We outline the following alternative and intuitive proof of Theorem 3.7.5.
Let (X,A1, μ) and (Y,A2, ν) be σ-finite complete measure spaces and let
μ× ν be the associated complete product measure.
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As a first step, if Q ⊆ X × Y and Qx ∈ A2 we set

F (x) = ν(Qx). (3.36)

Consequently, as in the case of ordinary integration, we should have

(μ× ν)(Q) =
∫

X

F (x) dμ(x).

Precisely, let Rσ denote the collection of countable unions of elements of the
ring R of measurable rectangles in X × Y , and let Rσδ denote the collection
of countable intersections of elements of Rσ. Take Q ∈ Rσδ with (μ×ν)(Q) <
∞. Then F is μ-measurable and (3.36) is valid.

The next step extends the last statement to any Q ∈ A1 × A2 satisfying
(μ × ν)(Q) < ∞. In order to prove this we must use the fact, which is
elementary to show, that if Q ∈ A1 × A2 then there is P ∈ Rσδ such that
Q ⊆ P and (μ× ν)(P ) = (μ× ν)(Q); cf. Proposition 2.2.3. Observe that this
step clinches (3.35) for the case of

f(x, y) = �Q(x, y).

The final step in the proof of Theorem 3.7.5 for “arbitrary” functions
f(x, y) involves standard approximation techniques.

b. We note that, in order to use the above argument for an arbitrary
Q ∈ A1×A2, Rσδ cannot approximate Q from within by an element P ∈ Rσ.

Let (X,A1, μ) and (Y,A2, ν) be ([0, 1],M([0, 1]),m), and choose a perfect
totally disconnected set E ⊆ [0, 1] satisfying m(E) > 0. Set

Q = {(x, y) : x− y ∈ E, x ∈ X, y ∈ Y },

so that (m × m)(Q) > 0; cf. Problem 3.6. Now if we take any A × B ∈ R
then A \ B ⊆ E if A × B ⊆ Q. Note that if A and B are both of positive
measure then A \B contains an interval, e.g., Problem 3.6. This contradicts
the fact that A \B ⊆ E. Thus, (m×m)(A×B) = 0.

In general, to apply Fubini’s theorem, we must know that the function
h is integrable with respect to the product measure μ × ν. It is a condition
that is not always easy to check. However, the following result provides us
with a large class of functions for which we do not have to worry about this
assumption.

Theorem 3.7.7. Tonelli theorem for nonnegative functions
Let (X,A1, μ) and (Y,A2, ν) be σ-finite measure spaces, and let h : X×Y →
R

+ be a (μ × ν)-measurable function. Then,
∫
Y hx dν is μ-measurable and∫

X h
y dμ is ν-measurable. Moreover, the equations (3.35) are valid.

The proof of Theorem 3.7.7 is straightforward and it is the content of
Problem 3.39.
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Theorem 3.7.8. Tonelli theorem
Let (X,A1, μ) and (Y,A2, ν) be σ-finite measure spaces, and let h : X×Y →
R

∗ be a (μ× ν)-measurable function such that
∫

X

∫

Y

|h(x, y)| dν(y) dμ(x) < ∞ or
∫

Y

∫

X

|h(x, y)| dμ(x) dν(y) < ∞.

Then h ∈ L1
μ×ν(X × Y ) and the equations (3.35) are valid.

Proof. It is enough to apply Theorem 3.7.7 to the function |h(x, y)|. ��

Guido Fubini proved his theorem in 1907, [187]. Two years later, in 1909,
Leonida Tonelli [472] observed that it is enough to assume that a function
is nonnegative to obtain the conclusions of Fubini’s result. Consequently, we
often refer to one or the other of their results as the Fubini–Tonelli theorem.

The proof of the following result is Problem 3.40.

Theorem 3.7.9. Fubini–Tonelli theorem for complete σσσ-finite mea-
sure spaces
Let (X,A1, μ) and (Y,A2, ν) be complete σ-finite measure spaces, and let
(X × Y,A1 × A2, μ× ν) be the completion of the product measure space
(X × Y,A1 × A2, μ× ν). Let h : X × Y → C be (μ× ν)-measurable.

a. If h ∈ L1
μ×ν(X × Y ) then hx ∈ L1

ν(Y ) for μ-a.e. x ∈ X, hy ∈ L1
μ(X)

for ν-a.e. y ∈ Y ,
∫
X
hy dμ ∈ L1

ν(Y ),
∫
Y
hx dν ∈ L1

μ(X), and the equations
(3.35) are valid.

b. If h ≥ 0 then hx is ν-measurable for μ-a.e. x ∈ X, hy is μ-measurable
for ν-a.e. y ∈ Y ,

∫
X
hy dμ is ν-measurable,

∫
Y
hx dν is μ-measurable, and

the equations (3.35) are valid.

In the context of the Fubini–Tonelli theorem it is natural to ask whether a
function that is continuous in each variable must necessarily be measurable.
This question was studied by Lebesgue in his first published paper; see [408]
for more on this matter.

Theorem 3.7.10. Lebesgue’s first theorem
Let f(x, y) : R

2 → R be continuous in x for each y ∈ R and let it be contin-
uous in y for each x ∈ R. Then f is Lebesgue measurable.

Proof. Let Xn = {(k/n, y) ∈ R
2 : k ∈ Z, y ∈ R}, for n = 1, . . . . Define fn

to be equal to f on Xn; and for (x, y) such that k/n < x < k + 1/n for
some k ∈ Z, let fn(x, y) be the linear interpolation between f(k/n, y) and
f((k + 1)/n, y). For each n, fn is continuous on R

2, because f is continuous
in y for each x. On the other hand, since f is continuous in x for each fixed
y, we have

f(x, y) = lim
n→∞ fn(x, y).

Thus, f is Lebesgue measurable since the limit of measurable functions is
measurable. ��
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We close this section with a complete elementary proof of the Fubini–
Tonelli theorem for a special case. We need the following standard result
from advanced calculus, which itself is easy to prove.

Lemma 3.7.11. Let g : [a, b] → C be bounded and assume that limn→∞ SPn

and limn→∞ sPn exist and are equal for every sequence {Pn : n = 1, . . .} of
partitions for which cardPn = n + 1 and the norms |Pn| → 0. Then, R

∫ b
a g

exists.

Theorem 3.7.12. Fubini–Tonelli theorem for Lebesgue and Riemann
integrable functions
Let (X,A, μ) be a measure space, and let f : X × [a, b] → C. Assume that
R
∫ b
a f(x, y) dy exists μ-a.e., f is μ-measurable for all y ∈ [a, b], and that

there is F ∈ L1
μ(X) for which

∀ (x, y) ∈ X × [a, b], |f(x, y)| ≤ F (x).

Then
∫
X
f(x, t) dμ(x) is Riemann integrable and

∫

X

(
R

∫ b

a

f(x, y) dy

)
dμ(x) = R

∫ b

a

(∫

X

f(x, y) dμ(x)
)
dy.

Proof. Let {Pn : n = 1, . . .} be a sequence of partitions of [a, b] for which the
norms |Pn| → 0 and cardPn = n+ 1. Form

SPn(x) =
n∑

j=1

f(x,Mj)(yj − yj−1).

Then
|SPn(x)| ≤ (b− a)F (x) (3.37)

and

lim
n→∞SPn(x) = R

∫ b

a

f(x, y) dy μ-a.e.

Now,
∫

X

SPn(x) dμ(x) =
n∑

j=1

(∫

X

f(x,Mj) dμ(x)
)

(yj − yj−1).

By Theorem 3.3.7, which we can use by (3.37),

lim
n→∞

n∑

j=1

(∫

X

f(x,Mj) dμ(x)
)

(yj − yj−1) = lim
n→∞

∫

X

SPn(x) dμ(x)

=
∫

X

(
R

∫ b

a

f(x, y) dy

)
dμ(x).

(3.38)
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This is true for all such {Pn : n = 1, . . .} and for sPn(x). Consequently,
by Lemma 3.7.11,

R

∫ b

a

(∫

X

f(x, y) dμ(x)
)
dy

exists, and (3.38) completes the proof. ��

If a function does not satisfy the hypotheses of the Fubini–Tonelli theorem
as stated in this section (noting that a measure space can always be com-
pleted), there is probably no other useful version of Fubini–Tonelli that will
help to switch the order of integration—counterexamples abound; and if it
is possible to switch the order at all, it will have to be done by ad hoc, and
probably ingenious, methods.

3.8 Measure zero and sets of uniqueness

3.8.1 B. Riemann

Bernhard Riemann’s life (September 17, 1826–July 20, 1866) was docu-
mented by his friend Richard Dedekind.

In his Habilitationsschrift [388] Riemann begins with an important
historical note on Fourier series, defines the Riemann integral to provide
a broader setting for an analytically precise theory of Fourier series, and
develops the Riemann localization principle, which is a key technique in the
study of U -sets. A set E ⊆ [0, 1) = T is a set of uniqueness, or U -set, if

lim
N→∞

∑

|n|≤N
cne

2πinx = 0 off E =⇒ ∀ n ∈ Z, cn = 0.

U -sets have Lebesgue measure 0.
The problem to determine U -sets is important, since one would like to

know whether the representation of a function by a trigonometric series is
unique. The first explicit results in this direction were given by Cantor, e.g.,
Section 3.8.2, although the following fundamental theorem for uniqueness
questions, first proved by Cantor, was apparently known by Riemann [314],
page 110, [388]:

lim
N→∞

∑

|n|≤N
cne

2πinx = 0 on [a, b] =⇒ lim
|n|→∞

cn = 0, (3.39)

e.g., Problem 3.34e.
It is interesting to observe the overlap between Dini (1845–1918) and

Riemann. Riemann convalesced and toured Italy during the winter of
1862, and then came to Pisa during 1863. He became quite friendly with
Enrico Betti and Eugenio Beltrami. Betti was director of the Scuola
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Normale Superiore in Pisa from 1865 to 1892; and there is a Betti–Riemann

correspondence that has yet to be studied as far as we know. Dini gradu-
ated from the Scuola Normale in 1864 when he was 19 years old; he then
spent a year in Paris with Joseph L. F. Bertrand, and returned to the
Scuola Normale, where he spent the next 52 years. Dini became one of the
nineteenth-century giants in real-variable and Fourier analysis, and includes
Volterra and Vitali among his students. Riemann returned to Germany
for the winter of 1864–65, but then went back to Pisa. He died and was buried
at Biganzolo in the northern part of Verbania, the Italian resort town on the
western banks of Lago Maggiore just 15 miles south of the Swiss border.

3.8.2 G. Cantor

Georg Cantor (March 3, 1845–January 6, 1918) wrote several important
papers on U -sets during the early 1870s (Crelle’s Journal, volumes 72 and
73, and Math. Ann., volume 5). In the first, he proved (3.39) and, using this
fact, proved (in the second) that ∅ is a U -set. The subsequent papers gave
simplifications of proof and extensions of the basic result, showing finally
that certain countable infinite sets are U -sets. The study of special types
of infinite sets in this work influenced his later research activity, and it was
in 1874 that he gave his famous and controversial proof that there are only
countably many algebraic numbers; cf. Problem 1.24.

The remainder of his life was devoted to the study of the infinite, not
only in a mathematical milieu, but often delving into various philosophi-
cal notions of infinity due to the Greeks, the scholastic philosophers, and
his contemporaries. An interesting letter in this latter regard was sent by
Cantor, in London at the time, to Bertrand Russell (at Trinity College,
Cambridge); he writes: “. . . and I am quite an adversary of Old Kant,
who, in my eyes has done much harm and mischief to philosophy, even to
mankind; as you easily see by the most perverted development of metaphysics
in Germany in all that followed him, as in Fichte, Schilling, Hegel,

Herbart, Schopenhauer, Hartman, Nietzsche, etc. etc. on to this
very day. I never could understand why . . . reasonable . . . peoples . . . could
follow yonder sophistical philistine, who was so bad a mathematician.”

Dedekind was also involved in work related to Cantor’s, and many
of his set-theoretic contributions are found in their 27-year correspondence
(edited by Jean Cavaillès and Emmy Noether and published by Hermann
of Paris in 1937). Fedor A. Medvedev (1966) has studied these particular
results. The marvelous Dedekind, by the way, taught at the Gymnasium in
Brunswick for fifty years beginning in 1862.

Cantor’s U -set papers were preceded by Heine’s uniqueness theorem
(Crelle’s Journal, volume 71) in 1870; which assumed that the given trigono-
metric series were uniformly convergent off arbitrary neighborhoods of a finite
number of points. Heine was at the University of Halle with Cantor and
attributes this approach to Cantor.
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Cantor, of course, tried to prove that all countable sets are U -sets;
and this was finally achieved by F. Bernstein (1908) and William H.

Young (1909). Actually, Bernstein proved somewhat more for the setting
of compact abelian groups, showing that E is a U -set if it does not contain
any non-empty closed sets without isolated points.

3.8.3 D. Menshov

Dmitri E. Menshov (April 18, 1892–November 25, 1988) proved a key result
on U -sets in 1916 by finding a non-U -set E with Lebesgue measure m(E) = 0.
He did this just after graduating from Moscow University, where he wrote his
thesis under Luzin. His example stimulated a great deal of study about sets
of measure zero; and research about specific sets of measure zero forms a part
of Fourier analysis, potential theory, and fractal geometry. Actually, on the
basis of Menshov’s example, Luzin and Nina K. Bari defined the notion
“U -set” as such. Earlier, Charles de la Vallée-Poussin had proved that
if a trigonometric series converges to f ∈ L1

m(T) off a countable set E then
the series is the Fourier series of f ; and it was generally felt that the same
would be true if m(E) = 0. Consequently, Menshov’s example had a certain
amount of shock value to say the least.

Since we shall be discussing Carleson’s solution to Luzin’s problem in
Section 4.7.5, it is interesting to note that Menshov solved the analogue
for measurable functions in 1940–41. Luzin, in 1915, had noted that if f
is measurable on T and finite m-a.e. then there is a trigonometric series
that converges to f by both Riemann and Abel summation. The problem
was to see whether such a series exists that converges pointwise m-a.e. to
f ; Menshov showed precisely this. Thus, with the Carleson–Hunt theorem
and with Kolmogorov’s example of f ∈ L1

m(T) with Fourier series diverg-
ing everywhere (1926), “all that remains” (in the broad sense) of Luzin’s
problem is an investigation of the analogous situation for f measurable but
taking infinite values on a set of positive measure. Actually Menshov has
an affirmative answer to this latter problem for the case of convergence in
measure instead of convergence m-a.e.

3.8.4 N. Bari and A. Rajchman

What with Menshov’s example, Aleksander Rajchman (November 13,
1890–Sachsenhausen, 1940) “seems to have been the first to realize that for
sets of measure zero that occur in the theory of trigonometric series it is not
so much the metric as the arithmetic properties that matter” [414] (from
Antoni Zygmund’s biography of Raphaël Salem). Rajchman [381]
(1922) proved the existence of closed uncountable U -sets. He was motivated
by some work of Hardy and John E. Littlewood [217], [218] (1914), and
later (1920) Steinhaus (who was Rajchman’s adviser), on Diophantine
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approximation to introduce “H-sets” and proved that such sets are U -sets.
Rajchman, in a letter to Luzin, thought that any U -set is contained in a
countable union of H-sets, and it was only in 1952 that Ilya I. Piatetski–

Shapiro proved this conjecture false. The Cantor set is H and therefore U .
It is easy to verify that if m(E) > 0 then E is not U .

Actually, Bari had proved the existence of closed uncountable U -sets
in 1921 and presented her results at Luzin’s seminar at Moscow University;
they were unpublished at the time of Rajchman’s paper, although they were
communicated to him in [381] (1923). This does not minimize the importance
of Rajchman’s results, since he established a large class of uncountable
U -sets and illustrated the need for Diophantine properties in constructing
such sets.

Nina K. Bari (November 19, 1901–July 15, 1961) established her first
results on U -sets as an undergraduate. Throughout her life, although she
engaged in several other research areas, she was an outstanding expositor and
contributor on the tricky business of uniqueness. One of her major results is
that the countable union of closed U -sets is a U -set, although the problem
is open for the finite union of arbitrary U -sets. Another of her results, which
she proved in 1936–37 and which has an interesting sequel, e.g., Section 9.6.1,
shows that if α is rational and E is the perfect symmetric set determined by
ξk = α, then E is a U -set if and only if 1/α is an integer. Her theorem
depends heavily on Diophantine considerations. See [347] and [299] for recent
developments.

3.9 Potpourri and titillation

1. “Sensational” is the proper level of sober language to describe the dis-
covery in 1899 of a palimpsest containing a Greek Orthodox ritual, but
with an underlying Archimedes text, theretofore thought lost to civiliza-
tion. The text, written on goatskin parchment from the tenth-century, con-
tained Archimedes’ Method (Eφoδoσ)—one might say, Method of Attack.
See [139], [451] for more on this riveting saga in scholarship, led by the
Danish classicist Johan L. Heiberg in the early twentieth-century. The
palimpsest disappeared after World War I and reemerged in 1998. Since then,
Heibergs’s work has expanded under the leadership of William Noel and
Abigail Quandt of the Walters Art Museum in Baltimore.

Archimedes (c. 287 B.C.–212 B.C.) began the Method with a letter to
Eratosthenes saying that he first writes down what “became clear to us
by the mechanical method” and then he formulates these results in the geo-
metrical rigueur du jour. The latter, of course, with its systematic sequence
of logical steps, often has the capability of obfuscating ideas, especially as
mathematics weaned itself from Euclidean geometrical technology through
the centuries. So, the Method really illustrates how Archimedes divined
some of his greatest creations. In his letter he writes that “there will be some
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among [. . . ] future generations who by means of the method here explained
will be enabled to find other theorems which have not yet fallen to our share”.

As an illustration, Archimedes tells about the 1 : 2 : 3 theorem. To state
this theorem, let T be an isosceles triangle whose base is twice its height.
We inscribe T in a semicircle C, which, in turn, we inscribe in a rectangle R;
see Figure 3.3. We generate the corresponding cone, hemisphere, and cylinder
by rotating T , C, and R about the segment AO. The respective volumes of
these solids are denoted by V1, V2, and V3.

Fig. 3.3. Archimedes 1 : 2 : 3 theorem.

Theorem 3.9.1. Archimedes 1 : 2 : 31 : 2 : 31 : 2 : 3 theorem
We have

V1/V2 = 1/2 and V2/V3 = 2/3.

Archimedes proved this result geometrically in On the sphere and
cylinder. Elaborating on the contributions of Democritus and Eudoxus,
Archimedes says that Democritus discovered the fact that V1/V3 = 1/3,
but that the part of the proof depending on the method of exhaustion was
due to Eudoxus. This proof is found in Euclid’s Book 12, Proposition 10;
and Book 12 is still difficult to read. Archimedes completed the proof of
the 1 : 2 : 3 theorem by proving that V1/V2 = 1/2.

Archimedes obviously considered the 1 : 2 : 3 theorem to be a remark-
able result, since he asked that on his tombstone should be carved a sphere
inscribed in a cylinder. This request was followed, and Cicero (106 B.C.–
43 B.C.), the Roman orator, found the tombstone when he was quaestor
of Sicily. At that time the tombstone had been neglected, and Cicero was
responsible for its restoration (the tombstone was again forgotten and redis-
covered in 1965). Unfortunately, Cicero more than balanced this action with
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Fig. 3.4. Law of the lever.

the remark, “Among the Greeks nothing was more glorious than mathemat-
ics. But we [the Romans] have limited the usefulness of this art to measuring
and calculating”.

We shall verify that V1/V2 = 1/2. We shall give the mechanical proof
that is in Archimedes’ Method. This proof uses the Democritus–Eudoxus

result that V3 = 3V1.
We begin by describing the law of the lever: the lever in Figure 3.4 is in

equilibrium if
aA = bB, (3.40)

where A and B are weights having distance a and b, respectively, from the
fulcrum.

Figure 3.5 is the figure we shall use to prove V1/V2 = 1/2. Let S be a
sphere of radius r and center 0; we shall work on a plane P through 0. Take
perpendicular diameters AB and CD of S in P .

When we rotate the triangle ACD about the segment AO we obtain a
cone inscribed in the hemisphere obtained by rotating the arc CAD about
AO. We also form the rectangle EFGH determined by the lines parallel to
the circle at A and B, and by the points F and H , which are on the lines AC
and AD. Let XY be a line intersecting AO at Z and parallel to CD. Also,
XY intersects the circle at M and N and the triangle ACD at U and V .
Finally, we extend AB to the point I so that the lengths |IA| and |IB| satisfy
|IA| = 2r and |IB| = 4r, respectively.

Note that
|FB| = |BH| = 2r. (3.41)

In fact, AOC and ABF are similar triangles, and so (3.41) follows since |AB| =
2r, |AO| = r, and |OC| = r. Next, set |UZ| = a and |MZ| = b, and note that
|AZ| = a, since AUZ is a right triangle and the angle ∠ZAU is π/4 radians.
Consequently, the right triangle AMZ has the property that

|AM|2 = a2 + b2. (3.42)
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Fig. 3.5. Archimedes method.

Observe that AMB is a right triangle with right angle at M , since AB is a
diameter. Thus,

|AM|2 = (2r)2 − |MB|2. (3.43)

From the right triangle ZMB we obtain

b2 = |MB|2 − (2r − a)2. (3.44)

Then (3.42) and (3.44) yield

|AM|2 = a2 + |MB|2 − (2r)2 + 4ra− a2, (3.45)

so that by adding (3.43) and (3.45) we obtain

|AM|2 = 2ra. (3.46)

Also we combine (3.42) and (3.46), and have

2ra = a2 + b2;

we write this as
2rπ(a2 + b2) = aπ(2r)2. (3.47)
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We now rotate our figure about IB so that the circle generates S, the
triangle AFH generates a cone whose base is a circle of radius |BF| = 2r
and whose height is |AB| = 2r, and the rectangle EFGH generates a cylinder
whose base has radius |BF| = 2r and whose height is |AB| = 2r. In this
rotation, XY determines a plane that intersects the cone in a circle Cc of
radius a, the sphere in a circle CS of radius b, and the cylinder in a circle CC

of radius 2r. With this notation and the fact that |AI| = 2r, (3.47) becomes

|AI|(A(Cc) +A(CS)) = |AZ|A(CC), (3.48)

where A(X) represents the area of X .
Equation (3.48) should be compared with (3.40); in fact, we suppose IZ

is a lever with fulcrum at A. Heuristically, then, we consider circular disks
with weights proportional to their areas, so that (3.48) expresses the law of
the lever. Consequently, if we consider n such cuts XY equidistributed by the
points A = Z0, Z1, . . . , Zn = 0 along AO, then we can think of the sum of n
areas A(·) as approximating the volume V of the corresponding solid. Thus,
since |AI| = 2r, the left-hand side of (3.48) becomes

2r(V1 + V2). (3.49)

For the right-hand side we see from the equidistribution that

n∑

j=1

|AZj |A(CC) =
1
n
Ṽ3

n∑

j=1

|AZj | =
1
n
Ṽ3r

(
1
n

+
2
n

+ · · · +
n

n

)

=
r

n2
Ṽ3
n(n+ 1)

2
,

(3.50)

where Ṽ3 = π(2r)2r is the volume of the cylinder whose base has radius
|AE| = 2r and whose height is |AO| = r. Since V3 = πr3, we have Ṽ3 = 4V3.
Therefore, equating (3.49) and (3.50), we compute

V1 + V2 = V3, (3.51)

since limn→∞(n+ 1)/n = 1. We now use the Democritus–Eudoxus result,
V3 = 3V1, to obtain Archimedes’ theorem, V2 = 2V1.

The point of this illustration of Archimedes’ Method, especially the pre-
vious paragraph, is to relate Archimedes’ analysis with the definition of the
Riemann integral; see his prescient comment above about “future genera-
tions”.

2. Let (X,A, p) be a probability space and let f : X → R be a random
variable as in Section 2.6. If f ∈ L1

p(X) then

E(f) =
∫

X

f dp
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is the mean value or expected value of f . The mapping

pf : B(R) → R, B �→ p(f−1(B)),

is a probability measure on R (the range of f) called the distribution of
f , not to be confused with the Schwartz distributions of Section 7.5 or the
distribution functions of Section 8.6.

If g : R → R is B(R)-measurable and f ∈ L1
p(X) then it is not difficult to

prove that

E(g ◦ f) =
∫

R

g dpf ,

and so
E(f) =

∫

R

t dpf (t).

Also, in probabilistic language, if {fn : n = 1, . . .} and f are random variables
on X , then one says that {fn} converges in probability to f if {fn} converges
in measure to f .

3.10 Problems

Some of the more elementary problems in this set include Problems 3.1, 3.2,
3.3, 3.4, 3.6, 3.8, 3.9, 3.10, 3.12, 3.13, 3.14, 3.15, 3.18, 3.19, 3.20, 3.22, 3.26,
3.27, 3.33.

3.1. Let fn(x) = (πn)−1/2e−x
2/n on R and consider f(x) = limn→∞ fn(x).

Compute f , and determine whether (and why)
∫

R
fn →

∫
R
f .

[Hint. In order to prove that
∫ ∞

−∞
e−x

2
dx =

√
π,

Pierre-Simon de Laplace considered the product
(∫ ∞

0

e−x
2
dx

)(∫ ∞

0

e−y
2
dy

)

and then used polar coordinates. Brilliant!]

3.2. Let f ∈ L1
m(R) be a function differentiable at the origin, and let

f(0) = 0. Prove that ∫ ∞

−∞

f(x)
x

dx

exists.
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3.3. a. Let f ≥ 0 on [a, b] be Lebesgue measurable. Prove that
∫ b

a

f = lim
ε→0+

∫ b

a

f�[a+ε,b],

where
∫ b
a f may be infinite.

b. Prove that
∫ 1

0 x
α−1 dx = 1/α if α > 0.

c. With respect to part a and Problem 1.28a, find a function f : (0, 1] → R

such that
∀ ε > 0, f ∈ L1

m([ε, 1])

and limn→∞(1/n)
∑
k≤n f(k/n) exists, but limε→0+

∫
f�[ε,1] does not exist.

3.4. For real-valued functions f ∈ L∞
m ((0,∞)) define

f � f(x) =
∫ x

0

f(t)f(x− t) dt.

It is not unreasonable to expect that f � f ≥ 0 on some small interval (0, ε).
Show that this is not necessarily the case.
[Hint. Take f(t) = sin(1/t).]

3.5. let f, g ∈ L1
m(R). Prove the following.

a. The function R → L1
m(R), x �→ f(y − x)g(x), is an element of L1

m(R)
for a.e. y ∈ R. For all such y, define

f ∗ g(y) =
∫ ∞

−∞
f(y − x)g(x) dx.

We call f ∗ g the convolution of f and g.
b. If f, g ∈ L1

m(R), then f ∗ g ∈ L1
m(R) and ‖f ∗ g‖1 ≤ ‖f‖1‖g‖1.

[Hint. A basic part of the proof of both parts a and b is to prove that the
function (x, y) �→ f(y − x)g(x) is appropriately measurable. Assuming this
fact for the hint, we calculate

∫ ∞

−∞

∫ ∞

−∞
|f(y − x)g(x)| dy dx = ‖f‖1‖g‖1 < ∞.

Thus, the hypotheses of Fubini’s theorem are satisfied. Hence, part a is
obtained, f ∗ g ∈ L1

m(R), and part b is completed, since

‖f ∗ g‖1 ≤
∫ ∞

−∞

∫ ∞

−∞
|f(y − x)g(x)| dx dy

=
∫ ∞

−∞

∫ ∞

−∞
|f(y − x)g(x)| dy dx = ‖f‖1‖g‖1.]

Remark. Because of this result, L1
m(R) becomes a Banach algebra with mul-

tiplication defined by convolution ∗. This is an elegant gateway to harmonic
analysis; see Appendix B.
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3.6. Prove Steinhaus’ result, mentioned in Problem 1.13 and in Prob-
lem 2.23: If X ∈ M(R) and m(X) > 0, then X −X = {x− y : x, y ∈ X} is
a neighborhood of 0.
[Hint. Let f(x) = �X(x) and note that f ∗f is continuous. We can also prove
the result set-theoretically.]

Steinhaus’ result can be used to characterize absolute continuity, as we
observe in the remark after Proposition 5.4.4 at the end of Section 5.4.

3.7. a. Let X ⊆ R have the property that finite linear combinations of
elements from X with rational coefficients generate an interval, I. Prove that
X contains a Hamel basis; see Problem 2.24 for the definition and see Problem
3.17. Thus, the Cantor set C contains a Hamel basis.
[Hint. Let 0 ∈ I; and so

∀ x ∈ R, ∃ r ∈ Q such that (1/r)x ∈ I.

Hence, every real number is a finite rational linear combination from X . Let
F be the family of all subsets Y ⊆ X with the same property. Apply Zorn’s
lemma.]

b. Take A ∈ M(R) for which 0 < m(A) < ∞; prove that A contains a
Hamel basis.
[Hint. Use part a and the method of proof from Problem 3.6. This is simpler
to prove than Problem 2.24e, since we do not have to deal with the likes of
Burstin’s result; see Problem 2.24e. Of course, it is also a weaker result.]

3.8. a. Consider a sequence of functions f, fn ∈ L1
m([a, b]), n = 1, . . . , such

that f = limn→∞ fn m-a.e. Prove that

lim
n→∞

∫ b

a

|fn − f | = 0 ⇐⇒ lim
n→∞

∫ b

a

|fn| =
∫ b

a

|f |;

cf. Theorem 6.5.3.
b. Find an example of a sequence {fn} of m-integrable functions on [a, b]

that converges m-a.e. to an m-integrable function f such that

lim
n→∞

∫ b

a

fn =
∫ b

a

f, but lim
n→∞

∫ b

a

|fn| �=
∫ b

a

|f |.

[Hint. Take

fn(x) =

⎧
⎪⎨

⎪⎩

n, if x ∈ [0, 1/(2n)),
−n, if x ∈ [1/(2n), 1/n),
0, otherwise.]

3.9. a. Prove Theorem 3.3.8.
[Hint. Generalize Theorem 3.3.5 appropriately.]

b. Show that there can be a strict inequality in Theorem 3.3.5.
[Hint. Let fn = �[n,n+1).]
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c. Prove that Theorem 3.3.6 can fail if we replace “fn ≤ f μ-a.e.” by the
hypothesis that

∀ x and ∀ n, fn+1(x) ≤ fn(x).

[Hint. Let fn = �[n,∞).]

3.10. Find a function f : [0, 1] → R such that f ′ exists on [0, 1], f ′′(0)
exists, and R

∫ b
0 f

′ does not exist for any b ∈ (0, 1].
[Hint. Let g be the Volterra function defined in Example 1.3.1 and set f(x) =
x2g(x).]

3.11. Let (X,A) and (Y, E) be measurable spaces and let φ : X → Y be
measurable (Definition 2.4.11d).

a. If (X,A, μ) is a measure space prove that (Y, E , ν) is a measure space,
where ν = μ ◦ φ−1.

b. Prove that

∀ f ∈ L1
ν(Y ),

∫

Y

f dν =
∫

X

f ◦ φ dμ.

Remark. The assertions of Problem 3.11, which are general and not too dif-
ficult to verify, are compatible with the change of variables formula, Theo-
rem 8.7.3, for Lebesgue measure on R

d. In fact, consider the notation and
hypotheses of Theorem 8.7.3. Assume the advanced calculus form of the
change of variables theorem in the setting of continuous functions on rec-
tangles; e.g., see [7] for the role of Jordan content and the theorem itself.
This result can be used to prove that if μ is defined as | detD(φ)|md on U
then μ ◦ φ−1 = md on φ(U), noting that ν = μ ◦ φ−1 in Problem 3.11.

3.12. Let f : R → R be a bounded Lebesgue measurable function with the
following property:

∃ C > 0 such that ∀ ε > 0, m({x ∈ R : |f(x)| > ε}) ≤ C√
ε
.

Prove that f ∈ L1
m(R).

3.13. Let (X,A, μ) be a measure space and let f : X → R
∗ be a measurable

function. Prove the Chebyshev inequality:

∀ t > 0, μ ({x ∈ X : |f(x)| ≥ t}) ≤ 1
t

∫

X

|f | dμ.

[Hint. Let At = {x : |f(x)| ≥ t}. Then, At ∈ A and t�At ≤ |f | μ-a.e. Thus,
t
∫
X
�At dμ ≤

∫
X

|f | dμ.]

3.14. a. Prove that for each f ∈ L1
m(R) and ε > 0 there is a continuous

function g such that
m({x : g(x) �= 0}) < ∞
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and ∫

R

|f(x) − g(x)| dx < ε.

[Hint. Use LDC and the observation on this matter given after Exam-
ple 2.5.11. Also, see Theorem 7.2.6.]

b. Prove:

∀ f ∈ L1
m(R), lim

h→0

∫

R

|f(x+ h) − f(x)| dx = 0. (3.52)

[Hint. Use part a and a fact about uniformly continuous functions.]

Remark. We shall later characterize functions of bounded variation, respec-
tively, constants, on [a, b] as those elements in L1

m([a, b]) that satisfy

∫ b

a

|f(x+ h) − f(x)| dx = O(|h|), respectively, o(|h|), h → 0.

The “O” and “o” notation is standard in classical analysis: F (x) = O(G(x)),
respectively, o(G(x)), as x → r, means that

∃ M > 0 and ∃ y such that ∀ x ∈ [r − y, r + y], |F (x)| ≤ MG(x),
respectively, lim

x→r
F (x)/G(x) = 0,

where G is positive. For r = ±∞ there is an obvious adjustment in the
definition.

c. A trigonometric polynomial on T has the form

tN (x) =
∑

|n|≤N
aNe

−2πinx.

Using part a, prove that

∀ ε > 0 and ∀ f ∈ L1
m(T), ∃ tN such that

∫

T

|f − tN | < ε.

[Hint. Find a function g ∈ C2(R) in terms of indefinite integrals such that g
has period 1 and ‖f − g‖1 < ε/2; then find N for which

∥∥∥∥∥∥
g(x) −

∑

|n|≤N
ĝ(n)e−2πinx

∥∥∥∥∥∥
∞

< ε,

where ĝ(n) =
∫

T
g(x)e2πinx dx.]

d. We proved the Riemann–Lebesgue lemma in Theorem 3.6.4. Complete
the following proof, which uses (3.52):
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|f̂(n)| =
(

1
2

) ∣∣(f − τ−1/(2n)f )̂ (n)
∣∣ ≤ 1

2

∫ 1

0

|f(x) − f(x+ 1/2n)| dx,

where τyf(x) = f(x− y).
e. Prove the Fejér lemma: If f ∈ L1

m(T) and g ∈ L∞
m (T) then

lim
|n|→∞

∫ 1

0

f(x)g(nx) dx =
∫ 1

0

f(x) dx
∫ 1

0

g(x) dx.

This result reduces to the Riemann–Lebesgue lemma for the case of g(x) =
e2πix.

3.15. Let {fn : n = 1, . . .} ⊆ L1
m([0, 1]) be a sequence of nonnegative func-

tions defined on [0, 1]. Assume that
∑∞

n=1

∫ 1

0 fn < ∞ and prove that fn → 0
m-a.e. This result is an often used technical device, e.g., Proposition 3.4.9.
[Hint.

∫ ∑
fn =

∑∫
fn < ∞, and so

∑
fn(x) is finite m-a.e.]

3.16. Prove Proposition 3.4.9.

3.17. Let H ⊆ R be a Hamel basis; see Problem 2.24 for the definition.
Prove that

∀ a ∈ R, a �= 1, ∃ h ∈ H such that ah /∈ H.

[Hint. Take such an a and assume aH ⊆ H ; for each x =
∑
rαhα define

f(x) =
∑
rα and note that f(ax) = f(x). Compute f(x), where x = h/(a−1)

and h ∈ H .]

3.18. Let f ∈ L1
m((0,∞)) and define Ir to be a subset of (0,∞) para-

metrized by r > 0.
a. Prove that limr→∞

∫
Ir
f(x) cos(rx) dx = 0 if Ir is an interval.

b. Show that part a is not generally true if Ir is taken to be a finite union
of intervals.

These results are interesting in light of the Riemann–Lebesgue lemma.

3.19. Compute

lim
n→∞

∫ n

0

(
1 − x

n

)n
ex/2 dx.

[Hint. Transform the integral to
∫ 0

−n and note, comparing like terms of the
binomial expansions of (1+ t/n)n and (1+ t/(n+1))n+1, that (1+ t/n)ne−t/2

increases to et/2; then use LDC.]

3.20. Prove that if f : R → R is a continuous function and g : R → R

is continuous m-a.e., then the composition f ◦ g is continuous m-a.e.; cf.
Problem 4.48.
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3.21. Prove Proposition 3.4.8.
[Hint. The characterization of regulated functions in Example 3.2.2 gives us
a means of verifying Proposition 3.4.8. In fact, if f is a regulated function
then there is a function F such that F ′ = f except for possibly a countable
set.]

3.22. Prove that if f is bounded on [a, b] and continuousm-a.e., then F
′

= f
m-a.e., where

F (x) = R

∫ x

a

f.

3.23. Prove Theorem 3.5.4.

3.24. Verify Theorems 3.6.1, 3.6.2, and 3.6.3.

Remark. Theorems 3.6.1 and 3.6.2 require LDC for their proofs. Theo-
rem 3.6.3 requires not only LDC but also the fundamental theorem of calculus
and the Fubini–Tonelli theorem.

3.25. Let (X,A, μ) be a measure space, where X is a locally compact space
(Appendix A.1) and μ is a positive measure on X . Choose an open interval
S ⊆ R and let f(x, t) be a function on X × S. Assume that

i. ∀ t ∈ S, f(·, t) is a μ-measurable function,
ii. ∃ g ∈ L1

μ(X) such that ∀ t ∈ S, |f(x, t)| ≤ g(x) μ-a.e.,
iii. ∃ t0 ∈ S such that f(x, ·) is continuous at t0 μ-a.e.,
iv. f(x, ·) is finite and differentiable on S μ-a.e.,
v. ∃ h ∈ L1

μ(X) such that ∀ t ∈ S, |d/dtf(x, t)| ≤ h(x) μ-a.e.
Prove that

∫
X
f(x, t) dμ(x) is differentiable on S and

d

dt

∫

X

f(x, t) dμ(x) =
∫

X

d

dt
f(x, t) dμ(x).

Remark. This result obviously begs comparison with Theorem 3.6.3. For all
the little differences, the important common hypothesis is the bound on the
derivative by h. This hypothesis is the analogue to the uniform convergence
hypothesis for the corresponding result from calculus.

3.26. a. Let (X,A, μ) be a finite measure space. Let Y be the space of
real-valued μ-measurable functions defined on X ; and let Ỹ be the space of
equivalence classes of such functions where f, g : X → R are defined to be
equivalent if f = g μ-a.e. Define

∀ f, g ∈ Y, ρ(f, g) =
∫

X

|f − g|
1 + |f − g| dμ.

Prove that ρ is a metric on Ỹ × Ỹ (see Appendix A.1 for the definition of
metric).
[Hint. If a and b are real, then |a+b|/(1+ |a+b|) ≤ |a|/(1+ |a|)+ |b|/(1+ |b|).]
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b. Consider the setting of part a. Prove that ρ(fn, f) → 0 if and only if
fn → f in measure.
[Hint. Let An(ε) = {x : |fn(x) − f(x)| ≥ ε} and prove that

ε

1 + ε
μ(An(ε)) ≤ ρ(fn, f) ≤ μ(An(ε)) + εμ(X).]

c. Find an example of a sequence {fn : n = 1, . . .} of m-measurable
functions on the measure space ([0, 1],M([0, 1]),m) such that fn → 0 in
measure, whereas {fn : n = 1, . . .} does not converge pointwise at any point.
Actually, the example can be constructed so that limn→∞ ‖fn‖1 = 0 [69],
Chapitre IV, page 236.

d. Prove Theorem 3.3.13 (F. Riesz–Lebesgue).
[Hint. Use the Egorov theorem for part b.]

e. Show by example that the hypothesis μ(X) < ∞ is necessary generally
in Theorem 3.3.13b.

f. We know that if ‖fn − f‖1 → 0, then {fn} converges in measure to
f ; and, from Theorem 3.3.13a, we know that if fn → f in measure, then
there is a subsequence {fnk

} that converges to f μ-a.e. Construct a sequence
{fn} ⊆ L1

m([0, 1]) such that supn ‖fn‖∞ < ∞ and ‖fn‖1 → 0 (hence, fn → 0
in measure), but such that {fn} does not converge m-a.e.

3.27. a. Give an equivalent description of the space L1
c(Z) in terms of a

summability property of sequences {cn} ⊆ C; see Definition 5.5.1.
b. Show that if f ∈ L1

c(Z), where c is counting measure defined in Exam-
ple 2.4.2d, then

lim
|n|→∞

f(n) = 0.

c. Prove that there are continuous functions f ∈ L1
m(R) such that

lim
|x|→∞

|f(x)| = ∞.

3.28. The Fejér kernel {WN : N = 1, . . .} is defined by

∀ x ∈ R and ∀ N ≥ 0, WN (x) =
∑

|n|≤N

(
1 − |n|

N + 1

)
e−2πinx.

a. Prove that if x ∈ Z then WN (x) = N + 1, and that if x is any other
real number then

WN (x) =
1

N + 1
sin2((N + 1)x/2)

sin2(x/2)
.

b. Clearly WN ≥ 0. Prove that
∫ 1

0

WN = 1,
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and that

∀ δ ∈ (0, 1/2), lim
N→∞

∫ 1−δ

δ

|WN | = 0.

c. An approximate identity in L1
m(T) is a sequence {KN : N = 1, . . .} ⊆

L1
m(T) that satisfies

sup
N

∫ 1

0

|KN | < ∞,

∫ 1

0

KN = 1,

and

∀ δ ∈ (0, 1/2), lim
N→∞

∫ 1−δ

δ

|KN | = 0.

Thus, {WN : N = 1, . . .} is an approximate identity. We defined convolution
in L1

m(R) in Problem 3.5; the same definition makes sense on T as long as we
define our functions 1-periodically. Hence, if f, g ∈ L1

m(T) we have

f ∗ g(x) =
∫ 1

0

f(x− y)g(y) dy.

Prove that if f ∈ C(R) has period 1 and {KN : N = 1, . . .} is an approximate
identity in L1

m(T), then

lim
N→∞

‖KN ∗ f − f‖∞ = 0,

where “‖...‖∞” designates the L∞
m (T)-norm.

[Hint.

‖KN ∗ f − f‖∞ ≤
∫ 1

0

|KN(y)|‖τyf − f‖∞ dy = I.

Take ε > 0 and fix 0 < δ < 1/2 such that ‖τyf−f‖∞ < ε if y ∈ [0, δ]∪[1−δ, 1].
Compute

I ≤ Mε+ 2‖f‖∞
∫ 1−δ

δ

|KN |,

where M is independent of N .]
In particular, we have proved that

f(0) = lim
N→∞

1
N + 1

∫ 1

0

f(x)
sin2((N + 1)x/2)

sin2(x/2)
dx.

d. Let f : [a, b] × [a, b] → R be a function that is continuous in each
variable separately. Prove that

∀ (x, y) ∈ [a, b] × [a, b], lim
N→∞

fN (x, y) = f(x, y),

where {fN : N = 1, . . .} is a sequence of continuous functions on [a, b]× [a, b].
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[Hint. Assume without loss of generality that [a, b] = [0, 1], that ‖f‖∞ < ∞,
and that for each y, f(0, y) = f(1, y). Set

fN (x, y) =
∑

|n|≤N

(
1 − |n|

N + 1

)
cn(y)e−2πinx,

where

cn(y) =
∫ 1

0

f(x, y)e2πinx dx.

From part c,

∀ y ∈ T, lim
N→∞

sup
x∈T

|fN (x, y) − f(x, y)| = 0.

In particular, we have the desired pointwise convergence. To prove that fN
is continuous we have only to check that each cn is continuous, and this is
clear from LDC.]

3.29. We have mentioned the concept of uniform distribution in Prob-
lem 1.28 and Proposition 3.4.7. We shall now define it. A sequence {xn :
n = 1, . . .} ⊆ R is uniformly distributed modulo a, a > 0, if, when yn ∈ [0, a)
and (xn − yn)/a ∈ Z, we can conclude that

∀ I ⊆ [0, a), lim
N→∞

C(I,N)
N

=
1
a
m(I),

where I = [c, d] ⊆ [0, a) is an arbitrary interval and where we define
C(I,N) = card ({y1, . . . , yN} ∩ I). This concept was introduced in a sys-
tematic way by Weyl in 1914; see [500] (1916) and the first Remark in
Section 9.6.1. Weyl proved that a sequence {xn : n = 1, . . .} ⊆ R is uni-
formly distributed modulo a if and only if

lim
N→∞

1
N

N∑

n=1

f(yn) = R

∫ a

0

f

for every Riemann integrable function f on [0, a], e.g., [304]. Here {yn} ⊆
[0, a) corresponds to {xn} as in the definition.

a. Let x ∈ R \ Q. Prove that, for each Riemann integrable function g
defined on [0, 1),

lim
N→∞

1
N

N∑

1

g(nx mod 1) = ĝ(0).

[Hint. First verify that
∣∣∣∣∣

N∑

n=1

e2πimnx

∣∣∣∣∣ ≤
1

| sin(πmx)| ;
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and then use the hypothesis that x is irrational to prove that if m �= 0 then

lim
N→∞

1
N

N∑

n=1

e2πimnx = 0.

The rest of the demonstration follows from standard approximation results.]
b. Let x ∈ R \ Q. Prove that the sequence {nx : n = 1, . . .} is uniformly

distributed modulo 1.
[Hint. Part b is clear from part a by taking the appropriate function g.]

c. let a = 1, let {xn : n = 1, . . .} ⊆ R, and let {yn} ⊆ [0, 1) correspond to
{xn} as in the definition. For an arbitrary subset E ⊆ [0, 1), let C(E,N) =
card ({y1, . . . , yN} ∩ E). Construct a Lebesgue measurable subset A ⊆ [0, 1)
such that m(A) = 1 and limN→∞ C(A,N)/N = 0.
[Hint. Let A = [0, 1) \ {yn}.]

3.30. For a > 0 and a sequence {xn : n = 1, . . .} ⊆ R define yn ∈ R as in
Problem 3.29 by the condition that yn ∈ [0, a) and (xn − yn)/a ∈ Z. The
antithesis of uniform distribution for a sequence {xn : n = 1, . . .} occurs when
yn → 0. Assume that the sequence {xn : n = 1, . . .} ⊆ R does not tend to 0
and let A = {a > 0 : yn → 0}. Prove that m(A) = 0.
[Hint. Without loss of generality we can assume that limn→∞ |xn| = ∞.
If a ∈ A then limn→∞ e2πixn/a = 1. Consequently, limn→∞ e2πixnr = 1 for
r ∈ A−1 = {a−1 : a ∈ A}. Thus,

∀ b > 0, lim
n→∞

∫

A−1
b

e2πixnr dr = m(A−1
b ),

where A−1
b = A−1 ∩ (0, b), by LDC. On the other hand, from the Riemann–

Lebesgue lemma,

lim
n→∞

∫

A−1
b

e2πixnr dr = 0.

Therefore, m(A−1) = m(A) = 0.]
Note that A can be uncountable.

3.31. Let Q be the family of all half-open parallelepipeds in R
d and let

f : R → R be an increasing right-continuous function. Prove that there exists
a nonnegative finitely additive set function μdf on Q such that

μdf ((a1, b1] × · · · × (ad, bd]) = (f(b1) − f(a1)) · · · (f(bd) − f(ad)).

3.32. Given the open interval (a, b), where b can be ∞, and a function
f : (a, b) → R, assume that R

∫ r
a f exists for each r ∈ (a, b). The Cauchy–

Riemann integral of f on (a, b) is

CR

∫ b

a

f = lim
r→b−

R

∫ r

a

f
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when the right-hand side exists. Naturally we can define the “Cauchy–
Lebesgue” integral if we replace R

∫ r
a by

∫ r
a .

a. Give an example of an unbounded function on (a,∞) whose Cauchy–
Riemann integral exists, e.g., Problem 3.27c.

b. Let f be a nonnegative function on the interval (a,∞) and assume
that R

∫ r
a
f exists for all r > a. Prove that CR

∫∞
a
f exists if and only if

f ∈ L1
m((a,∞)).

c. Prove that if f ∈ L1
m((a,∞)) and R

∫ r
a f exists for all r > a then∫∞

a f = CR
∫∞
a f .

d. Let f(x) = sin(x)/x. Show that CR
∫∞
0
f exists but that f /∈

L1
m((0,∞)).

[Hint. ∫ ∞

0

∣∣∣∣
sin(x)
x

∣∣∣∣ dx =
∞∑

k=0

∫ (k+1)π

kπ

∣∣∣∣
sin(x)
x

∣∣∣∣ dx

≥
∞∑

k=0

1
(k + 1)π

∫ (k+1)π

kπ

| sin(x)| dx.]

Thus, f can be integrated, whereas |f | cannot be integrated; this phenomenon
is referred to as conditional convergence.

e. Show that the Cauchy–Riemann integral does not integrate every
bounded Lebesgue measurable function on [a, b], b < ∞.

f. Find a Cauchy–Riemann integrable function f on [a, b], b < ∞, such
that f /∈ L1

m([a, b]).
[Hint. Example 3.2.10a.]

g. Let f(x) = (1/x) sin(π/x) on (0, 1). Is f ′ Cauchy–Riemann integrable
on (0, 1)? Does f ′ ∈ L1

m([0, 1])?
h. In light of Problem 3.27 we would like to know conditions on a function

f so that we could conclude that
lim
x→∞ f(x) = 0 (3.53)

when CR
∫∞
a
f exists. In fact, the following is true: Let f be continuous on

[a,∞) and assume that CR
∫∞
a f exists; then (3.53) is valid if and only if f

is uniformly continuous.
Prove this assertion.
i. Let f be a twice continuously differentiable real-valued function defined

on (a,∞), and assume that CR
∫∞
a
f2 and CR

∫∞
a

(f ′′)2 exist. Prove that
(3.53) is valid.
[Hint. Integrate ff ′′ by parts and use part h.]

3.33. a. In light of Example 3.6.5, does there exist a sequence {fn : n =
1, . . .} ⊆ L1

m([0, 1]) such that fn → 0 pointwise and

∀ A ∈ M([0, 1]), lim
n→∞

∫ 1

0

fn(x)�A(x) dx = 0,

whereas limn→∞
∫

|fn(x)| dx > 0?
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b. Construct a sequence {fn : n = 1, . . .} ⊆ L1
m(R) such that

i. fn is continuous and lim|x|→∞ fn(x) = 0,
ii. supn

∫
R
|fn(x)| dx < ∞,

iii. fn → f uniformly on R,
but such that {fn : n = 1, . . .} contains no subsequence {fnk

: k = 1, . . .} for
which ∫

R

|fnk
(x) − f(x)| dx → 0.

[Hint. Start with gn = (1/n)�[n,2n].]

3.34. Let {fn : n = 1, . . .} be a sequence of functions on [a, b]. The general
problem for this exercise is to investigate pointwise convergence of subse-
quences on certain subsets of [a, b].

a. Let {nk : k = 1, . . .} ⊆ N be a sequence converging to infinity. We let
Snk

denote the set {x : limk→∞ sin(2πnkx) exists} ⊆ R. Show that, even
though m(Snk

) = 0, it is possible to find subsequences {nk : k = 1, . . .} ⊆ N

for which card Snk
= card R.

b. Do there exist δ ∈ (0, 1] and X ⊆ [0, 1) such that m(X) > 0 and

card
{
n : sup

x∈X
sin(2πnx) ≥ δ

}
< ∞?

c. Solve part b for any nonconstant periodic function f ∈ L∞
m (R), where

sin(2πnx) is replaced by f(nx).
d. Let Ank

= Snk
∩ [0, 1). Give examples to show whether Ank

can be
closed and infinite, countable, or finite. Find An!. See Remark b below.

e. Prove the Cantor–Lebesgue theorem: If
∑

|n|≤N cne
−2πinx → 0 point-

wise on a set X ⊆ [0, 1), as N → ∞, and m(X) > 0, then lim|n|→∞ cn = 0.
[Hint. Without loss of generality consider the series

∑∞
n=0 rn cos(2π(nx+an)),

and assume that there are a δ > 0 and a subsequence {nk : k = 1, . . .} ⊆ N

such that for each k, rnk
> δ > 0. Thus, limk→∞ cos(2π(nkx + ank

)) = 0.
Now use LDC and the fact that

∫

X

cos2(2π(kx+ a)) dx =
1
2
m(X) +

1
2

∫

X

cos(4π(kx+ a)) dx. (3.54)

Obtain a contradiction by employing the Riemann–Lebesgue lemma.]
See Sections 3.8.1 and 3.8.2.
f. Suppose that

∑∞
n=1 an is an absolutely convergent series. By way of

considering the converse situation to part e, prove the following:
If
∑∞

n=1(an/n) cos(2πnx) is not constant on [0, 1), then
∑∞
n=1 an sin(2πnx)

cannot converge pointwise m-a.e. to 0.

Remark. a. Using (3.54) and LDC we have another proof, besides Theo-
rem 3.3.14, that m(Ank

) = 0.
b. Mazurkiewicz [345] proved that if {fn : n = 1, . . .} is a uni-

formly bounded sequence of continuous functions on [a, b], then there are
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a closed uncountable set F ⊆ [a, b] (without isolated points) and integers
n1 < n2 < · · · such that {fnk

: k = 1, . . .} converges uniformly on F .
Using the continuum hypothesis, Sierpiński [439] proved the following result:
There is a sequence of nonmeasurable functions on [a, b] that is uniformly
bounded but such that no subsequence converges on an uncountable set.

Note, with regard to Problem 3.34d, that if {fn : n = 1, . . .} is any
sequence of functions and D ⊆ [a, b] is countable then there is a subsequence
{fnk

: k = 1, . . .} that converges on D.
c. Some interesting positive results on the general problem stated at the

beginning of this exercise have been given by Keith Schrader [422], [421];
cf. Problem 4.39 and the Remark following it on the selection principle. For
example, he proved the following theorem. Let fn : [a, b] → R be continuous;
and assume that for some N ≥ 0 the sequence {fn : n = 1, . . .} has the
following property: if fk = fj for more than N values of x ∈ [a, b] then fk is
identical to fj on [a, b]. Then, there is a subsequence {fnk

: k = 1, . . .} that
converges pointwise, possibly with infinite value, on [a, b].

3.35. a. Prove that
∑∞

n=1 e
2πinx/n converges on [0, 1) if and only if x �= 0.

[Hint. Use partial summation to obtain a bound on the geometric series∑N
n=1 e

2πinx.]
b. Let {an : n = 1, . . .} be a sequence decreasing to 0 and define g(x) =∑∞
n=1 an sin(2πnx). By an argument similar to that of part a, the series

converges for each x. Prove that g ∈ L1
m(T) if and only if

∑∞
n=1 an/n < ∞,

e.g., [155], volume I, page 115. Note that
∑∞

n=1 e
2πinx/n ∈ L2

m(T) by the
Parseval equality stated in Example 3.3.4.

3.36. Let f ∈ L1
m([0, 1]) and assume that

∫ 1

0

fφ = 0

for all functions φ ∈ C([0, 1]) such that φ(0) = φ(1) = 0. Prove that f = 0
m-a.e.
[Hint. Assume that the result is not true. Then

∫ 1

0 |f | = α > 0. For any
ε > 0 consider a set Gε ⊆ [0, 1] such that

∫
[0,1]\Gε

|f | < ε. Using Theorem
A.1.3, construct a continuous function φε on [0, 1] such that |φε| ≤ 1, φε(0) =
φε(1) = 0, and fφε = |f | on Cε, a compact subset ofGε such that

∫
Gε\Cε

|f | <
ε and 0, 1 /∈ Cε. Note that there exists δ > 0 such that, for all ε > 0,∫
Cε

|f | > δ, which yields a contradiction to the fact that
∫ 1

0
fφε = 0.]

3.37. Let f : [0, 1] → R be an increasing right-continuous function with the
property that

∀ g ∈ C([0, 1]),
∫ 1

0

g df = 0.

Prove that f is a constant function.
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3.38. Let R be a semialgebra of sets in X and let μ : R → R
+ be a set

function that satisfies the following properties:
i. μ(∅) = 0, and
ii. if A ∈ R is a disjoint union of a countable family of sets Ai ∈ R, i ∈ I,

then μ(A) =
∑
i∈I μ(Ai).

Prove that μ has a unique extension to a σ-additive set function on the
algebra A generated by R.

3.39. Prove Theorem 3.7.7.

3.40. Prove Theorem 3.7.9.

3.41. Let X be an uncountable set and let

A = {A ⊆ X : A is countable or A∼ is countable}.

Define μ(A) = 1 if card A∼ ≤ ℵ0 and μ(A) = 0 if card A ≤ ℵ0. Prove that
(X,A, μ) is a measure space.

In this case, and with the discrete topology on X , we have a measure
space with open covering {Uα}, such that μ(X ∩Uα) = 0 for each α, whereas
μ(X) = 1; cf. Corollary 7.4.2.

3.42. Let I ⊆ R be an interval and given φ : I → R. Then φ is a convex
function on I if

∀ a, b ∈ I, where a < b, and ∀ t ∈ [0, 1], φ(ta+(1−t)b) ≤ tφ(a)+(1−t)φ(b).

Also, φ is a weak convex function if

∀ a, b ∈ I, φ

(
a+ b

2

)
≤ 1

2
(φ(a) + φ(b)).

Clearly, convex functions φ are weak convex, and φ is convex if and only if

∀ x1 < x2 < x3, det

⎛

⎝
φ(x1) x1 1
φ(x2) x2 1
φ(x3) x3 1

⎞

⎠ ≤ 0.

(φ(x) = x2 gives rise to the Vandermonde determinant.)
a. Prove that if a weak convex function φ is Lebesgue measurable then it

is convex. Counterexamples can be constructed for nonmeasurable functions
by a Hamel basis argument.

b. Let φ : [a, b] → R be convex. Prove φ ∈ C((a, b)) as well as the following
facts for right derivatives, which are also true for left derivatives:

i. ∀ x ∈ (a, b), ∃φ′+(x) = limh→0+(φ(x + h) − φ(x))/h;
ii. φ′+ is increasing on (a, b);
iii. ∀ c, d, where a < c < d < b,

∫ d
c
φ′+ = φ(d) − φ(c); see Chapter 4.
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3.43. a. Let a < x1 ≤ x2 ≤ · · · ≤ xn < b, let {wj > 0 : j = 1, . . . , n} satisfy∑n
j=1 wj = 1, and assume that φ : (a, b) → R is convex and continuous; cf.

Problem 3.42b. Prove the discrete version of Jensen’s inequality (1906):

φ

⎛

⎝
n∑

j=1

wjxj

⎞

⎠ ≤
n∑

j=1

wjφ(xj),

with equality if and only if x1 = x2 = · · · = xn.
[Hint (for a special case). Assume that φ has a positive second derivative in
(a, b), and so φ is convex. Set x =

∑n
j=1 wjxj . Then, x ∈ (a, b) and

φ(xj) = φ(x) + (xj − x)φ′(x) +
(xj − x)2

2
φ′′(ξj).

Therefore,
n∑

j=1

wjφ(xj) = φ(x) +
1
2

n∑

j=1

wj(xj − x)2φ′′(ξj) > φ(x).]

b. Jensen’s inequality. Let (X,A, μ) be a nontrivial (μ(X) �= 0) measure
space, and let f ∈ L1

μ(X) be real-valued. Let φ be convex on an interval
I ⊆ R, and assume f(X) ⊆ I and φ ◦ f ∈ L1

μ(X). Prove that

φ

(
1

μ(X)

∫

X

f dμ

)
≤ 1
μ(X)

∫

X

φ ◦ f dμ.

[Hint. Let c = (1/μ(X))
∫
X f dμ and note that c ∈ I. Assume c ∈ int I.

By the calculations used to solve Problem 3.42b, there is a slope s such that
φ(t) ≥ s(t− c) + φ(c) on I. Let t = f(x) and integrate. If c is an endpoint of
I, the proof is elementary.]

c. Augustin L. Cauchy (1821) proved the arithmetic–geometric mean
inequality:

(r1r2 · · · rn)1/n ≤ r1 + · · · + rn
n

(3.55)

for rj > 0. Use Jensen’s inequality and the fact that φ(x) = ex is convex to
prove the following standard generalization of (3.55) (see [220] and [30] for
encyclopedic classical treatments):

n∏

j=1

r
wj

j ≤
n∑

j=1

wjrj ,

where rj , wj > 0 and
∑n

j=1 wj = 1.
[Hint. Let X = [0, 1] and let

g =
n∑

j=1

rj�[w0+···+wj−1,w0+···+wj),

where w0 = 0. Write
∑n
j=1 wjrj =

∫ 1

0 g and g = ef , and compute.]
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d. φ(x) = log(x), x > 0, is concave. Let f be a nonnegative Lebesgue
measurable function on [0, 1] and assume

∫ 1

0
log(f(x)) dx is finite. Prove that

log
(∫ 1

0

f(x) dx
)

≥
∫ 1

0

log(f(x)) dx.

Remark. Notwithstanding Cauchy’s proof of (3.55), Carl F. Gauss also
made a fascinating observation on this topic dealing with elliptic integrals,
which are fundamental in astronomy as well as in the study of solving quintic
polynomial equations. Let r > s > 0 and define

rn =
rn−1 + sn−1

2
and sn = (rn−1sn−1)1/2,

where r0 = r, s0 = s, and n = 1, . . . . Gauss proved that there is a number
G(r, s) for which

lim
n→∞ rn = lim

n→∞ sn = G(r, s).

He also showed the relation of G to complete elliptic integrals by proving
that

1
G(1 − x, 1 + x)

=
1
π

∫ π

0

dy√
1 − x2 cos2(y)

.



4 The Relationship between Differentiation

and Integration on RRR

4.1 Functions of bounded variation and associated
measures

A function f : X → R is increasing, respectively, decreasing, if

∀ x ≤ y, x, y ∈ X, f(x) ≤ f(y), respectively, f(x) ≥ f(y).

Definition 4.1.1. Bounded variation on [a, b][a, b][a, b]
a. A real- or complex-valued function f defined on an interval [a, b] is of
bounded variation on [a, b], in which case we write f ∈ BV ([a, b]), if

V (f, [a, b]) = sup

⎧
⎨

⎩

n∑

j=1

|f(xj) − f(xj−1)| : a ≤ x0 ≤ · · · ≤ xn ≤ b

⎫
⎬

⎭ < ∞.

If f ∈ BV ([a, b]) then V (f, [a, b]) is the total variation of f on [a, b]. Clearly,
if f is increasing on [a, b], then V (f, [a, b]) = f(b) − f(a).

b. If f : R → R is an element of BV ([a, b]) for each interval [a, b] ⊆ R, we
define

V (f)(x) =

{
f(0) + V (f, [0, x]), if x ≥ 0,
f(0) − V (f, [x, 0]), if x ≤ 0.

We call V (f) the variation function of f . It is an increasing function on R.
Note that the function V (f) can take negative values.

c. With the hypothesis of part b, it is straightforward to verify that

∀ a ≤ b, V (f)(b) − V (f)(a) = V (f, [a, b]);

see Problem 4.1a, which can be used to prove this equality.
d. If f ∈ L1

m([a, b]), then we write f ∈ BV ([a, b]) if there is a function
g ∈ BV ([a, b]) defined pointwise on [a, b] such that g = f m-a.e. As such,
BV ([a, b]) ⊆ L1

m([a, b]), since each element of BV ([a, b]) is bounded and
Lebesgue measurable.

The following result is the Jordan decomposition theorem, which we shall
prove in general measure-theoretic form in Theorem 5.1.8.
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Theorem 4.1.2. Jordan decomposition theorem
a. Let the function f : R → R be of the form

f = g1 − g2,

where each gi is an increasing function. Then for each interval [a, b] ⊆ R,
f ∈ BV ([a, b]) and

V (f, [a, b]) ≤ g1(b) − g1(a) + g2(b) − g2(a).

b. If the function f : R → R is an element of BV ([a, b]) for each interval
[a, b] ⊆ R, then the following hold:

P (x) = (1/2)(V (f)(x) + f(x)) and N(x) = (1/2)(V (f)(x) − f(x))
are increasing functions,

(4.1)

f = P −N, V (f) = P +N, (4.2)
f(0) = P (0) = V (f)(0), and N(0) = 0.

Proof. a. Take an interval [a, b] and a partition a ≤ x0 ≤ x1 ≤ · · · ≤ xn ≤ b.
Clearly,

n∑

j=1

|f(xj) − f(xj−1)| =
n∑

j=1

|g1(xj) − g1(xj−1) − g2(xj) + g2(xj−1)|

≤
n∑

j=1

|g1(xj) − g1(xj−1)| +
n∑

j=1

|g2(xj) − g2(xj−1)|

= g1(xn) − g1(x0) + g2(xn) − g2(x0)
≤ g1(b) − g1(a) + g2(b) − g2(a).

b. (4.2) is obvious from (4.1). Using the additivity of V (f, [a, b]), e.g.,
Problem 4.1, observe, as stated in Definition 4.1.1c, that

∀ [a, b] ⊆ R, V (f)(b) − V (f)(a) = V (f, [a, b]). (4.3)

Consequently,

P (b) − P (a) =
1
2

[V (f, [a, b]) + (f(b) − f(a))]

≥ 1
2

[|f(b) − f(a)| + (f(b) − f(a))] ≥ 0.

Thus, P is an increasing function. A similar argument works for N , and so
(4.1) is obtained. ��
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Let BVloc(R) be the space of functions f : R → R such that

∀ [a, b] ⊆ R, f ∈ BV ([a, b]).

By Theorem 4.1.2, BVloc(R) is a real vector space.

Definition 4.1.3. Bounded variation on RRR

BV (R) ⊆ BVloc(R) is the space of all functions f ∈ BVloc(R) for which

V (f) = V (f,R) = sup
a≤b

V (f, [a, b]) < ∞.

BV (R) is the real vector space of functions of bounded variation on R. Clearly,
f ∈ BV (R) implies V (f) ∈ R

+, and V (f) is the total variation of f .

Remark. Let V (f, (−∞, b]) = lima→−∞ V (f, [a, b]) and let V (f, [a,∞)) =
limb→∞ V (f, [a, b]). The limits exist by monotonicity. If f ∈ BVloc(R), then
for each a ∈ R, it is straightforward to check that

V (f) = V (f, (−∞, a]) + V (f, [a,∞))

and
∀ a ≤ b, V (f, [a,∞)) = V (f, [a, b]) + V (f, [b,∞)).

Further, if f ∈ BV (R) then f is bounded on R and

lim
x→−∞V (f, (−∞, x]) = 0 and lim

x→∞V (f, [x,∞)) = 0.

The following result is a consequence of Theorem 4.1.2.

Theorem 4.1.4. Jordan decomposition theorem for BV (R)BV (R)BV (R)
Given f : R → R, then f ∈ BV (R) if and only if f = f1 − f2, where
f1, f2 are bounded increasing functions on R. In this case, limx→−∞ f(x)
and limx→∞ f(x) exist.

A complex-valued function f : R → C is defined to be an element of
the complex-valued class BVloc(R) if both Re (f) and Im (f) are elements of
BVloc(R). Similarly we define a space BV (R) for complex-valued functions.
If g ∈ BV ([a, b]) then the function

f(x) =

⎧
⎪⎨

⎪⎩

g(x) − g(a), if x ∈ [a, b],
0, if x ≤ a,

g(b) − g(a), if x ≥ b,

is an element of BV (R) and V (f,R) = V (g, [a, b]). As such, an element of
BV ([a, b]), properly normalized, can be considered as an element of BV (R).

In the case of BVloc(R) and BV (R), there is no ambiguity between real-
and complex-valued functions. In particular, the following result is also valid
for complex-valued functions.
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Proposition 4.1.5. BVloc(R) is a vector space and BV (R) ⊆ BVloc(R) is a
linear subspace.

Example 4.1.6. f /∈ BV ([−1, 1])f /∈ BV ([−1, 1])f /∈ BV ([−1, 1]) and f ′ /∈ L1
m([−1, 1])f ′ /∈ L1
m([−1, 1])f ′ /∈ L1
m([−1, 1])

Let f(x) = x2 sin(1/x2) if x �= 0 and let f(0) = 0. We showed in Exam-
ple 3.2.10c that f /∈ BV ([−1, 1]). In this regard note Problem 4.4. Observe
that f ′ exists on [−1, 1] but that f ′ /∈ L1

m([−1, 1]), e.g., Theorem 4.6.7.

We denote BV ([0, 1]) by BV (T) when we want to think of 1-periodic
functions on R; and, if f ∈ BV (T), we denote V (f, [0, 1]) by V (f,T). We give
the following clever proof due to Mitchell Taibleson [464] of the following
classical result; see Example 3.3.4 and Appendix B for the definition of Fourier
coefficients.

Theorem 4.1.7. Fourier coefficients of BV (T)BV (T)BV (T)
If f ∈ BV (T) then

∀ n ∈ Z, |nf̂(n)| ≤ V (f,T).

Proof. Note that

∀ k ∈ Z and ∀ n ∈ Z \ {0},
∫ (k+1)/|n|

k/|n|
e2πinx dx = 0. (4.4)

When n �= 0, set ak = k/|n| for k = 0, . . . , |n|. Let g be the function

g(x) =
n∑

k=1

f(ak)�(ak−1,ak](x).

Then by (4.4),
∀ n �= 0, ĝ(n) = 0.

Thus, for n �= 0,

|f̂(n)| =
∣∣∣∣
∫ 1

0

(f(x) − g(x))e2πinx dx
∣∣∣∣ ≤

|n|∑

k=1

∫ ak

ak−1

|f(x) − f(ak)| dx

≤ 1
|n|

|n|∑

k=1

V (f, [ak−1, ak]) =
1
|n|V (f,T),

where the final step follows from the additivity of V (f, [a, b]). ��

Remark. The converse to Theorem 4.1.7 is not true. In fact, there is an
element f ∈ L1

m(T) such that

|nf̂(n)| = o(1), |n| → ∞.

In particular, |nf̂(n)| = O(1), |n| → ∞, and f /∈ BV (T); see Problem 4.5.
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Proposition 4.1.8. Let (R,B(R), μ) be a finite measure space and set

f(x) = μ((−∞, x]) (4.5)

for the given bounded measure μ. Then f is an increasing element of BV (R)
that is right continuous at each point x ∈ R.

Proof. Clearly, f is increasing and

μ((a, b]) = μ((−∞, b]) − μ((−∞, a]) = f(b) − f(a).

Because μ(R) < ∞ we conclude that f ∈ BV (R). Finally, we must show
that f(b) = limx→b+ f(x) for each b ∈ R (compare with the proof of Propo-
sition 3.5.2). We write

(−∞, b] =
∞⋂

n=1

(−∞, b+ 1/n] ,

so that, by the properties of measures,

f(b) = μ((−∞, b]) = lim
n→∞μ ((−∞, b+ 1/n]) = lim

n→∞ f (b+ 1/n) . ��

Theorem 4.1.9. Equivalence of bounded measures and increasing
functions
Consider the measurable space (R,B(R)).

a. If μ is a bounded measure on (R,B(R)), then f defined by (4.5) is an
increasing function of bounded variation, right continuous at each x ∈ R.

b. If f satisfies the conclusions of part a, then there is a unique bounded
measure μ on (R,B(R)) such that

∀ (a, b] ⊆ R, μ((a, b]) = f(b) − f(a). (4.6)

Proof. a. Part a is Proposition 4.1.8.
b. An increasing function of bounded variation must have real values.

Thus, part b follows from Theorem 3.5.1 and the remark following it.
For the proof of uniqueness see Problem 2.19. ��

The reader should compare Theorem 4.1.9 with Theorem 5.4.1.

Remark. For perspective note the relation between Theorem 4.1.9 and
the Riesz representation theorem (F. Riesz, 1909): μ is a continuous lin-
ear functional on C([a, b]), where C([a, b]) is taken with the ‖...‖∞ norm
(see Definition 2.5.9 and Appendix A.2.1), if and only if there is a function
g ∈ BV ([a, b]) such that

∀ f ∈ C([a, b]), μ(f) =
∫ b

a

f dg; (4.7)

cf. Section 7.1.
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The Riesz representation theorem has been generalized by Bourbaki in
the most perfect way by becoming the definition of measure; and it has been a
powerful influence on the formation of modern analysis. This metamorphosis
is the subject of Chapter 7.

In (4.7),
∫ b
a
f dg is the classical Riemann–Stieltjes integral with respect

to a function g of bounded variation. Its definition is analogous to that in
(3.29) of the Riemann–Stieltjes integral with respect to an increasing right-
continuous function. However, here, because we consider only the integral for
continuous functions f , we do not need to assume that the function g is right
continuous. For a more detailed discussion of the classical Riemann–Stieltjes
integral, see, e.g., [7], [355]. It should be observed that if f ∈ C([a, b]) and
g ∈ BV ([a, b]), then

∣∣∣∣∣

∫ b

a

f dg

∣∣∣∣∣ ≤ ‖f‖∞V (g, [a, b]).

We now give an application of (4.7) and several other results. The state-
ment of Proposition 4.1.10 is true by a simpler proof for the cases that |α| < 1
and α is a root of unity, and it is false for |α| > 1; the proof need not be assimi-
lated the first time around. The result is taken from Amer. Math. Monthly
75 (1968) 312–313, and is due to Donald J. (DJ) Newman (John Nash’s
Gnu); cf. [358] for further developments.

Proposition 4.1.10. Let |α| = 1. There is a nonzero function f ∈ BV (T)
such that

∀ x ∈ [0, 1], αf(x) = f(x/2) + f((x+ 1)/2).

Proof. For this result let C(T) be the space of C-valued continuous 1-periodic
functions g on R for which g(0) = g(1). From the Sidon theorem, e.g., Prob-
lem 4.6,

sup
|z|=1

∣∣∣∣∣

N∑

n=1

anz
2n

∣∣∣∣∣ ≥
1
4

N∑

n=1

|an|. (4.8)

We shall use this fact to prove that the set

S = {αg(x) − g(2x) : g ∈ C(T)}

is not dense in C(T); in fact, we shall show that

inf{‖e− f‖∞ : f ∈ S} ≥ 1
4
, (4.9)

where e(x) = e2πix. Set αg(x) − g(2x) = e(x) + δ(x). Then

α2g(x) − g(22x) = α2g(x) + αg(2x) − αg(2x) − g(22x)
= α(e(x) + δ(x)) + e(2x) + δ(2x).
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Consequently, when we iterate N times,

αNg(x) − g(2Nx) =
N∑

n=1

αN−ne(2n−1x) +
N∑

n=1

αN−nδ(2n−1x). (4.10)

From (4.10) we compute

2‖g‖∞ ≥
∣∣αNg(x) − g(2Nx)

∣∣ ≥
∣∣∣∣∣

N∑

n=1

αN−ne(2n−1x)

∣∣∣∣∣−N‖δ‖∞,

so that, from (4.8),

2‖g‖∞ ≥ 1
4

N∑

n=1

|an|N−n −N‖δ‖∞ = N((1/4) − ‖δ‖∞).

Thus,

‖δ‖∞ ≥ 1
4

− 2‖g‖∞
N

,

and since for any g ∈ C(T) this is valid for all N , we have (4.9).
We use (4.7), (4.9), and the Hahn–Banach theorem (see Appendix A.8)

to conclude that a function h ∈ BV ([0, 1]) exists such that

∀ g ∈ C(T),
∫ 1

0

(αg(x) − g(2x)) dh(x) = 0.

Computing
∫ 1

0

g(2x) dh(x) =
∫ 1

0

g(x) d {h(x/2) + h((x + 1)/2)} ,

we obtain

∀ g ∈ C(T),
∫ 1

0

g(x) d {αh(x) − h(x/2) − h((x + 1)/2)} = 0;

and thus αh(x) − h(x/2)− h((x+ 1)/2) is a constant c. Set f = h− d, where
d = c/(α− 2). ��

Proposition 4.1.11. Let f ∈ BV ([a, b]).
a. For each c ∈ [a, b], f(c±) exists and card D(f) ≤ ℵ0.
b. f is Lebesgue measurable and bounded.

Proof. a. f(c±) exists from Theorem 4.1.2. For each n let Dn = {c ∈ (a, b) :
|f(c+) − f(c−)| > 1/n}. Clearly, card Dn < ℵ0 since f ∈ BV ([a, b]). Thus,
card D(f) ≤ ℵ0.

b. Part b is clear from part a. ��
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Example 4.1.12. Increasing functions with discontinuities on QQQ

We construct a bounded increasing function f on (0, 1) that is discontinuous
precisely on the set Q ∩ (0, 1) = {rn : n = 1, . . .}. Define

fn(x) =

{
0, if x ∈ [0, rn),
1/2n, if x ∈ [rn, 1).

Then f =
∑
fn is an increasing function, since each fn is increasing; and

0 ≤ f ≤ 1 from the definition. For any fixed rk, the fact that
∑

n�=k fn is
increasing implies that

lim
x→rk−

∑

n�=k
fn(x) ≤ lim

x→rk+

∑

n�=k
fn(x).

Consequently, from the definition of fk(rk±) we have f(rk−) < f(rk+).

An interesting discussion of total variation and related concepts is found
in [97].

4.2 Decomposition into discrete and continuous parts

Let f : R → R be an increasing function. We shall try to find the “continuous
part” of f . Recall from Problem 1.16 that an increasing function can have at
most countably many points of discontinuity. If we write D(f) = {xn : n =
1, . . .}, define

sn(x) =

⎧
⎪⎨

⎪⎩

0, if x < xn,

f(xn) − f(xn−), if x = xn,

f(xn+) − f(xn−), if x > xn.

Clearly, sn is a nonnegative increasing function. (The “s” is for “saltus”,
which, in turn, is for old times’ sake.)

Proposition 4.2.1. Assume that f : R → R is an increasing function, and
let D(f) = {xn : n = 1, . . .}. Define

gn = f −
n−1∑

k=1

sk.

Then,
a. gn is an increasing function;
b. gn is continuous on the set C(f) ∪ {x1, . . . , xn−1}.
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Proof. a. If x < y < x1 then g1(y) = f(y) ≥ f(x) = g1(x). If x < x1 then
g1(x1) = f(x1) − (f(x1) − f(x1−)) = f(x1−) ≥ f(x) = g1(x).

For x1 < x, g1(x) = (f(x) − f(x1+)) + f(x1−) ≥ f(x1−) = g1(x1).
Finally, when x1 < x < y, g1(y) = f(y) − (f(x1+) − f(x1−)) ≥ f(x) −

(f(x1+) − f(x1−)) = g1(x).
Consequently, g1 is increasing; and for arbitrary gn the result follows by

induction.
b. It is sufficient to check that for n > 1,

lim
x→x1±

gn(x) = gn(x1).

Note that gn(x1) = f(x1−) −
∑n−1

j=2 sj(x1). We shall check that

lim
x→x1−

gn(x) = gn(x1);

a similar argument works for x → x1+. Clearly,

lim
x→x1−

gn(x) = f(x1−) − lim
x→x1−

s1(x) − lim
x→x1−

n−1∑

j=2

sj(x).

In this case s1(x) = 0 since x < x1, and

lim
x→x1−

n−1∑

j=2

sj(x) =
n−1∑

j=2

sj(x1)

by the definition of sj . ��

Remark. Assume that f : R → R is an element ofBV (R). With the previous
notation observe that

∑∞
j=1 sj(x) converges. In fact, if all but finitely many

xn are greater than x then the sum is finite, and if infinitely many xn are
less than x we have convergence by the definition of sj and the fact that f
increases. For example, if xn < x for each n then

∞∑

j=1

sj(x) =
∞∑

j=1

(f(xj+) − f(xj−)),

and the second sum is finite since V (f) < ∞; cf. Example 4.1.12. Besides
the pointwise convergence we also have that

∑
sj converges uniformly on

any closed bounded interval [a, b]. To verify this latter assertion note that if
s =

∑
sj and ε > 0 is given, then

∃ N such that ∀ n > N,

∣∣∣∣∣∣

∞∑

j=n

sj(a)

∣∣∣∣∣∣
< ε and

∣∣∣∣∣∣

∞∑

j=n

sj(b)

∣∣∣∣∣∣
< ε.
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Consequently, for all x ∈ [a, b] and for all n > N ,

−ε <
∞∑

j=n

sj(a) ≤
∞∑

j=n

sj(x) = s(x) −
n−1∑

j=1

sj(x) ≤
∞∑

j=n

sj(b) < ε.

If f is an increasing element of BV (R) then s =
∑
sj is the discrete or

discontinuous part of f . If f ∈ BV (R) and f = P − N , with notation as in
Theorem 4.1.2, the discrete part of f is

s = sP − sN ,

where sP , respectively, sN , is the discrete part of P , respectively, N .
The following result is straightforward to prove; cf. Problem 4.19b, which

concerns the differentiability of the variation function V (f).

Proposition 4.2.2. Let f ∈ BV (R). If f is continuous at x then the varia-
tion function V (f), and hence P and N , are continuous at x.

From Proposition 4.2.1, Proposition 4.2.2, and the previous Remark, we
conclude with the following theorem.

Theorem 4.2.3. The continuous part of f ∈ BV (R)f ∈ BV (R)f ∈ BV (R)
Let f ∈ BV (R) have discrete part s. Then

g = f − s ∈ BV (R)

is a continuous function on R. Further, if f is an increasing function then g
is an increasing function, and if f is a continuous function then s = 0.

The function g in Theorem 4.2.3 is the continuous part of f . In this regard
and taking μ and then f as in Proposition 4.1.8, note that

∀ x ∈ R, μ({x}) = lim
n→∞μ ((x− 1/n, x]) = f(x) − f(x−),

and so, since f defined by (4.5) is right continuous, f ∈ BV (R) is continuous
at x if and only if μ({x}) = 0. Also note that the function f in Example 4.1.12
is a discrete function that is discontinuous precisely on the rational numbers
in [0, 1].

Example 4.2.4. Cantor–Lebesgue continuous measure
Let E ⊆ [0, 1] be a perfect symmetric set determined by {ξk : k = 1, . . .} ⊆
(0, 1/2) and let CE be its associated Cantor function; see Example 1.3.17.
If m(E) = 0 then C ′

E = 0 m-a.e.; CE has no discrete part and the measure μE
associated with CE (by Theorem 4.1.9b) is the Cantor–Lebesgue continuous
measure for E. In light of the following example note that CE takes constant
values on a set of positive measure, and, in particular, it is not a strictly
increasing function.
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Example 4.2.5. Hellinger example
We now present the Hellinger example (1907); cf. Example 4.6.6. This is a
continuous, strictly increasing function H : [0, 1] → R such that H ′ = 0
m-a.e. The function H will, in fact, depend on a fixed t ∈ (0, 1), and so,
later, we shall sometimes write H = Ht. We shall see that H takes the form
limn→∞Hn, and we begin by setting H0(x) = x on [0, 1]. Assume that Hn−1

is constructed. We shall take Hn to be continuous and linear in each dyadic
interval [k/2n, (k + 1)/2n], k = 0, . . . , 2n − 1. Besides that, we set

Hn

(
k

2n−1

)
= Hn−1

(
k

2n−1

)
, k = 0, . . . , 2n−1,

and for our fixed t ∈ (0, 1) we define

Hn

(
2k + 1

2n

)
=

1 − t

2
Hn−1

(
k

2n−1

)
+

1 + t

2
Hn−1

(
k + 1
2n−1

)
,

k = 0, . . . , 2n−1 − 1. Note that (2k + 1)/2n is the midpoint of [k/2n−1,
(k + 1)/2n−1]. For example, take t = 1/2 and observe that H1(1/2) = 3/4;
see Figure 4.1.

Fig. 4.1. Hellinger example.

From this construction we see that Hn is continuous and strictly increas-
ing, and that

∀ x ∈ [0, 1], 0 ≤ Hn(x) ≤ Hn+1(x) ≤ 1.

Consequently, H = limn→∞Hn exists and is an increasing function. Now let
x < y and choose an n and a corresponding k ∈ {0, . . . , 2n − 1} such that

x < k/2n < y.
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Then
H(x) ≤ H(k/2n) = Hn(k/2n) < Hn(y) ≤ H(y),

so that H is strictly increasing.
We now prove that H is continuous at each x ∈ [0, 1]. Take

{x} =
∞⋂

n=1

[αn, βn], [αn, βn] = [kn/2n, (kn + 1)/2n],

where [αn+1, βn+1] ⊆ [αn, βn]. Clearly, αn+1 = αn and βn+1 = βn−(1/2n+1),
or αn+1 = αn + (1/2n+1) and βn+1 = βn. In the first case,

H(βn+1) −H(αn+1) = Hn+1(βn+1) −Hn+1(αn+1)

= Hn+1(βn+1) −Hn(αn)

=
1 − t

2
Hn(αn) +

1 + t

2
Hn(βn) −Hn(αn)

=
1 + t

2
Hn(βn) − 1 + t

2
Hn(αn).

(4.11)

For the second case, the computation yields “(1−t)/2” instead of “(1+t)/2”,
and so in either situation, we have

H(βn+1) −H(αn+1) =
1 ± t

2
(Hn(βn) −Hn(αn)).

Continuing this process we obtain

H(βn+1) −H(αn+1) =
n∏

j=1

1 + εjt

2
, εj = ±1, (4.12)

and hence

|H(βn+1) −H(αn+1)| ≤
(

1 + t

2

)n
, (4.13)

since 1 + εjt ≤ 1 + t. (As a gift, (4.12) also yields another proof that H is
strictly increasing.) The continuity of H at x follows from (4.13), which in
fact tells us that H(x+) = H(x−).

Now, H ′(x) exists m-a.e., as we shall prove in Theorem 4.3.2. For any
such x choose {[αn, βn]} as before, and observe that

H(βn+1) −H(αn+1)
βn+1 − αn+1

= 2n+1
n∏

j=1

1 + εjt

2
= 2

n∏

j=1

(1 + εjt), εj = ±1.

The product
∏∞
j=1(1 + εjt) diverges to 0, since we are assuming that H ′(x)

exists, and so H ′(x) = 0 m-a.e.



4.2 Decomposition into discrete and continuous parts 177

A similar function was introduced by Hermann Minkowski in 1912
in his study of quadratic irrationals. Further examples have been given
by Borge Jessen, Salem, Wiener, and Aurel Wintner, e.g., [414],
pages 282–294.

Proposition 4.2.6. Let f : [a, b] → R be a continuous function. Then

lim
|P |→0

∑
|f(xj) − f(xj−1)| = V (f, [a, b]),

where V (f, [a, b]) may be infinite and the norm |P | of a partition P is defined
as max{|xj − xj−1| : j = 1, . . . , n} for the partition P : a = x0 ≤ x1 ≤ · · · ≤
xn = b.

In order to determine sets of continuity in Proposition 1.3.6 we dealt with
the oscillations ω(f, Ij), Ij = [xj , xj+1]. If f is continuous on [a, b] we can
easily check, using Proposition 4.2.6 and the notation there, that

lim
|P |→0

n−1∑

j=0

ω(f, Ij) = V (f, [a, b]).

We shall now give a criterion in order that a continuous function be a
function of bounded variation. Let f : [a, b] → R be continuous and define

∀ y ∈ R, Ry = f−1(y) = {x ∈ [a, b] : f(x) = y}.

The Banach indicatrix B : R → R
+ ∪ {∞} is defined as

∀ y ∈ R, B(y) = card Ry.

We want to mention that Banach denoted the indicatrix function by N and,
naturally, he did not call it the Banach indicatrix.

Theorem 4.2.7. Banach–Vitali theorem
Let f : [a, b] → R be a continuous function.

a. B is Lebesgue measurable and
∫ d

c

B(y) dy = V (f, [a, b]),

where c = inf{f(x) : x ∈ [a, b]} and d = sup{f(x) : x ∈ [a, b]}.
b. f ∈ BV ([a, b]) ⇐⇒ B ∈ L1

m([c, d]).
c. If f ∈ BV ([a, b]) then m({y : B(y) ≥ ℵ0}) = 0.

Proof. a. Let Pn : a = x0 < a+ (b − a)/2n = x1 < · · · < a + j(b − a)/2n =
xj < · · · < x2n = b be a partition of [a, b]. We have |Pn| = (b − a)/2n. (The
norm is defined in Section 3.1 and in the statement of Proposition 4.2.6.) For
each j = 1, . . . , 2n define
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∀ y ∈ R, Sj(y) =

{
1, if ∃ x ∈ (xj−1, xj ] such that f(x) = y,

0, if ∀ x ∈ (xj−1, xj ] f(x) �= y.

Observe that Sj is a bounded Lebesgue measurable function with at most
two points of discontinuity, and that

∫ d

c

Sj(y) dy = ω(f, Jj), where Jj = (xj−1, xj ].

Define Bn =
∑2n

j=1 Sj. From the above remarks,

lim
n→∞

∫ d

c

Bn(y) dy = V (f, [a, b]).

Now, {Bn : n = 1, . . .} is an increasing sequence, so that by LDC
∫ d

c

B̃ dy = lim
n→∞

∫ d

c

Bn(y) dy,

where B̃ is the pointwise limit of the sequence {Bn : n = 1, . . .}.
Clearly, B̃ ≤ B since Bn ≤ B, and so we shall complete the proof of part

a once we prove that B ≤ B̃.
Let m ≤ B(y) and choose z1 < z2 < · · · < zm, where each f(zk) = y.

Take n large enough that

∀ k = 1, . . . , n,
b− a

2n
< zk − zk−1.

Consequently, no two zks will be in the same [xj−1, xj ] for the partition Pn.
Thus, Bn(y) ≥ m, and so B̃(y) ≥ m. Since this is true for each m ≤ B(y) we
conclude that B(y) ≤ B̃(y).

b. Part b follows from part a.
c. Part c is clear from part b. ��

Banach is usually given full credit for the above result; see Théorème 1.2
in [18]. The relevant Vitali paper, with the result obtained independently,
is [488]. Theorem 4.2.7 has been generalized by Sergei M. Lozinskii, [330],
[331], to include cases of functions f that are discontinuous but for which
one-sided limits exist on [0, 1]. For more on this subject we also refer the
interested reader to the commentary of Lipiński on the work of Banach

in [21].

4.3 The Lebesgue differentiation theorem

In 1904, Lebesgue proved the differentiation theorem: continuous functions
of bounded variation have a derivative m-a.e. In 1907, while trying to extend
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the fundamental theorem of calculus (FTC) to R
2, Vitali proved what is

now known as the Vitali covering lemma. This became the basis for proving
general differentiation theorems; see Chapter 8. In 1932, F. Riesz gave a
different proof of Lebesgue’s result using the so-called “rising sun lemma”.
Riesz’ proof is found in [15], [392], pages 6–11. Riesz’ approach to prov-
ing the result without integration theory was anticipated by Georg Faber

(1910) and the Youngs (1911). L. Cohen [109] has made a simplification
of Riesz’ technique and used it to obtain the differentiation theorem for
df/dg, where f and g are increasing; this is interesting, since g(x) = x is the
usual result and because it provides a means to compute a Radon–Nikodym
derivative without using the integration theory centered about the Radon–
Nikodym theorem; cf. the development in Chapter 8. Vitali’s approach has
been studied extensively, and we refer to [79] for an important survey. There
are also proofs of the differentiation theorem by Donald G. Austin [16],
Giorgio Letta [318], and Michael W. Botsko [68]. None of the proofs
we know is transparent, but these last three seem simpler than most. Vitali’s
proof is long but readable, and we shall give Banach’s proof [17] of Vitali’s
theorem. Banach’s technique is brilliant, and the exposition of it in [235]
is perfect; as such we have no choice but to engage in a copying exercise.

A collection V of intervals is a Vitali covering of X ⊆ R if

∀ ε > 0 and ∀ x ∈ X, ∃ I ∈ V , for which m(I) < ε, such that x ∈ I.

Vitali’s result below does not preclude the possibility that if X ⊆
⋃N
n=1 In

then m∗
(⋃N

n=1 In \X
)

is large.

Theorem 4.3.1. Vitali covering lemma
Let X ⊆ R with m∗(X) < ∞, and let V be a Vitali covering of X. Then for
each ε > 0 there is a disjoint family {In : n = 1, . . . , N} ⊆ V such that

m∗
(
X \

N⋃

n=1

In

)
< ε. (4.14)

Proof. i. Without loss of generality we can take each interval I ∈ V to be
closed, since

m∗
(
X \

N⋃

n=1

In

)
= m∗

(
X \

N⋃

n=1

In

)
.

Also without loss of generality let U be an open set, with m(U) < ∞, such
that

∀ I ∈ V , I ⊆ U.

We can do this since m∗(X) < ∞ and V is a Vitali covering, even though we
may be throwing away some of our original elements from V .

ii. We now choose a disjoint family {In : n = 1, . . .} ⊆ V that “almost”
covers X in the following way. Take any I1 ∈ V and assume that a disjoint



180 4 The Relationship between Differentiation and Integration on R

family {I1, . . . , In} ⊆ V has been chosen. If X ⊆
⋃N
j=1 Ij we stop the proce-

dure. Assume otherwise. Define rn = sup{m(I) : I ∩ Ij = ∅, j = 1, . . . , n,
I ∈ V}, noting that

∀ n, rn ≤ m(U) < ∞.

We see that rn is positive, since V is a Vitali covering and
⋃N
j=1 Ij does not

cover X . Thus, we can take In+1 ∈ V for which

m(In+1) >
1
2
rn

and
∀ j = 1, . . . , n, In+1 ∩ Ij = ∅.

Obviously, without loss of generality, we can choose {m(Ij) : j = 1, . . .} to
be a decreasing sequence.

iii. Using part ii we see that

∃ N > 0 such that
∞∑

j=N+1

m(Ij) <
ε

5
;

this follows since {Ij : j = 1, . . .} is a disjoint family and m(U) < ∞. We shall
prove that

m∗

⎛

⎝X \
N⋃

j=1

Ij

⎞

⎠ < ε.

iv. If y ∈ X \
⋃N
j=1 Ij we can choose Iy ∈ V such that y ∈ Iy and

∀ j = 1, . . . , N, Iy ∩ Ij = ∅; (4.15)

this follows from the definition of V , including the hypothesis that each of its
elements is a closed interval.

Next observe that Iy ∩ In �= ∅ for some n. To see this, take any n (larger
than N in light of (4.15)) and assume that Iy ∩ Ij = ∅ for each j ≤ n. Then,
from the definition of rn and the construction of {Ij : j = 1, . . .},

m(Iy) ≤ rn < 2m(In+1). (4.16)

Since
∑
m(Ij) < ∞, we have m(Ij) → 0; and thus Iy ∩ Ij �= ∅ for some j.

v. Let n = n(y) be the smallest integer (n > N) for which Iy ∩ In �= ∅,
where y ∈ X \

⋃N
j=1 Ij , and let xn be the midpoint of In. We shall prove that

|y − xn| ≤
5
2
m(In). (4.17)



4.3 The Lebesgue differentiation theorem 181

Fig. 4.2. Vitali covering estimate.

Clearly (from Figure 4.2, for example),

|y − xn| ≤ m(Iy) +
1
2
m(In). (4.18)

Because of (4.16) and the fact that {m(Ij) : j = 1, . . .} decreases, we obtain
(4.17) from (4.18).

vi. For each n let Jn be the closed interval with center xn and length five
times that of In. From (4.17), y ∈ Jn. Since n = n(y) > N and y is arbitrary
in X \

⋃N
j=1 Ij , we have

X \
N⋃

j=1

Ij ⊆
∞⋃

n=N+1

Jn

and

m

( ∞⋃

n=N+1

Jn

)
≤

∞∑

n=N+1

m(Jn) ≤ 5
∞∑

n=N+1

m(In) < ε.

This yields (4.14). ��

The Dini derivates of a function f : R → R are

D+f(x) = lim
h→0+

f(x+ h) − f(x)
h

,

D+f(x) = lim
h→0+

f(x+ h) − f(x)
h

,

D−f(x) = lim
h→0−

f(x+ h) − f(x)
h

= lim
h→0+

f(x) − f(x− h)
h

,

D−f(x) = lim
h→0−

f(x+ h) − f(x)
h

= lim
h→0+

f(x) − f(x− h)
h

.
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These numbers always exist, and it is obvious that
i. D+f(x) ≥ D+f(x), D−f(x) ≥ D−f(x),
ii. ∃ f ′(x) ⇐⇒ D+f(x) = D+f(x) = D−f(x) = D−f(x) �= ±∞.
Now for the differentiation theorem formulated by Lebesgue in 1904;

see [392], pages 5–11, for background and foreground.

Theorem 4.3.2. Lebesgue differentiation theorem
Let f ∈ BV ([a, b]). Then,

a. f ′ exists m-a.e.
b. f ′ ∈ L1

m([a, b]).
c. If f is increasing then

∫ b
a f

′ ≤ f(b) − f(a).

Proof. Without loss of generality we assume that f is increasing.
a. i. To prove part a we must show that the set of points where any two

derivatives are unequal has Lebesgue measure 0. We shall do the computation
for

A = {x : D+f(x) > D−f(x)},

proving that
r = m∗(Ap,q) = 0, (4.19)

where
Ap,q = {x : D+f(x) > p > q > D−f(x)}, p, q ∈ Q.

It is sufficient to prove (4.19), since A =
⋃

{Ap,q : p, q ∈ Q}. In order to
verify (4.19) we assume r �= 0 and show that

∀ ε > 0, b(r + ε) > a(r − 2ε); (4.20)

this tells us that q ≥ p, the desired contradiction.
ii. We construct a Vitali covering V of Ap,q.
Let U be an open set containing Ap,q such that m(U) < r + ε. For each

x ∈ Ap,q choose h > 0 for which

[x− h, x] ⊆ U, f(x) − f(x− h) < bh; (4.21)

this can be done from the definition of Ap,q and because U is open.
The set V is defined to be the collection of all possible intervals [x−h, x],

where x ∈ Ap,q and h satisfies (4.21). Obviously, V is a Vitali covering of Ap,q,
and so, from Theorem 4.3.1, there is a disjoint family {Ij = [xj − hj , xj ] ∈
V : j = 1, . . . , N} satisfying

m∗

⎛

⎝Ap,q \
N⋃

j=1

Ij

⎞

⎠ < ε.
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iii. Let

B = Ap,q ∩

⎛

⎝
N⋃

j=1

Ij

⎞

⎠ ,

and observe that ⎛

⎝Ap,q \
N⋃

j=1

Ij

⎞

⎠ ∪B = Ap,q.

Thus, from part ii,
m∗(Ap,q) < ε+m∗(B). (4.22)

We now proceed to define a Vitali covering U of B in terms of {I1, . . . , IN}.
For each y ∈ B there is j ∈ {1, . . . , N} such that y ∈ Ij ; choose k ∈ R

+ such
that [y, y + k] ⊆ Ij and

f(y + k) − f(y) > pk. (4.23)

Inequality (4.23) is possible by the definition of Ap,q.
The set U is defined to be the collection of intervals [y, y+k], for y ∈ B and

k ∈ R, for which [y, y+ k] is contained in some Ij , j = 1, . . . , N , and (4.23) is
satisfied. Obviously, U is a Vitali covering of B, and so, from Theorem 4.3.1,
there is a disjoint family {Jj = [yj, yj + kj ] : j = 1, . . . ,M} satisfying

m∗

⎛

⎝B \
M⋃

j=1

Jj

⎞

⎠ < ε.

iv. Let

D = B ∩

⎛

⎝
M⋃

j=1

Jj

⎞

⎠

and observe that

B =

⎛

⎝B \
M⋃

j=1

Jj

⎞

⎠ ∪D;

thus
m∗(B) < ε+m∗(D),

which, when combined with (4.22) and (4.23), yields

p(r − 2ε) < pm∗(D) ≤ pm∗

⎛

⎝
M⋃

j=1

Jj

⎞

⎠ = p
M∑

j=1

kj <
M∑

j=1

(f(yj + kj) − f(yj)).

(4.24)
v. From the definition of U , each Jj , j = 1, . . . ,M , is contained in some

Ii, i = 1, . . . , N . Hence, for each fixed n = 1, . . . , N ,
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∑

Jj⊆In

(f(yj + kj) − f(yj)) ≤ f(xn) − f(xn − hn),

since f is increasing and {Jj : j = 1, . . . ,M} is a disjoint family.
This observation, combined with (4.24) and (4.21), implies (4.20):

p(r − 2ε) ≤ q

N∑

j=1

hj ≤ q m(U) < q(r + ε).

Part a is complete.
b. and c. Define

gn(x) = n [f(x+ (1/n)) − f(x)] ,

where we define f(x) = f(b) if x ≥ b. From part a, gn → f ′ pointwise m-a.e.
Also, gn, f ′, and |f ′| are measurable since f is measurable. By Fatou’s lemma
and the fact that f is increasing,

∫ b

a

|f ′| ≤ lim
n→∞

∫ b

a

|gn| = lim
n→∞

[
n

∫ b+(1/n)

b

f − n

∫ a+(1/n)

a

f

]

≤ f(b) − f(a) < ∞. ��

Theorem 4.3.3. A measure-theoretic result about Diophantine
approximation
Let P : N → R

+ be a function and let A be a set of irrational numbers x such
that ∣∣∣∣x− p

q

∣∣∣∣ <
1

qP (q)
, (p, q) = 1,

for infinitely many integers q > 1. If

∞∑

q=1

1
P (q)

< ∞

then m(A) = 0.

Proof. Take A ⊆ [0, 1] and define

f(x) =

{
0, if x is irrational in [0, 1],
1/(qP (q)), if x = p/q ∈ [0, 1], where (p, q) = 1.

We first prove that f ∈ BV ([0, 1]). Observe that for each q > 1 there
are fewer than q rational numbers p/q ∈ [0, 1], where (p, q) = 1. Take any
partition 0 = x0 < x1 < · · · < xn = 1, and observe that if each xj = p/q then∑n

j=1 |f(xj)| < 1/P (q). This is the “worst” possible situation in the sense
that no matter what the xj are,
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n∑

j=1

|f(xj) − f(xj−1)| ≤ 2
n∑

j=0

|f(xj)| ≤ 2
m∑

q=1

1
P (q)

≤ 2
∞∑

q=1

1
P (q)

< ∞.

Thus, f ∈ BV ([0, 1]).
Since f ∈ BV ([0, 1]) we can apply the Lebesgue differentiation theorem,

and hence f ′ exists m-a.e. Consequently, f ′ exists for almost all irrationals.
Take such an irrational x. Then f ′(x) = 0 since in the difference quotient we
can approximate x by rationals. Observe that in this case

f(p/q) − f(x)
(p/q) − x

=
1

qP (q)((p/q) − x)
,

and so for ε = 1 there is a (largest possible) δ(1) for which
∣∣∣∣
p

q
− x

∣∣∣∣ < δ(1) =⇒ 1
qP (q)

<

∣∣∣∣
p

q
− x

∣∣∣∣ . (4.25)

If we assume that there exist infinitely many integers q > 1 such that
∣∣∣∣x− p

q

∣∣∣∣ <
1

qP (q)
,

then (4.25) implies that for such q,
∣∣∣∣
p

q
− x

∣∣∣∣ ≥ δ(1).

Thus, we obtain a contradiction, since, for infinitely many q,

1
qP (q)

≥
∣∣∣∣
p

q
− x

∣∣∣∣ ≥ δ(1) > 0,

and the left-hand side tends to 0 as q → ∞.
Therefore, x /∈ A, and so an irrational number x ∈ [0, 1] is in A only if

f ′(x) does not exist; and this latter possibility can occur only on a set of
Lebesgue measure 0. Thus, m(A) = 0. ��

4.4 Fundamental Theorem of Calculus I

If f ∈ L1
m([a, b]), we set

∀ x ∈ [a, b], F (x) =
∫ x

a

f

for the next two results.

Proposition 4.4.1. If f ∈ L1
m([a, b]) then F is a continuous function of

bounded variation.
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Proof. The fact that F is continuous follows immediately from Proposi-
tion 3.3.9. For the bounded variation observe that

n∑

j=1

|F (xj) − F (xj−1)| ≤
n∑

j=1

∫ xj

xj−1

|f | =
∫ b

a

|f | < ∞. ��

Once we define absolute continuity of point functions we shall see imme-
diately (using Proposition 3.3.9) that F is absolutely continuous; this notion
is stronger than that of bounded variation and continuity.

Proposition 4.4.2. Let f ∈ L1
m([a, b]) and assume that F is identically 0.

Then f = 0 m-a.e.

Proof. Without loss of generality assume that f > 0 on a set A of positive
Lebesgue measure, m(A) > 0. By the properties of Lebesgue measure, there
is a closed set K ⊆ A such that m(K) > 0. Let U = [a, b] \K. Then

0 =
∫ b

a

f = F (b) =
∫

K

f +
∫

U

f,

and so ∫

U

f = −
∫

K

f < 0.

The set U =
⋃∞
n=1(an, bn) is a disjoint union of open intervals, so that, by

LDC,

0 �=
∫

U

f =
∞∑

n=1

∫ bn

an

f,

and consequently ∫ bn

an

f �= 0

for some n. Thus, either
∫ an

a f or
∫ bn

a f is nonzero, and this contradicts the
hypothesis on F . ��

Theorem 4.4.3. Fundamental Theorem of Calculus (FTC) I
Let f ∈ L1

m([a, b]) and take r ∈ R. Define the function F : [a, b] → R as

F (x) = r +
∫ x

a

f

(so that F (a) = r). Then
F ′ = f m-a.e.
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Proof. We consider the case that ‖f‖∞ < ∞. The unbounded case is left as
an exercise (Problem 4.21). We have F ∈ BV ([a, b]) from Proposition 4.4.1,
and so F ′ exists m-a.e. because of Theorem 4.3.2. Define F (x) = F (b) for
x ≥ b and set

fn(x) =
F (x+ (1/n)) − F (x)

1/n
= n

∫ x+(1/n)

x

f.

Consequently, fn → F ′ m-a.e. Since ‖f‖∞ < ∞ we can employ LDC to
obtain

∫ c

a

F ′ = lim
n→∞

∫ c

a

fn = lim
h→0

1
h

∫ c

a

(F (x+ h) − F (x)) dx

= lim
h→0

1
h

[∫ c+h

c

F −
∫ a+h

a

F

]
= F (c) − F (a) =

∫ c

a

f

for each c ∈ [a, b]. The penultimate equality follows by the continuity of F
and the observation that

∣∣∣∣∣F (c) − 1
h

∫ c+h

c

F

∣∣∣∣∣ =

∣∣∣∣∣
1
h

∫ c+h

c

(F (c) − F )

∣∣∣∣∣ ≤ sup
x∈[c,c+h]

|F (c) − F (x)|.

Thus,

∀ c ∈ [a, b],
∫ c

a

(F ′ − f) = 0,

and we can apply Proposition 4.4.2 to conclude that F ′ = f m-a.e. ��

Example 4.4.4. The primitive of sin(1/x)sin(1/x)sin(1/x)
Let f(x) = sin(1/x) for x > 0 and let f(0) = 0. Define the function

F (x) =

{
0, if x = 0,
x2 cos(1/x) − 2

∫ x
0 t cos(1/t) dt, if x > 0.

Then F ′ = f in [0,∞).

Let us look at the differentiation of indefinite integrals as an averaging
procedure. Thus, from Theorem 4.4.3, if f ∈ L1

m([a, b]) and

F (x) =
∫ x

a

f,

we have F ′ = f m-a.e., and so

lim
h→0

1
h

∫ x+h

x

(f(t) − f(x)) dt = 0 m-a.e. (4.26)
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Now (4.26) could be valid due to the cancellation caused by change of sign
in the integration, or the stronger result

lim
h→0

1
h

∫ x+h

x

|f(t) − f(x)| dt = 0 m-a.e. (4.27)

could be true. In fact, (4.27) is true and is a corollary of the following even
more general theorem.

Theorem 4.4.5. Lebesgue’s extension of FTC-I
Let f ∈ L1

m([a, b]) be real-valued. There is a subset L ⊆ [a, b], for which
m(L) = b− a, such that

∀ r ∈ R and ∀ x ∈ L, lim
h→0

1
h

∫ x+h

x

|f(t) − r| dt = |f(x) − r|.

Proof. Let {rn : n = 1, . . .} ⊆ R be dense, and define the elements gn ∈
L1
m([a, b]) as

gn(x) = |f(x) − rn|.
Because of Theorem 4.4.3, for each n there is a subset Ln ⊆ [a, b], for which
m(Ln) = b− a, such that

∀ x ∈ Ln, lim
h→0

1
h

∫ x+h

x

gn = gn(x). (4.28)

Setting L =
⋂
Ln, we have m(L∼) = m(

⋃
L∼
n ) ≤

∑
m(L∼

n ) = 0, and so
m(L) = b− a.

Let ε > 0 and r ∈ R. Choose n = n(ε, r) such that |r − rn| < ε/3. Then

∀ x ∈ [a, b],
∣∣|f(x) − r| − |f(x) − rn|

∣∣ < ε

3
;

and so, for all x ∈ [a, b],
∣∣∣∣∣
1
h

∫ x+h

x

|f(t) − r| dt− |f(x) − r|
∣∣∣∣∣ <

2ε
3

+

∣∣∣∣∣
1
h

∫ x+h

x

(gn(t) − gn(x)) dt

∣∣∣∣∣ .

If x ∈ L then x is in Ln, where n = n(ε, r); consequently, from (4.28) there
is hε > 0 for which

∣∣∣∣∣
1
h

∫ x+h

x

(gn(t) − gn(x)) dt

∣∣∣∣∣ <
ε

3

for all |h| < hε. ��

We rewrite Theorem 4.4.5 as follows; also, see Theorem 8.4.7 for a version
for regular Borel measures on R

d.
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Corollary 4.4.6. Let f ∈ L1
m([a, b]). There is a subset L ⊆ [a, b], for which

m(L) = b− a, such that

∀ x ∈ L,

∫ h

0

|f(x+ t) − f(x)| dt = o(h), h → 0. (4.29)

The largest set of points x ∈ [a, b] for which (4.29) holds, for a given
f ∈ L1

m([a, b]), is the Lebesgue set L(f) of f . It is clear from (4.29) that

C(f) ⊆ L(f)

and that
m(L(f)) = b− a.

Remark. We can reformulate the notion of Lebesgue set in the follow-
ing more elegant way; see [264], pages 458–459 and pages 491–494. Let
f ∈ L1

m([a, b]). Then x ∈ (a, b) is an element of the Lebesgue set L(f) of
f ∈ L1

m([a, b]) if

∃ cx ∈ C such that
∫ h

0

|f(x+ t) − cx| dt = o(h), h → 0. (4.30)

Because of Corollary 4.4.6, cx is unique for any given x and f . If g is a point
function representative of the equivalence class f ∈ L1

m([a, b]), then g(x) = cx
in (4.30) for almost every x ∈ L(f).

Example 4.4.7. The Fejér kernel and the Lebesgue set
The Fejér kernel {WN : N = 1, . . .} and convolution ∗ on T were defined in
Problem 3.28, and we saw that ‖WN ∗ f − f‖∞ → 0 for 1-periodic functions
f ∈ C(R), i.e., f ∈ C(T). The convolution WN ∗ f is the arithmetic mean
of the first N + 1 partial sums of the Fourier series for f ; see Problem 4.28.
In particular,

lim
N→∞

|WN ∗ f(x) − f(x)| = 0 (4.31)

for each x ∈ [0, 1). The question arises whether (4.31) has any meaningful
generalization for arbitrary elements f ∈ L1

m(T). The answer is contained in
Lebesgue’s result: If f ∈ L1

m(T) and x ∈ L(f) then (4.31) is valid, see [524]
for a proof as well as Sections 3.8.3 and 4.7.5.

4.5 Absolute continuity and Fundamental Theorem of
Calculus II

The problem now is to find a converse to Theorem 4.4.3; that is, given a
continuous function F : [a, b] → R of bounded variation, is it true that

F (x) − F (a) =
∫ x

a

F ′(t) dt?

Recall that F ′ ∈ L1
m([a, b]) if F ∈ BV ([a, b]).



190 4 The Relationship between Differentiation and Integration on R

Example 4.5.1. The integral of the derivative of the Cantor func-
tion
Note that the Cantor function CC ∈ BV ([0, 1]) is continuous and C′

C = 0
m-a.e. Hence ∫ 1

0

C′
C = 0,

whereas CC(1) − CC(0) = 1. This fact tells us that CC is not absolutely
continuous; see Definition 4.5.2.

Thus, the above question is answered negatively, and so, if a converse is to
hold, we need F to satisfy a requirement that is stronger than both bounded
variation and continuity. Such a notion exists and was given explicitly by
Vitali [482], although Carl G. A. Harnack had used a similar notion
in a different context during the late 1890s. Vitali’s concept is absolute
continuity, and with it he characterized the relation between differentiation
and integration in the context of Lebesgue’s theory. This characterization
is the most general form of FTC, i.e., Theorem 4.5.5. Lebesgue’s role in this
matter is important. His major work was available to Vitali (cf. Section 5.6.3
for a historical remark on this point), and although Vitali published the first
proof of Theorem 4.5.5 in [482], Lebesgue produced a quite efficient proof
shortly thereafter in 1907.

Definition 4.5.2. Absolute continuity
A function F : [a, b] → R is absolutely continuous on [a, b] if

∀ ε > 0, ∃ δ > 0 such that∀ {(xj , yj) ⊆ [a, b] :j = 1, . . . , n}, a disjoint family,
n∑

j=1

(yj − xj) < δ =⇒
n∑

j=1

|F (yj) − F (xj)| < ε.

In light of the following proposition this definition of absolute continuity
is equivalent to Definition 3.3.10a.

Proposition 4.5.3. a. Let f ∈ L1
m([a, b]) and set

F (x) = r +
∫ x

a

f, x ∈ [a, b].

Then r = F (a) and F is absolutely continuous on [a, b].
b. If G : [a, b] → R is absolutely continuous on [a, b], then G is a contin-

uous function of bounded variation, and, in particular, G′ exists m-a.e. and
is an element of L1

m([a, b]).

Proof. a. This is immediate from Proposition 3.3.9, as was Proposition 4.4.1.
b. Let ε = 1 and choose a corresponding δ from the definition of absolute

continuity. Then

V (G, [a, b]) ≤ 1 + b− a

δ
. ��
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Remark. Thus, FTC–I says that each f ∈ L1
m([a, b]) is the derivative

m-a.e. of an absolutely continuous function. We know that the converse of
this is true: If F : [a, b] → R is absolutely continuous then F ′ ∈ L1

m([a, b]).
Luzin [333] proved: Each Lebesgue measurable function f : [a, b] → R is the
derivative m-a.e. of a continuous function. What sort of converse would you
have in mind for this?

With regard to CE and the Hellinger example H , we note the following
fact.

Proposition 4.5.4. Let F be absolutely continuous on [a, b] and assume that
F ′ = 0 m-a.e. Then F is a constant.

Proof. Take c ∈ (a, b]. To prove F (c) = F (a), by hypothesis there is a subset
A ⊆ (a, c) such that m(A) = c− a and F ′ = 0 on A. Let ε > 0. Since F ′ = 0
on A we have that

∀ x ∈ A, ∃ [x, y] ⊆ (a, c) such that |F (y) − F (x)| < ε(y − x)
2(c− a)

.

From the Vitali covering lemma we can find

{[xj , yj ] : j = 1, . . . , n and xj ∈ A},

a disjoint family, for which

|F (yj) − F (xj)| <
ε(yj − xj)
2(c− a)

(4.32)

and

m

⎛

⎝A \

⎛

⎝
n⋃

j=1

[xj , yj ]

⎞

⎠

⎞

⎠ < δ, (4.33)

where δ = δ(ε/2) is determined from the absolute continuity of F .
Without loss of generality (a labeling problem) take xj < xj+1. Using

(4.33), we have

n∑

j=0

|xj+1 − yj | < δ, xn+1 = c, y0 = a,

so that from the absolute continuity

n∑

j=1

|F (xj+1) − F (yj)| <
ε

2
;
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and, because of (4.32),

n∑

j=1

|F (yj) − F (xj)| <
ε

2(c− a)

n∑

j=1

|yj − xj |.

Combining the last two inequalities gives

|F (c) − F (a)| < ε. ��

Theorem 4.5.5. Fundamental Theorem of Calculus (FTC) II
A function F : [a, b] → R is absolutely continuous on [a, b] if and only if there
is an element f ∈ L1

m([a, b]) such that

∀ x ∈ [a, b], F (x) − F (a) =
∫ x

a

f.

Proof. (⇐=) This is Proposition 4.5.3a.
(=⇒) Define the function H = F −G, where F is absolutely continuous

on [a, b] and

G(x) =
∫ x

a

F ′.

Note that F ′ ∈ L1
m([a, b]) from Theorem 4.3.2. By hypothesis and Proposi-

tion 4.5.3, H is absolutely continuous; and

H ′ = F ′ −G′ = 0 m-a.e.

Consequently, F = G+ r m-a.e. by Proposition 4.5.4, and so

F (x) − r =
∫ x

a

F ′.

Thus, r = F (a) and we set f = F ′. ��

Part b of the following is a useful consequence of FTC; see Problems 4.37
and 4.38 for hints to the proof of both parts.

Theorem 4.5.6. Integral formula for total variation
a. If F ∈ BV ([a, b]) then V (F, [a, b]) ≥

∫ b
a |F ′|.

b. If F : [a, b] → C is absolutely continuous, then

V (F, [a, b]) =
∫ b

a

|F ′|.

Example 4.5.7. Fourier series and absolute continuity
We prove that if f is a continuous function in BV (T) and

lim
|n|→∞

|nf̂(n)| > 0,
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then f is not absolutely continuous. Thus, if f is absolutely continuous on
T then nf̂(n) = o(1), |n| → ∞. In fact, if f is absolutely continuous then
f ′ ∈ L1

m(T) and
(̂f ′)(n) = −2πinf̂(n); (4.34)

and so an application of the Riemann–Lebesgue lemma (Theorem 3.6.4) to
f ′ concludes the proof. Theorem 4.6.3, which follows from FTC, is used to
prove (4.34). See Problem 4.5 and Theorem 4.1.7 for perspective.

Remark. a. In broad terms, FTC–I asserts that

D

∫
= Id,

and FTC–II asserts that ∫
D = Id,

where D,
∫

, Id are the differentiation, integration, and identity operators,
respectively.

b. The Green and Stokes theorems can be considered as generalizations
of FTC to R

d in that they assert the equality of the integral over a region
A ∈ M(Rd) of a derivative with the integral of the original function over
the boundary ∂(A) of A. For example, formally, we have the familiar two-
dimensional version,

∫∫

A

[
∂Q

∂x
(x, y) − ∂P

∂y
(x, y)

]
dx dy =

∫

∂(A)

P (x, y) dy +Q(x, y) dx.

c. Generalizations of FTC to R
d and to quite arbitrary measure spaces

constitute one of the most important facets of the theory, and lead, through
the Radon–Nikodym theorem, to some of the most significant properties of
measures; see Chapter 8.

With the new tools that we have developed in this section, we now come
back to the discussion of bounded variation.

Remark. The comments in this remark began in Problem 3.14b. As a con-
vention we set f(x+h) = 0 if f is defined on [a, b], x ∈ [a, b], and x+h /∈ [a, b].
For all f ∈ L1

m([a, b]),

‖τ−hf − f‖1 = o(1), |h| → 0. (4.35)

We can show further, e.g., Problem 4.17, that if f ∈ L1
m([a, b]) and

‖τ−hf − f‖1 = o(|h|), |h| → 0, (4.36)

then f is a constant k m-a.e. Consider the condition,

‖τ−hf − f‖1 = O(|h|), |h| → 0. (4.37)
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Clearly,
(4.37) =⇒ (4.36) =⇒ (4.35).

The following characterization of bounded variation in terms of (4.37) is
due to Hardy and Littlewood (1928).

Theorem 4.5.8. Equivalence of bounded variation and L1L1L1 bounded-
ness of difference quotients
Let f ∈ L1

m([a, b]). Then f ∈ BV ([a, b]) if and only if (4.37) is valid.

Proof. (=⇒) Let f = g1 − g2, where each gj is increasing and bounded, and
f = 0 on [a, b]∼. For x > b, without loss of generality, we let g1(x) = g2(x) =
max(g1(b), g2(b)). Thus, for each h > 0,

∫ b

a

|f(x+ h) − f(x)| dx ≤
∫ b

a

(g1(x+ h) − g1(x)) dx

+
∫ b

a

(g2(x+ h) − g2(x)) dx

=
∫ b+h

b

g1 −
∫ a+h

a

g1 +
∫ b+h

b

g2 −
∫ a+h

a

g2

≤ 2hmax(g1(b), g2(b)).

(⇐=) Assume (4.37) and let K be the constant associated with the “O”
hypothesis. Set

fn(x) = n

∫ x+(1/n)

x

f(t) dt.

Then, using the Fubini–Tonelli theorem (Theorem 3.7.7),

∫ b

a

|fn(x+ h) − fn(x)| dx = n

∫ b

a

∣∣∣∣∣

∫ 1/n

0

(f(x+ h+ t) − f(x+ t)) dt

∣∣∣∣∣ dx

≤ n

∫ 1/n

0

(∫ b

a

|f(x+ h+ t) − f(x+ t)| dx
)
dt

≤ K|h|.

Thus,
‖τ−hfn − fn‖1 = O(|h|), |h| → 0, uniformly in n. (4.38)

Because of the differentiation theory we shall develop in Sections 4.3 and
4.4, especially Theorem 4.4.3, f ′

n exists m-a.e. and f ′
n ∈ L1

m([a, b]). Also, by
Fatou’s lemma,

∫ b

a

|f ′
n| ≤ lim

h→0

∫ b

a

∣∣∣∣
fn(x+ h) − fn(x)

h

∣∣∣∣ dx;
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and from (4.38) the right-hand side is uniformly bounded in n as h tends to
0. Hence, there is a constant M > 0 such that for each n and for each finite
collection {(xj , xj + hj) : j = 1, . . . ,m} of nonoverlapping intervals,

m∑

j=1

|fn(xj + hj) − fn(xj)| ≤ M ; (4.39)

this follows since
m∑

j=1

|fn(xj + hj) − fn(xj)| =
m∑

j=1

∣∣∣∣∣

∫ xj+hj

xj

f ′
n

∣∣∣∣∣ ≤
∫ b

a

|f ′
n|

by Theorem 4.5.5. Using Theorem 4.4.3 again, we see that fn → f m-a.e.
Consequently, aside from a set S of Lebesgue measure m(S) = 0 to which
the points xj , xj + hj cannot belong, we have

m∑

j=1

|f(xj + hj) − f(xj)| ≤ M.

Now define functions VS(f), PS , and NS analogous to the functions
V (f), P , and N , but excluding values from S in the partitions. Then we
can extend PS and NS to increasing functions on [a, b], and in this way we
form an element of BV ([a, b]) that is equal to f m-a.e. ��

4.6 Absolutely continuous functions

We have seen that every absolutely continuous function is a continuous func-
tion of bounded variation; but the converse is not true; for example the Cantor
function CC is continuous and increasing on [0, 1], but it is not absolutely
continuous (Section 4.5). Theorem 4.6.2, below, gives necessary and sufficient
conditions in order that a continuous element of BV ([a, b]) be absolutely con-
tinuous. In this regard, recall that the Banach–Vitali theorem, Theorem 4.2.7,
characterizes those continuous functions that have bounded variation. With
regard to the criterion of Theorem 4.6.2, compare Problem 2.47.

The following lemma is Problem 4.32, and a proof can be found in [412],
page 226, or in Dale E. Varberg’s interesting exposition on absolutely
continuous functions [480].

Lemma 4.6.1. Let F : [a, b] → R be a function and let A ⊆ [a, b] be any
subset on which F ′ exists. If

∃ K such that ∀ x ∈ A, |F ′(x)| ≤ K,

then
m∗(F (A)) ≤ Km∗(A). (4.40)
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The next result was proved independently by Banach [18] and
Moisej A. Zaretsky [520] in 1925.

Theorem 4.6.2. Banach–Zaretsky theorem
Let F ∈ BV ([a, b]) be a continuous function. Then F is absolutely continuous
on [a, b] if and only if

m(A) = 0 =⇒ m(F (A)) = 0.

Proof. (=⇒) This is the easy direction. Without loss of generality take a
subset A ⊆ (a, b) with Lebesgue measure m(A) = 0. Let ε > 0. We shall
prove that m∗(F (A)) < ε. From the hypothesis of absolute continuity there
is δ > 0 such that, no matter what disjoint family {(ak, bk) : k = 1, . . . , n}
we take,

n∑

k=1

(bk − ak) < δ =⇒
n∑

k=1

(Mk −mk) < ε,

where Mk = sup{F (x) : x ∈ (ak, bk)} and mk = inf{F (x) : x ∈ (ak, bk)},
e.g., Problem 4.35.

Choose an open set U =
⋃n
k=1(ak, bk), a disjoint union, for which A ⊆

U ⊆ (a, b) and m(U) < δ. Note that since

F (A) ⊆ F (U) =
n⋃

k=1

F ((ak, bk)),

we have

m∗(F (A)) ≤
n∑

k=1

m∗([mk,Mk]) < ε.

(⇐=) i. We first use Lemma 4.6.1 to prove that if F ′ exists on A ∈
M([a, b]) then

m∗(F (A)) ≤
∫

A

|F ′|. (4.41)

Assume that there is an integer p such that

∀ x ∈ A, |F ′(x)| < p,

and define

Ak,n =
{
x ∈ A :

k − 1
2n

≤ |F ′(x)| < k

2n

}
,

where k = 1, . . . , p2n and n = 1, . . . . Using Lemma 4.6.1 we compute

m∗(F (A)) = m∗
(
p2n⋃

k=1

F (Ak,n)

)
≤

p2n∑

k=1

m∗(F (Ak,n)) ≤
p2n∑

k=1

k

2n
m(Ak,n)

=
p2n∑

k=1

k − 1
2n

m(Ak,n) +
1

2n

p2n∑

k=1

m(Ak,n).
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From the definition of the Lebesgue integral and since m∗(F (A)) is indepen-
dent of n, we have (4.41).

The case for an unbounded function F ′ uses the bounded case and sets
of the form

Ak = {x ∈ A : k − 1 ≤ |F ′(x)| < k}
in the expected manner.

ii. Let {(ak, bk) : k = 1, . . . , n} ⊆ [a, b] be a disjoint family and let

Ak = {x ∈ [ak, bk] : ∃ F ′(x)}.

Since F ′ exists m-a.e. we have that m([ak, bk]\Ak) = 0; by hypothesis, then,
m(F ([ak, bk])) = m(F (Ak)). Using the continuity of F and the result from
part i we compute

n∑

k=1

|F (bk) − F (ak)| ≤
n∑

k=1

m(F ([ak, bk])) =
n∑

k=1

m(F (Ak))

≤
n∑

k=1

∫

Ak

|F ′| =
n∑

k=1

∫ bk

ak

|F ′|.
(4.42)

Since F ′ ∈ L1
m([a, b]), if

∑n
k=1(bk−ak) is small then the last sum in (4.42)

is small. ��
We now prove the integration by parts formula.

Theorem 4.6.3. Integration by parts formula
Let f, g ∈ L1

m([a, b]) with corresponding functions

F (x) = r +
∫ x

a

f and G(x) = s+
∫ x

a

g.

Then ∫ b

a

fG+
∫ b

a

gF = F (b)G(b) − F (a)G(a).

Proof. Note that

|F (x)G(x) − F (y)G(y)| = |F (x)(G(x) −G(y)) +G(y)(F (x) − F (y))|
≤ ‖F‖∞|G(x) −G(y)| + ‖G‖∞|F (x) − F (y)|.

Thus, FG is absolutely continuous on [a, b], and so FG is differentiable
m-a.e. and (FG)′ = F ′G + G′F m-a.e. From FTC–I, F ′ = f and G′ = g
m-a.e. Therefore, ∫ b

a

(FG)′ =
∫ b

a

fG+
∫ b

a

gF.

On the other hand, from the absolute continuity of FG and FTC–II,
∫ b

a

(FG)′ = F (b)G(b) − F (a)G(a). ��
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If F ∈ BV ([a, b]) and F ′ = 0 m-a.e. then F is singular. It is obvious
that the discrete part of F ∈ BV ([a, b]) is singular. What is more interesting
is that there are functions F ∈ BV ([a, b]) with singular continuous parts,
e.g., CC . With regard to the following result, compare Theorem 5.4.2b. The
sufficient conditions in Theorem 4.6.4 are found in [431].

Theorem 4.6.4. Measure-theoretic characterization of 000-derivative
Let F : [a, b] → R be a function and assume that F ′ exists on A ⊆ [a, b].
Then F ′ = 0 m-a.e. on A if and only if m(F (A)) = 0.

Proof. (=⇒) Let Ak = {t ∈ A : k − 1 ≤ |F ′(t)| ≤ k}, k = 1, . . . . Then, from
(4.40) and the hypothesis,

m∗(F (A)) ≤
∞∑

k=0

m∗(F (Ak)) ≤
∞∑

k=0

km∗(Ak) = 0.

(⇐=) Let B = {t ∈ A : |F ′(t)| > 0} and define

Bn = {t ∈ B : |F (s) − F (t)| ≥ |s− t|/n for |s− t| < 1/n}.

Then B =
⋃∞
n=1Bn and we must prove that m(Bn) = 0 for each n. Fix

an n and let I be an interval with Lebesgue measure m(I) < 1/n; set D =
I ∩Bn ⊆ A. Thus, it is sufficient to prove that

∀ ε > 0, m∗(D) ≤ nε. (4.43)

We use our hypothesis now to choose a sequence {Ij : j = 1, . . .} of
intervals such that F (D) ⊆

⋃∞
j=1 Ij and

∑∞
j=1m(Ij) < ε. Set Dj = F−1(Ij)∩

D. From the definition of Bn and the fact that m∗(D) ≤
∑∞
j=1m

∗(Dj), we
compute (4.43). ��

Relative to the decomposition earlier in this chapter we have the following
result. Because of the Lebesgue differentiation theorem and the point of view
of Chapter 7, the Radon–Nikodym theorem can be considered a generalization
of Theorem 4.6.5.

Theorem 4.6.5. Decomposition into absolutely continuous and sin-
gular parts
If F ∈ BV ([a, b]) then F = Fa + Fs, where Fa is absolutely continuous and
Fs is singular.

Proof. Set Fa(x) =
∫ x
a
F ′. We know that Fa is absolutely continuous on [a, b]

and that F ′
a = F ′ m-a.e. Consequently, the proof will be complete when we

define Fs = F − Fa. ��

Recall that the Hellinger example, Example 4.2.5, is a strictly increasing
continuous singular function H = Ht, where t ∈ (0, 1) is fixed. A simpler
construction is the following; cf. Problem 4.33.
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Example 4.6.6. A simpler example of Hellinger type
Let [a, b] ⊆ [0, 1] be an interval and consider a corresponding positive constant
ka,b. Then

ka,bCC

(
x− a

b− a

)
, x ∈ [a, b], (4.44)

is continuous on [a, b] and increases from 0 to ka,b there. Enumerate all the
intervals In = [an, bn], where an, bn ∈ Q ∩ [0, 1] and an < bn; and define fn
on In, analogous to (4.44), such that fn is continuous, increasing from 0 to
(1/2)n, and f ′

n = 0 m-a.e. on In. We set f =
∑∞

n=1 fn and see that f is
continuous and strictly increasing. From the Fubini differentiation theorem,
given in Problem 4.19, f ′ = 0 m-a.e.

Remark. Part of the technical difficulty arising in the construction of Ht,
t ∈ (0, 1), is compensated for by the following fact, which will be developed
in Chapter 5. Not only is Ht, t ∈ (0, 1), singular “with respect to Lebesgue
measure”, but, if μt corresponds to Ht, where the correspondence is in the
sense of Theorem 4.1.9, we have a continuum of continuous singular measures
μt such that if t �= s then μt and μs are “mutually singular”, i.e., μt and μs
are concentrated on disjoint sets. We shall give precise definitions of these
notions in Chapter 5, but, for now, we say that a measure space (X,A, μ) is
concentrated on A ⊆ X if

∀ B ∈ A, μ(B) = μ(A ∩B).

As we have seen, for CC , say, we cannot conclude that a function F is
absolutely continuous if

F is continuous, ∃ F ′ m-a.e., and F ′ ∈ L1
m. (4.45)

As far as positive results on this question go, we can conclude that a
function F : [a, b] → R is absolutely continuous if it satisfies (4.45) and
either

card {t : � F ′(t)} ≤ ℵ0 (4.46)

or
m(A) = 0 =⇒ m(F (A)) = 0. (4.47)

The latter theorem, i.e., “(4.47) and (4.45) imply absolute continuity”,
generalizes the Banach–Zaretsky theorem—since we assumed that F ∈
BV ([a, b]) there—and it has the same proof, since the only use of bounded
variation in Theorem 4.6.2 was to obtain F ′ ∈ L1

m([a, b]).
For the proof of the first theorem, i.e., “(4.46) and (4.45) imply absolute

continuity”, it is sufficient to prove that (4.46) implies (4.47). Let m(A) = 0
and A = B ∪D, where card D ≤ ℵ0 and F ′ exists on B. We must prove that
m(F (B)) = 0. Set

Bn,k =
{
t ∈ B : ∀ J with m(J) <

1
k

and t ∈ J, we have m(F (J)) < nm(J)
}
,
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where J is an open interval. Since F ′ exists on B,

B =
∞⋃

n,k=1

Bn,k,

and so we have only to check that

∀ n, k and ∀ ε > 0, m(F (Bn,k)) < ε. (4.48)

To verify (4.48) we cover Bn,k ⊆ A by nonoverlapping intervals each with
length less than 1/k and with total length less than ε/n. This does it.

As a special case of this discussion we can state the following theorem;

lemma.

differentiability criteria for absolute
continuity
Let F : [a, b] → R be an everywhere differentiable function. If F ′ ∈ L1

m([a, b])
then F is absolutely continuous on [a, b].

The requirement F ′ ∈ L1
m([a, b]) is necessary in Theorem 4.6.7, as the

example

F (x) =

{
0, if x = 0,
x2 sin(1/x2), if x ∈ (0, 1]

shows; cf. Problem 4.4a.
An interesting application of some of our previous results and an amusing

source of counterexample attempts is the following result.

Theorem 4.6.8. Elementary surprise
Let f, f ′ ∈ L1

m(R) and assume that

∀ x ∈ R, f ′(x) exists.

Then, ∫

R

f ′ = 0.

Proof. From Theorem 4.6.7, f is absolutely continuous on each finite interval.
Take {Fn : n = 1, . . .} ⊆ C∞(R) such that supn ‖F ′

n‖∞ ≤ K, 0 ≤ Fn ≤ 1,
Fn = 1 on [−n, n], and Fn = 0 off [−(n + 1), n + 1]. Note that each Fn
is absolutely continuous on finite intervals. Now Fnf

′ → f ′ pointwise and
|Fnf ′| ≤ |f ′| ∈ L1

m(R). Consequently, by LDC,
∫
f ′ = limn→∞

∫
Fnf

′.
Since each Fn and f are absolutely continuous, we use Theorem 4.6.3 to

compute ∫ n+1

−(n+1)

Fnf
′ = −

∫ n+1

−(n+1)

F ′
nf.

Theorem 4.6.7. Everywhere

see [199] for a short, direct, transparent proof that uses the Vitali covering
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Observe that F ′
nf → 0 pointwise and |F ′

nf | ≤ K|f | ∈ L1
m(R), so that by

LDC, limn→∞
∫
F ′
nf = 0. Therefore,

∫

R

f ′ = lim
n→∞

∫

R

Fnf
′ = 0. ��

There are functions f ∈ L1
m(R) that are absolutely continuous on R but

for which f ′ /∈ L1
m(R). For an elementary example see the Amer. Math.

Monthly, 114 (2007), 356–357, by Gilbert Helmberg.

4.7 Potpourri and titillation

1. Hugo Steinhaus (January 14, 1887–February 25, 1972) studied in
Göttingen and received his doctorate under the supervision of David Hilbert

in 1911. However, his mathematical interests were mostly influenced by
Lebesgue and not significantly by anyone in Göttingen. Steinhaus was
determined to return to Poland, where he wanted to create a group of mathe-
maticians that would work together. Walking one day in 1916 in Cracow
(Kraków), he overheard two young men talking about Lebesgue measure—
a subject that even today is not common in our streets. This is how he
met Banach and Otto Nikodym. Soon thereafter they created the Mathe-
matical Society of Cracow, which later became the Polish Mathematical
Society.

Around 1920, Steinhaus moved to Lwów (Lvov), where he was eventu-
ally a professor. Together with Banach they became the nucleus of what
is now known as the Lwów School of Mathematics—a vital part of the
famous Polish School of Mathematics. Among the members of this group
were Mazur, W�ladys�law Orlicz, and Juliusz P. Schauder—all deep
mathematicians. The group was devoted to the study of functional analysis,
real variables, and probability theory. Steinhaus published the first rigorous
exposition of the theory of coin tossing based on measure theory. He was also
the first to define the notion of a strategy in game theory. His name is associ-
ated with many results in real and functional analysis, e.g., Problem 2.23 and
Problem 3.6, for starters. However, he himself used to say that his greatest
mathematical discovery was Banach.

An interesting feature of this group was the style in which they worked on
mathematics. Ulam describes it as “an enthusiastic collaboration”; see [479].
After short seminars they would go to a nearby café to discuss problems
further, often sitting there until closing time. First it was Café Roma and
later, across the street, Café Szkocka (Scottish Café). In order not to lose too
much of the mathematical content of their discussions there, Banach decided
that they should be making notes. He bought a notebook that was kept in
the café, and that was brought to them whenever it was needed. It was in this
book that they recorded many ideas, open questions, and, frequently, answers.
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The names of authors in this book include, besides the “locals”, Lebesgue,
von Neumann, Sergei L. Sobolev, and many others. Miraculously, the
book survived World War II and was popularized by Steinhaus and Ulam

as the Scottish Book [344]. Nowadays there are many followers worldwide
in the business of writing and keeping “Scottish books”. In particular, in
the library of the Department of Mathematics at the University of Wroc�law,
where Steinhaus moved after the war, there is the New Scottish Book that
he started.

2. Stefan Banach (March 30, 1892–August 31, 1945) attended schools
in Cracow and studied engineering in Lwów, never receiving his degree.
He returned to Cracow with little formal mathematical education. There,
with his friends Nikodym and Witold Wilkosz, he was “discovered”
by Steinhaus [452] (see the anecdote above about Steinhaus’ walk and
Lebesgue measure), who interested them in some open mathematical prob-
lems. This was the start of a long and fruitful cooperation between Banach

and Steinhaus. Soon thereafter (1920), Banach moved to Lwów, where
he obtained his doctorate in mathematics. An exception had to be made
for him, since, as we noted, he lacked a mathematics, or any other, degree.
In his dissertation he defined what is now called a Banach space. The idea
was already in the air, e.g., with work by Wiener (1920), but no one had
developed it into a systematic theory. Maurice R. Fréchet’s generalized
theory of limits and differentials was Wiener’s inspiration to define Banach
spaces; but, as Wiener pointed out in 1955, “these spaces are quite justly
named after Banach alone” [509], page 60.

In 1927 Banach became a full professor at the Jan Kazimierz University
in Lwów. Besides many scientific publications, he also wrote several high
school texts and academic textbooks for calculus and mechanics. In 1939, just
before the war, he was elected president of the Polish Mathematical Society,
of which he was a cofounder. For more details about the life of Banach and
his dazzling virtuosity see, e.g., [105], [274], [452].

3. Moisej A. Zaretsky (1903–1930) is not a household name in mathe-
matics, which is why we feature him now because of his beautiful result,
independent of Banach, of the Banach–Zaretsky theorem (1925) (Theo-
rem 4.6.2). Zaretsky was a Russian, and he died in the Caucasian resort of
Batumi. The English translation of the Russian Isidor P. Natanson’s text
uses the spelling “Zarecki” [355].

Zaretsky published the Banach–Zaretsky theorem in conjunction with
his new proof [520] of Grigori M. Fichtenholz’ theorem [174]: Let F
and G be two real-valued absolutely continuous functions defined on closed
intervals [a, b] and [c, d], respectively, such that the values of G(x) are in the
closed interval [a, b] on which F is defined; then the composition F ◦ G is
absolutely continuous on [a, b] if and only if F ◦G ∈ BV ([a, b]).

The condition
m(A) = 0 =⇒ m(F (A)) = 0 (4.49)
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is due to Luzin. In the setting of functions F : [a, b] → R, (4.49) character-
izes the property that if E is Lebesgue measurable then F (E) is Lebesgue
measurable. For perspective, recall that F is continuous if and only if

∀ U ⊆ R, open, F−1(U) is open.

Going back to Zaretsky, he also proved the following result dealing with
absolute continuity: Let F : [a, b] → R be continuous and strictly increasing;
F is absolutely continuous if and only if m(F (A)) = 0, where A = {x ∈
[a, b] : F ′(x) = +∞}.

4. Notwithstanding the FTC formula, remarkably characterized in terms
of absolute continuity, we mention a more general problem that Lebesgue

formulated, and which we shall refer to as the Lebesgue–Dini problem. The
problem is to determine when a function f can be recovered from one of its
Dini derivatives in terms of an FTC formula of the form

f(b) − f(a) =
∫ b

a

D+f. (4.50)

Lebesgue’s contributions to solving the Lebesgue–Dini problem, along
with those of Ludwig Scheefer, are exposited in [313], 2nd edition, pages
79–90. (One must distinguish between a solution in terms of (4.50) and an
existential solution, which asserts only that f can be determined in terms of
D+f .) In order to obtain (4.50) there must be an offsetting of the paucity
of information in D+f (compared with f ′) and the notion of integral used
in (4.50) as well as the restrictions on f . The following succinct statement is
typical of the type of solution one has in mind; see [210]: Let f : [c, d] → R be
continuous and have finite Dini derivate D+f at each x ∈ [c, d]; then (4.50)
is valid on any interval [a, b] ⊆ [c, d] if D+f is Riemann integrable, Lebesgue
integrable, or Denjoy–Perron integrable on [c, d].

We do not define the Denjoy–Perron integral, also known by the more
recent names of Henstock and Kurzweil; see [260], Chapter 6, for references
and perspective; cf. Denjoy’s Harvard lectures [132], Chapitre I. Denjoy’s
lectures, based on research beginning in 1912, addressed the problem of com-
puting the coefficients ck of trigonometric series

∑
cke

2πikx representing non-
Riemann- and/or non-Lebesgues integrable functions. One of his main innova-
tions is an operator, the Denjoy integral operator D

∫
, with the property that

if f is continuous on [a, b] and f ′ exists on [a, b], then D
∫ x
a
f ′ = f(x) − f(a);

see Theorems 4.6.2 (Banach–Zaretsky) and 4.6.7. The Denjoy integral oper-
ator involves a countably infinite number of steps, e.g., [261].

5. In his dissertation of 1915 (actually he published an announcement
at Paris in 1913 on the relevant material), Luzin gave necessary and suf-
ficient conditions that f ∈ L2

m(T) have a Fourier series convergent m-a.e.;
and at the same time essentially posed the problem, the Luzin problem, as to
whether every f ∈ L2

m(T) has its Fourier series converging m-a.e. (L2
m(T)
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was defined in Example 3.3.4b.) Fatou (1906), F. Jerosch and Weyl

(1908), Weyl (1909), W. Young (1912), Ernest W. Hobson (1913),
Michel Plancherel (1913), and Hardy (1913) had in fact also worked
on such issues. Refined “log-estimates” by Kolmogorov and Gleb A.

Seliverstov (1925), Abram I. Plessner (1926), and Littlewood and
Raymond E. A. C. Paley (1931) were introduced to address the problem.

Finally, in 1966, Carleson [91] proved that if f ∈ L2
m(T) then its Fourier

series converges m-a.e. to f ; and, in 1968, using the method of Carleson’s
proof and the theory of interpolation of operators, Richard A. Hunt

extended Carleson’s theorem to Lpm(T), p > 1. (Recall Kolmogorov’s
example mentioned in Section 3.8.3 for p = 1.) Charles L. Fefferman

[166] later proved Carleson’s theorem along the lines initiated by
Kolmogorov–Seliverstov. An important lemma for Carleson, which he
proved using properties of harmonic functions, is the following ([91], Lemma 5,
page 140): Let {Ik : k = 1, . . .} be a disjoint cover of (0, 1) by open intervals,
where m(Ik) = dk and the center of Ik is tk, and define

D(x) =
∞∑

k=1

d2
k

(x − tk)2 + d2
k

, x ∈ (0, 1),

and
UM = {x ∈ (0, 1) : D(x) > M};

then there are k,K > 0 such that for all M

m(UM ) ≤ ke−KM .

See Section 8.8.1 for more on Carleson’s theorem.
Zygmund [525] proved Carleson’s lemma using a technique in the spirit

of FTC, but which is essentially deeper than the differentiability of the inte-
gral. He obtains not only Carleson’s lemma but other substantial results in
classical harmonic analysis. The technique is due to Józef Marcinkiewicz,
and Zygmund takes the opportunity to describe several of Marcinkiewicz’
results in the area. Marcinkiewicz was taken as a prisoner of war in 1939.
He was executed, together with a few thousand Polish officers, in a Soviet
prison camp (possibly Katyń) in 1940 at the age of 30; see, e.g., [127].

4.8 Problems

Some of the more elementary problems in this set are Problems 4.1, 4.2, 4.3,
4.4, 4.13, 4.14, 4.15, 4.16, 4.19, 4.20, 4.21, 4.31, 4.37.

4.1. Let f : R → R be an element of BV (R).
a. Prove that if a ≤ c ≤ b then

V (f, [a, c]) + V (f, [c, b]) = V (f, [a, b]);

cf. Theorem 5.3.6a.
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b. Let f = g1 − g2, where each gj is increasing. Prove that

∀ a ≤ b, 0 ≤ P (b) − P (a) ≤ g1(b) − g1(a),
0 ≤ N(b) −N(a) ≤ g2(b) − g2(a),

cf. Theorem 5.1.9b.
Part b is a uniqueness or optimality condition for the representation of

f ∈ BV (R) as the difference of increasing functions.

4.2. Let f, g : R → R be elements of BV (R). Prove that, for all a ≤ b,

V (f + g, [a, b]) ≤ V (f, [a, b]) + V (g, [a, b]).

4.3. a. Let f ∈ BV ([a, b]) be a right-continuous function. Prove that
V (f)(x) = V (f, [a, x]) is also right continuous.

b. Let f : R → R be a right-continuous function. Prove that if f ∈
BVloc(R), then there exist increasing, right-continuous functions P and N
such that f = P −N and V (f) = P +N .

4.4. a. Let f : [a, b] → R be everywhere differentiable and assume that
‖f ′‖∞ < ∞. Prove that f is absolutely continuous; cf. Theorem 4.6.7.

b. Let α, β > 0 and define the function f : [0, 1] → R as

f(x) =

{
0, if x = 0,
xα sin(1/xβ), if x ∈ (0, 1].

Prove that f ∈ BV ([0, 1]) if and only if α > β.
c. It is elementary to find functions that are both continuous and of

bounded variation; in this exercise, for example, let (α, β) = (2, 1). Find f ,
as in part b, that is discontinuous at a point and that is not an element
of BV ([0, 1]) (respectively, that is continuous and that is not an element of
BV ([0, 1])).
[Hint. Take (α, β) = (0, 1) (respectively, (α, β) = (1, 1)).]

d. Prove that the function �S in Example 3.6.6 is not a function of
bounded variation.

e. Show that if f(x) = anx
n + an−1x

n−1 + · · · + a0 then f ∈ BV ([a, b]).
Compute V (f, [a, b]) given the roots of f ′.
[Hint. Use part a.]

4.5. a. With regard to the Remark after Theorem 4.1.7, prove that the
Fourier series (see Definition B.5.1)

S(f)(x) =
∞∑

n=2

1
n[log(n)]

e−2πin[log(n)]x
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and the function
g(x) = x sin(1/x)

are elements of L1
m(T)\BV (T), and that nf̂(n), nĝ(n) = o(1), |n| → ∞. Here

“[log(n)]” denotes the largest integer k ≤ log(n). Note that g is continuous
on R when defined on [−1/2, 1/2) and extended 1-periodically. Also, compare
this with (1.15).

b. We now give an example of a continuous function f ∈ BV (T) such that
nf̂(n) �= o(1), |n| → ∞. Construct the Cantor function CC so that CC(0) = 0
and CC(1) = 1. Setting f(x) = CC(x) − x on [0, 1], f can be defined as a
continuous periodic function on R with f(0) = f(1) = 0 and period 1. Prove
that

∀ n,
∣∣∣3nf̂(3n)

∣∣∣ =
∣∣∣f̂(1)

∣∣∣ > 0.

For a more extensive treatment of finding and analyzing Fourier coef-
ficients of singular measures we refer to [32], [271]. Further remarks and
examples are given in Chapter 5 and Appendix B.
[Hint. The calculation for the equality is routine, and to see that |f̂(1)| �= 0
it is sufficient to compute the real part.]

4.6. Prove the Sidon theorem: Let f be a bounded Lebesgue measurable func-
tion with Fourier series expansion

S(f)(x) =
∞∑

k=1

ak cos(2πnkx),

where {nk : k = 1, . . .} is a Hadamard set; see Example 1.3.25 for the defini-
tion of a Hadamard set. Then

∑∞
k=1 |ak| ≤ 2‖f‖∞, e.g., [524].

Thus, we have a criterion in order that a bounded Lebesgue measurable
function have an absolutely convergent Fourier series.

4.7. a. Construct a continuous function f : [a, b] → R such that for each
interval [c, d] ⊆ [a, b], f /∈ BV ([c, d]). This is immediate from Theorem 4.3.2
and the existence of everywhere continuous nowhere differentiable functions,
but you should be able to give much simpler examples.

b. Let f : [a, b] → R. For x ∈ [a, b] and δ > 0 define

V (x, δ) = 1/(1 + V (f, [x− δ, x+ δ])), v(x) = lim
δ→0

V (x, δ),

and

SBV = {x ∈ [a, b] : ∃ δ > 0 such that V (f, [x− δ, x+ δ]) < ∞}.

Show that SBV is an open set. Further, prove that
i. if f is continuous at x ∈ SBV then v(x) = 1,
ii. if v(x) = 1 then f is continuous at x.

Observe that if f is continuous at x then x need not be in SBV .
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4.8. With regard to Example 3.6.6 and Problem 4.5, find an open set
S ⊆ [0, 1), with m([0, 1) \ S) > 0, such that �S /∈ BV ([0, 1)), whereas
supn |n�̂S(n)| < ∞; cf. [78].

4.9. Van der Waerden’s everywhere continuous nowhere differentiable
function W was defined in Section 1.3.4 and in Problem 1.32. Let

Wn(x) =
n−1∑

j=0

10−jf(10jx), x ∈ (0, 1),

and
f(x) = |x− k|, x ∈ [k − (1/2), k + (1/2)] and k ∈ Z.

From Theorem 4.3.2, V (W, [0, 1]) = ∞. On the other hand there is the fol-
lowing control on the variation:

lim
n→∞

1√
n
V (Wn, [0, 1]) =

√
2/π. (4.51)

Prove (4.51).
[Hint. Calculate that

lim
n→∞

1√
n
V (Wn, [0, 1]) = lim

n→∞

n∑

m=0

∣∣∣∣∣
m− (n/2)√

n/2

∣∣∣∣∣

(
n

m

)
1
2n

=
1√
2π

∫ ∞

−∞
|x|e−x2/2 dx =

√
2/π.]

4.10. a. Prove that L’Hospital’s rule is not necessarily true for complex-
valued functions.
[Hint. Let f(x) = x, g(x) = xe−i/x, and take the limit as x → 0.]

b. Let functions f, g : (0, a) → C have the following properties:
i. f ′, g′ are continuous on (0, a),
ii. limx→0 f(x) = limx→0 g(x) = 0,
iii. ∀ x ∈ (0, a), g′(x) �= 0,
iv. limx→0 f

′(x)/g′(x) = c.
Define δ(x) = −c + f ′(x)/g′(x), and assume that |g(x)| is monotone and
Re δ, Im δ ∈ BV ((0, a)). Prove that limx→0 f(x)/g(x) = c.
[Hint. Define

R(x) =

∫ x
0
δ(y)g′(y) dy
g(x)

and compute that
lim
x→0

R(x) = 0.

Use this fact and an integration of

g′(x)δ(x) = f ′(x) − cg′(x)

to complete the proof.]
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4.11. Prove Proposition 4.2.6, and show by example that the continuity
hypothesis is necessary.

4.12. Let f : [a, b] → R and g : [c, d] → R be continuous functions of
bounded variation. Assume that g([c, d]) ⊆ [a, b]. Then the composition f ◦ g
is continuous. Find conditions to ensure that f ◦ g ∈ BV ([c, d]), e.g., [379].

4.13. Compute P, N , and the variation function V (f) for f(x) = e−x
2
.

4.14. Let {an : n = 1, . . .}, {bn : n = 1, . . .} ⊆ R and define the function
fa,b =

∑∞
n=1 fn, where

fn(x) =

{
bn, if x ≥ an,

0, if x < an.

a. Fix a sequence {bn : n = 1, . . .} ⊆ R, and find necessary and sufficient
conditions such that for each sequence {an : n = 1, . . .} ⊆ R that is bounded
below,

fa,b ∈ BVloc(R).

b. Do there exist sequences {an : n = 1, . . .}, {a′n : n = 1, . . .}, {bn : n =
1, . . .} ⊆ R for which fa,b ∈ BVloc(R), whereas fa′,b /∈ BVloc(R)?

4.15. Define the function f : R → R as

f(x) =

{
0, if x is irrational or x = 0,
1/(p2q2), if x = p/q and (p, q) = 1.

a. Prove that f ∈ BV (R), and so f ′ exists m-a.e.
b. Prove that f ′ does not exist on a dense subset of R.

4.16. Construct a continuous real-valued function f ∈ BV ([0, 1]) such that

∀ q ∈ Q ∩ [0, 1], f ′(q) does not exist.

[Hint. Let Q ∩ [0, 1] = {rn : n = 1, . . .} and define

fn(x) =

{
0, if x ∈ [0, rn],
(x− rn)/(2n(1 − rn)), if x ∈ (rn, 1].]

4.17. Assume that f ∈ L1
m([0, 1]) satisfies the condition that

‖τ−hf − f‖1 = o(|h|), |h| → 0.

Prove that f = k, a constant, m-a.e.
[Hint. Use Corollary 4.4.6 or the Fourier uniqueness theorem; see Theo-
rem B.3.5c.]
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Remark. Note that if f ∈ L1
m([0, 1]) and

‖τ−hf − f‖1 = o(|h|2), |h| → 0,

then f = 0 m-a.e.

4.18. Construct three essentially different Vitali coverings of [a, b] ⊆ R.

4.19. a. Prove the Fubini differentiation theorem: Let {fn : n = 1, . . .} be a
sequence of monotone increasing functions fn : [a, b] → R, and assume that

f(x) =
∞∑

n=1

fn(x)

exists for each x ∈ [a, b]. Then, f ′ =
∑∞
n=1 f

′
n exists m-a.e.

b. Let f ∈ BV ([a, b]). Prove that (V (f))′ = |f ′| m-a.e., where V (f) is the
variation function of f .
[Hint. Use part a.]

Remark. Thus, if f ∈ BV ([a, b]), then not only does f ′ exist m-a.e. but also
(V (f))′ exists m-a.e. The sets of points where f ′ and (V (f))′ exist need not
be the same, e.g., f(x) = |x|.

4.20. If f(x) = e−n
2x2

, then V (f,R) = 2; see Problem 4.13. Let fn(x) =
e−n

2x2
/n2 and set g(x) =

∑∞
n=1 fn(x). Prove that g ∈ BVloc(R), whereas∑∞

n=1 f
′
n does not converge uniformly on [−1, 1]. Consequently, g′ exists

m-a.e., but this fact cannot be proved by the standard advanced calculus
criterion. Compute g′.

4.21. Prove FTC–I for the case of unbounded f .

4.22. Let f, fn ∈ BV (R).
a. Assume that

∀ x ∈ R, lim
n→∞ V (f − fn)(x) = 0. (4.52)

Prove that there is a subsequence {fnk
: k = 1, . . .} ⊆ {fn : n = 1, . . .} such

that
lim
k→∞

f ′
nk

= f ′ m-a.e.

b. Does part a hold when (4.52) is weakened to almost everywhere point-
wise convergence?

c. Show that the conclusion of part a cannot be replaced in general by

lim
n→∞ f ′

n = f ′ m-a.e.
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4.23. a. In light of Example 4.2.5 find a simple example of a strictly
increasing function f such that f ′ = 0 m-a.e.
[Hint. Use Example 4.1.12 and Problem 4.19. Note that we are not asking
that f be everywhere continuous.]

b. Does there exist a continuous function f : [a, b] → R such that ‖f‖∞ <
∞, f /∈ BV ([a, b]), and f ′ = 0 m-a.e.?

4.24. a. Let A ⊆ R. Prove that m(A) = 0 if and only if there is a countably
infinite sequence {In = (an, bn) : n = 1, . . .}, that satisfies

∑
m(In) < ∞

and A ⊆
⋃
In, and such that for each x ∈ A there is a countably infinite

subsequence {Ink
: k = 1, . . .} ⊆ {In : n = 1, . . .} for which

∀ k, x ∈ Ink
.

b. Let A ⊆ [a, b] be a set with m(A) = 0. Does there exist a function
f ∈ BV ([a, b]) such that f ′ exists precisely on A∼?
[Hint. Use part a.]

c. Let CE be the Cantor function for a perfect symmetric set E. Prove
that C′

E does not exist for boundary points of contiguous intervals; cf. [64],
pages 128–134.

d. Let CE be the Cantor function for a perfect symmetric set E. Does
there exist a point x for which C′

E(x) exists and C′
E(x) �= 0?

4.25. With regard to Problem 4.11 (Proposition 4.2.6) we would like to find
conditions on the partitions P such that if f ∈ BV ([a, b]) then

lim
|P |→0

∑

P

|f(xj) − f(xj−1)| = V (f, [a, b]).

Let f have jump discontinuities at {yj : j = 1, . . .} ⊆ [a, b] and let P (N, δ)
be a partition including y1, . . . , yN and with norm |P (N, δ)| < δ (see (3.3)).
Prove that

∀ ε > 0, ∃ N and ∃ δ, such that ∀ P (N, δ),
∑

P (N,δ)

|f(xj) − f(xj−1)| > V (f, [a, b]) − ε.

4.26. Change of variable. Define the functions f : [a, b] → R, φ : [c, d] → R,
and F (x) =

∫ x
a
f , and assume that φ([c, d]) ⊆ [a, b].

a. Suppose that f ∈ L1
m([a, b]) and that φ and F ◦ φ are differentiable

m-a.e. on their respective domains. Prove that

(F ◦ φ)′ = (f ◦ φ)φ′ m-a.e.

b. Assume that f ∈ L1
m([a, b]) and that φ′ exists m-a.e. Prove that F ◦ φ

is absolutely continuous on [c, d] if and only if
i. (f ◦ φ)φ′ ∈ L1

m([c, d]);
ii.

∀ [α, β] ⊆ [c, d],
∫ φ(β)

φ(α)

f =
∫ β

α

(f ◦ φ)φ′. (4.53)
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[Hint. The sufficient conditions for absolute continuity are clear, and we use
part a for the necessary conditions.]

c. Prove (4.53) assuming any of the following sets of conditions:
i. f ∈ L1

m([a, b]) and φ is an increasing absolutely continuous function;
ii. ‖f‖∞ < ∞ and φ is absolutely continuous;
iii. φ is absolutely continuous, f ∈ L1

m([a, b]), and (f ◦ φ)φ′ ∈ L1
m([c, d]).

[Hint. For parts i and ii show that F ◦ φ is absolutely continuous; and for
part iii, approximate by bounded functions, apply part ii, and use LDC.]

Remark. The change of variable formula can be proved in a more general
setting; see Section 8.7.

4.27. Find fn, f, g : [a, b] → R, n = 1, . . . , where g and each f ′
n are contin-

uous on [a, b], such that

lim
n→∞ fn = f m-a.e. and ∀ x ∈ [a, b], lim

n→∞ f ′
n(x) = g(x),

whereas f ′ �= g m-a.e. on [a, b].
[Hint. Consider a sequence {fn : n = 1, . . .} of smooth functions on [0, 1],
that converges to 1 on Q∩ (0, 1) and that converges to 0 on a set of Lebesgue
measure 1, such that the sequence f ′

n converges to 0 in measure. Choose
a subsequence {fnk

: k = 1, . . .} that converges to 0 m-a.e. Adjust this
subsequence to be smooth and convergent to 0 pointwise everywhere.]

Remark. It is an interesting question to find out what happens in Prob-
lem 4.27 if we assume that the sequence {fn : n = 1, . . .} converges pointwise
everywhere in [a, b].

4.28. Let {WN : N = 1, . . .} be the Fejér kernel defined in Problem 3.28
and let f ∈ C(R) be a 1-periodic function, i.e., f ∈ C(T). Prove that

∀ x ∈ R, WN ∗ f(x) =
1

N + 1

N∑

n=0

n∑

m=−n
f̂(m)e−2πimx,

where convolution ∗ on T was also defined in Problem 3.28; see Example 4.4.7.

4.29. Let f : [a, b] → R be a differentiable function and suppose f ′ ∈
BV ([a, b]). Prove that f ′ ∈ C([a, b]).
[Hint. Use the intermediate value theorem for derivatives: let f : [a, b] → R

be a differentiable function and suppose f ′(a) < λ < f ′(b); then there is
x ∈ (a, b) for which f ′(x) = λ.]

4.30. Consider the function f of Problem 1.26 that is increasing, continuous
on the irrationals, and discontinuous on the rationals. Define

F (x) =
∫ x

0

f.

Prove that F ′ = f at each irrational, and that F ′ does not exist at any
rational. Compare this with Problem 4.15 and Problem 4.16.
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4.31. A function f : [a, b] → R is locally recurrent if

∀ x ∈ [a, b] and ∀ ε > 0, ∃ y such that f(y) = f(x) and
0 < |y − x| < ε.

Although it is not apparent, there are continuous, nonconstant, locally
recurrent functions. Prove that if f is continuous, nonconstant, and locally
recurrent on [a, b] then f /∈ BV ([a, b]).
[Hint. Use Theorem 4.6.2.]

4.32. Prove Lemma 4.6.1.

4.33. a. Let A ⊆ [0, 1] be a set for which m(A) = 0. Does there exist an
increasing absolutely continuous function f : [0, 1] → R such that f ′ exists
on A∼ and

∀ x ∈ A, lim
h→0

f(x+ h) − f(x)
h

= ∞?

[Hint. Cf. Problem 4.24.]
b. Find a continuous function f on [0, 1] that is absolutely continuous on

each interval [ε, 1], ε > 0, but that is not absolutely continuous on [0, 1].
[Hint. Consider x sin(1/x).]

c. Along with the hypotheses of part b assume that f ∈ BV ([0, 1]). Prove
that f is absolutely continuous on [0, 1].
[Hint. Use the Banach–Zaretsky theorem.]

d. Construct an increasing continuous function f on [0, 1] such that for
each interval [α, β] ⊆ [0, 1], f is not absolutely continuous on [α, β].
[Hint with a capital H!]

e. Find a continuous and strictly increasing function f on [0, 1] and a set
A ⊆ [0, 1] such that m(A) = 0 and m(f(A)) = 1.

f. Find an absolutely continuous function f on [0, 1] such that f is not
monotonic on any interval in [0, 1].
[Hint. Find a set E ⊆ [0, 1] such that, for each interval I, m(E ∩ I) > 0 and
m(E∼ ∩ I) > 0, as in Problem 2.45; set f(x) =

∫ x
0

(�E − �E∼).]

4.34. For a function f : R → R assume that

∀ x ∈ R, ∃ Nx ⊆ R, for which m(Nx) = 0, such that
∀ y /∈ Nx, f(y) = f(y + x).

Prove that there is a constant c such that f = c m-a.e.

4.35. Prove that the following statements are equivalent:
i. F is absolutely continuous on [a, b].
ii. For each ε > 0 there is δ > 0 such that for all disjoint families

{(aj , bj) ⊆ [a, b] : j = 1, . . . , n},
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n∑

j=1

(bj − aj) < δ =⇒

∣∣∣∣∣∣

n∑

j=1

(F (bj) − F (aj))

∣∣∣∣∣∣
< ε.

iii. For each ε > 0 there is δ > 0 such that for all disjoint families
{(aj , bj) ⊆ [a, b] : j = 1, . . . , n},

n∑

j=1

(bj − aj) < δ =⇒
n∑

j=1

ω(F, [aj , bj]) < ε.

4.36. A function f : [a, b] → R satisfies a Lipschitz condition of order α > 0
if there exists a constant C > 0 such that

∀ x, y ∈ [a, b], |f(x) − f(y)| ≤ C|x− y|α;

cf. the definition of Lipschitz functions in Problem 1.31. We often say that f
is a Hölder function of order α.

a. Prove that Lipschitz functions of order 1 are absolutely continuous.
b. Prove that the Cantor function CC , defined in Example 1.2.7d, is

Lipschitz of order log3(2).
c. Find an example of a continuous function of bounded variation that is

not Lipschitz of order 1.
d. Show that for any α > 1, the set of Lipschitz functions of order α

consists only of constant functions.

4.37. Let f ∈ L1
m([a, b]) and set F (x) =

∫ x
a
f ; prove that V (F, [a, b]) = ‖f‖1.

[Hint. The inequality V (F, [a, b]) ≤
∫ b
a |f | is clear as in the proof of Propo-

sition 4.4.1. For the opposite inequality, first recall the definition of the sgn
function: sgn f = f/|f | if f(x) �= 0 and sgn f = 0 if f(x) = 0. Choose simple
functions sj such that sj → sgn f m-a.e. and |sj | ≤ 1 (such an s should have
the form

∑
aj�Ij , Ij = (cj , dj)). Check that

∣∣∣∣∣

∫ b

a

fsj

∣∣∣∣∣ ≤ V (F, [a, b])

and apply LDC.]

Remark. This result is important because of the bijection between BV ([a, b])
and the bounded measures on [a, b], i.e., the continuous linear functionals on
C([a, b]); the bijection is given by taking the first distributional derivative,
e.g., Chapter 7. We shall see that the total variation of F ∈ BV ([a, b]) is
the canonical Banach space norm of the corresponding measure. The bijec-
tion identifies the absolutely continuous functions on [a, b] (as a subset of
BV ([a, b])) with L1

m([a, b]) (as a subset of the bounded measures). The above
Banach space norm on the measures reduces to ‖...‖1 for L1

m([a, b]).
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4.38. a. With regard to Problem 4.37 and the Remark there, prove the
following: if F ∈ BV ([a, b]) then

V (F, [a, b]) ≥
∫ b

a

|F ′|. (4.54)

[Hint. First prove that if G is increasing and A = {x : ∃ G′(x)} then
∫ b

a

G′ = m∗(G(A)).

Next calculate
∫ b
a
|F ′| in terms of (V (F ))′, observing that the variation func-

tion V (F ) is increasing.]
b. Related to (4.54), prove that

∀ B ∈ M([a, b]), m∗(V (F )(B)) ≥
∫

B

|F ′|, (4.55)

when F ∈ BV ([a, b]). Naturally there is equality in both (4.54) and (4.55)
when F is absolutely continuous.

4.39. Let the sequence {gn : n = 1, . . .} ⊆ BV ([a, b]) have the property that
{gn : n = 1, . . .} converges pointwise to a function g : [a, b] → C and that

∃ M > 0 such that ∀ n = 1, . . . , V (gn, [a, b]) ≤ M. (4.56)

Prove that g ∈ BV ([a, b]) with V (g, [a, b]) ≤ M and that

∀ f ∈ C([a, b]), lim
n→∞

∫ b

a

f dgn =
∫ b

a

f dg.

[Hint. The fact that g ∈ BV ([a, b])] follows from its definition, the hypothesis
of pointwise convergence, and a lim argument adding and subtracting the gn.
Next write

∫ b

a

f dgn −
∫ b

a

f dg =
m∑

k=1

∫ xk

xk−1

(f − f(xk−1)) dgn

−
m∑

k=1

∫ xk

xk−1

(f − f(xk−1)) dg +
m∑

k=1

f(xk−1)
∫ xk

xk−1

d(gn − g),

where, without loss of generality, we have taken x0 = a and xm = b. The
required convergence follows from another lim calculation.]

Remark. This result was proved independently by Hubert E. Bray (1919)
and Eduard Helly (1921). It is natural to ask whether any pointwise con-
vergence can be deduced based on the assumption (4.56). In fact, Helly

(1921) proved that, in this case, there are a strictly increasing sequence
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{nj : j = 1, . . .} ⊆ N and g ∈ BV ([a, b]) such that gnj → g pointwise on
[a, b]. The proof is based on the Jordan decomposition theorem and the fol-
lowing selection principle, which itself has an elementary and natural proof.
Given {cm,n : m,n = 1, . . .} ⊆ C, assume that {cm,n} is uniformly bounded.
Then there are a strictly increasing sequence {nj : j = 1, . . .} ⊆ N and a
sequence {cm : m = 1, . . .} ⊆ C such that

∀ m = 1, . . . , lim
j→∞

cm,nj = cm.

These techniques can be formulated in terms of complex measures, which we
shall do in Chapters 5–7, but it is important to note that they were inspired
by classical moment and transform (Fourier, Laplace, and Stieltjes) problems;
see [503] for a definitive treatment.

4.40. a. Let f : [a, b] → R be an m-measurable function and take ε, δ > 0.
Prove that there are an absolutely continuous function G and a set A ∈
M([a, b]) such that m(A) < δ and

sup
x∈[a,b]\A

|f(x) −G(x)| < ε.

b. If f ∈ L∞
m ([a, b]) is an increasing, nonnegative function and g ∈

L1
m([a, b]), then prove that there is ξ ∈ (a, b) such that

∫ b

a

fg = f(b−)
∫ b

ξ

g.

We also refer to [235], page 420, on this matter.

4.41. The functional equation for a function f : R → R is

∀ x, y ∈ R, f(x+ y) = f(x) + f(y).

a. If f is continuous on R and satisfies the functional equation prove that
f(x) = f(1)x on R.
[Hint. Check first that f(nx) = nf(x) if n ∈ Z and then that f(rx) = rf(x)
if r ∈ Q; the conclusion follows since f is continuous.]

b. Prove that if f is continuous at some point of R and the functional
equation is satisfied, then f(x) = f(1)x on R.

c. Let S ⊆ R have the property that S − S contains an interval; cf.
Steinhaus’ theorem in Problem 3.6. If f is bounded on S and f satisfies the
functional equation, prove that f(x) = f(1)x on R. In particular, if f = 0 on
the Cantor set C ⊆ [0, 1], then f is identically 0 on R. This latter statement
follows directly from Problem 1.13 and the facts that y = nx, x ∈ [0, 1], and
f(y) = nf(x) for a given y ∈ R.

d. Let f be a measurable function on R that satisfies the functional equa-
tion. Prove that f(x) = f(1)x on R.
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[Hint. Let g = eif and use Theorem 4.4.3 and the hypothesis to compute that

∀ x ∈ R, g′(x) = g′(0)g(x).

Solving the differential equation, we find that

f(x) = Ax+ 2πn(x),

where n : R → Z and n(x+ y) = n(x) + n(y). Use the fact that the graph of
n is not dense in C to obtain that n(x) = Bx, and, from this, conclude that
B = 0.]

e. The question now arises as to whether the functional equation has any
discontinuous solutions. Prove that, in fact, it does.
[Hint. Let H be a Hamel basis in R. Then for x, y ∈ R,

x =
∑

ri(x)hi(x), y =
∑

ri(y)hi(y),

x+ y =
∑

ri(x + y)hi(x+ y),

where “h”∈ H and “r”∈ Q. By the uniqueness of representation, ri(x) +
ri(y) = ri(x+y). If ri were a continuous function then we would have ri(x) =
Cx for each x ∈ R, and this contradicts the fact that ri(x) ∈ Q.]

f. Let f satisfy the functional equation and assume that f = 0 on some
nonmeasurable set. Does f = 0 on R?
[Hint. Use the material about Hamel bases in Problem 2.24d–f.]

4.42. Let f, f ′ ∈ L1
m(R).

a. Prove that if f is absolutely continuous on each interval [a, b] ⊆ R then
lim|x|→∞ f(x) = 0.
[Hint. Use FTC over finite intervals and obtain a contradiction to the
hypothesis that f ∈ L1

m(R).]
b. Give an example to show that the hypothesis of absolute continuity is

necessary in part a.
[Hint. “Put the Cantor set C in In = [n, n+(1/2n)]”. Then define the function
fn to have value 0 outside of In and to be a modified Cantor function ranging
from 0 to 1 to 0 in In; set f =

∑
fn. If we do not require f to remain

continuous then f = �Z provides a trivial counterexample.]

4.43. Let z(x, y) be a function that is absolutely continuous on every
straight line parallel to the axes of the coordinate system. Let f, g : [0, 1] →
(0, 1) be two absolutely continuous functions on [0, 1]. Is the function
z(f(t), g(t)) absolutely continuous on [0, 1]?

This problem was proposed by Meier Eidelheit in [344], Problem 188.1
(1940).

4.44. Let f ∈ L1
m([0, 1]). Prove that

∑
|nf̂(n)|2 < ∞ if and only if f is

absolutely continuous on [0, 1], f ′ ∈ L2
m([0, 1]), and f(0) = f(1).
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4.45. Suppose that f ∈ L1
m(R) and g ∈ L∞

m (R). Find general conditions on
f and g so that

lim
x→∞ f ∗ g′(x) = 0 when lim

x→∞ f ∗ g(x) = 0.

The convolution f ∗ g was defined in Problem 3.5.

4.46. Let f and g be continuous elements of L1
m(R). Assume that f is

continuously differentiable and vanishes outside of some finite interval. Prove
that (f ∗ g)′ exists and that

(f ∗ g)′ = f ′ ∗ g. (4.57)

To what extent can the conditions on f and g be relaxed so that (4.57) is
still valid?

4.47. Let Y ⊆ R have the property that m(R\Y ) = 0 and let f : R
2 → R be

a function such that for each y ∈ Y , Dxf(x, y) exists m-a.e. Give reasonable
hypotheses and a rigorous proof to the Leibniz rule for differentiating an
integral:

Dx

∫ h(x)

g(x)

f(x, y) dy = [f(x, h(x))h′(x) − f(x, g(x))g′(x)]

+
∫ h(x)

g(x)

Dxf(x, y) dy.

If g(x) = a and h(x) = b then we are in the setting of Theorem 3.6.3. If f(x, y)
is of the form f(y) and if g(x) = a and h(x) = x, then we are in the framework
of Theorem 4.4.3.

4.48. Prove that the composition of two absolutely continuous functions
need not be absolutely continuous or even of bounded variation; see Prob-
lem 4.12 and Section 4.7.3 on Zaretsky.

4.49. Let f : (0,∞) → R be a positive strictly increasing function that
is absolutely continuous on each finite interval [a, b] ⊆ (0,∞). Prove that if
f(x) = O(x2), as x → ∞, then

∫∞
0 1/f ′(x) dx diverges.

[Hint. For each s > r > 0 we have

(s− r)2 =
(∫ s

r

dx

)2

≤ (f(s) − f(r))
∫ s

r

1
f ′(x)

dx,

and so there is a constant A such that for each r > 0,

A ≤
∫ ∞

r

1
f ′(x)

dx.]
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4.50. In Proposition 4.9 we used LDC to prove that F (x) =
∫ x
a
f is con-

tinuous if f ∈ L1
m([a, b]). Now prove the following continuity property: let

f : [a, b] → R
+ be Lebesgue measurable and pick any y ∈ [0,

∫ b
a f ]; then there

is A ∈ M([a, b]) for which y =
∫
A
f .

[Hint. i. Assume
∫ b
a f < ∞. Then F is continuous, so that by the intermediate

value theorem there is t for which F (t) = y; hence, set A = [a, t].
ii. Assume

∫ b
a
f = ∞, An = {x ∈ [a, b] : f(x) < n} ∈ M([a, b]), An ⊆

An+1,
⋃
An = [a, b], and lim

∫
An

f = ∞. If y = ∞ let A = [a, b]. If y < ∞
let
∫
An

f > y for some n and apply part i to fn = �Anf ∈ L1
m(An) to obtain

B ∈ M([a, b]) for which
∫
B fn = y; therefore, let A = B ∩An.]

4.51. Let f, g : [a, b] → R be increasing continuous functions. Define F and
G as in Theorem 4.6.3 and let μG be the Lebesgue–Stieltjes measure associ-
ated with G. Prove the following integration by parts formula for Lebesgue–
Stieltjes integrals:

∫ b

a

fG dm = F (b)G(b) −
∫ b

a

F dμG.

Can the assumptions about f and g be relaxed?



5 Spaces of Measures and the Radon–Nikodym

Theorem

5.1 Signed and complex measures, and the basic
decomposition theorems

Let (X,A) be a measurable space. A function

μ : A → R
∗, respectively, C,

is a signed measure, respectively, complex measure, if μ(∅) = 0 and

μ

( ∞⋃

n=1

An

)
=

∞∑

n=1

μ(An)

for every disjoint sequence {An : n = 1, . . .} ⊆ A. If μ is a signed, respec-
tively, complex, measure we shall refer to the symbol (X,A, μ) as a signed,
respectively, complex, measure space. Note that every measure on (X,A) is
a signed measure.

Proposition 5.1.1. Let (X,A, μ) be a signed measure space. Then μ cannot
take both +∞ and −∞ as values.

Remark. If (X,A, μ) is a measure space and f ∈ L1
μ(X) then

∀ A ∈ A, ρ(A) =
∫

A

f dμ

defines a complex measure ρ, and this canonical representation is one of the
initial reasons we study signed and complex measures. The Radon–Nikodym
theorem, which we designate by R–N, is the means to obtain a converse of
this observation as well as being a major step in determining an FTC for
abstract measure spaces. In fact we shall characterize “absolutely continuous
measures” in terms of the above formula.

Definition 5.1.2. μ+μ+μ+, μ−μ−μ−, and the total variation of signed measures
Let (X,A, μ) be a signed measure space. A set A ∈ A is nonnegative, respec-
tively, nonpositive if

∀ E ⊆ A, for which E ∈ A, we have μ(E) ≥ 0, respectively, μ(E) ≤ 0.

©
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For each A ∈ A we define

μ+(A) = sup{μ(E) : E ⊆ A,E ∈ A}

and
μ−(A) = sup{−μ(E) : E ⊆ A,E ∈ A}.

Here μ+, respectively, μ−, is the positive, respectively, negative, variation of
μ.

For any signed measure space (X,A, μ), the total variation |μ| is defined
as

∀ A ∈ A, |μ|(A) = μ+(A) + μ−(A).

Theorem 5.1.3. μ±μ±μ± are measures
Let (X,A, μ) be a signed measure space. Then, (X,A, μ+) and (X,A, μ−) are
measure spaces.

Proof. Clearly, μ±(∅) = 0 since μ(∅) = 0. For each A ∈ A, ∅ ⊆ A, and so
μ±(A) ≥ 0. Let {An : n = 1, . . .} ⊆ A be a disjoint sequence. We shall prove
that μ+ (

⋃
An) =

∑
μ+(An); the same argument works for μ−.

We need to know that if A ⊆ B, where A,B ∈ A, then

μ+(A) ≤ μ+(B).

Take E ⊆ A, where E ∈ A. Then μ(E) ≤ μ+(B) by the definition of μ+(B)
and since A ⊆ B. Because this holds for all such E we conclude that μ+(A) ≤
μ+(B).

If μ+(An) = ∞ for some n then μ+(An) ≤ μ+ (
⋃
Aj) implies that

μ+ (
⋃
Aj) = ∞. Consequently, μ+ ≥ 0 and μ+(An) = ∞ yield the

σ-additivity of μ+. Therefore, assume that μ+(An) < ∞ for each n.
Let ε > 0 and choose En ⊆ An, where En ∈ A, such that μ(En) ≥

μ+(An) − ε/2n. Then {En : n = 1, . . .} is a disjoint sequence since {An : n =
1, . . .} is disjoint. Thus, by the σ-additivity of μ,

μ

( ∞⋃

n=1

En

)
=

∞∑

n=1

μ(En) ≥
∞∑

n=1

μ+(An) − ε;

and so

μ+

( ∞⋃

n=1

An

)
≥

∞∑

n=1

μ+(An),

since μ+(
⋃
An) ≥ μ(

⋃
En) and ε is arbitrary.

For the opposite inequality take any λ < μ+ (
⋃
An). It is sufficient to

prove that λ <
∑
μ+(An).

Pick E ⊆
⋃
An for which μ(E) > λ. Since μ is σ-additive,

μ(E) =
∞∑

n=1

μ(E ∩An).



5.1 Signed and complex measures, and the basic decomposition theorems 221

Because μ(E ∩An) ≤ μ+(An) we conclude that

λ < μ(E) ≤
∞∑

n=1

μ+(An). ��

Theorem 5.1.4. Properties of μ±μ±μ± and |μ||μ||μ|
Let (X,A, μ) be a signed measure space.

a. (X,A, |μ|) is a measure space.
b. The nonnegative, respectively, nonpositive, sets are closed under count-

able unions.
c. If A ∈ A is nonnegative, respectively, nonpositive, then μ(A) = μ+(A),

respectively, μ(A) = −μ−(A).
d. If μ(A) = μ+(A) < ∞, respectively, −μ(A) = μ−(A) < ∞, then A is

nonnegative, respectively, nonpositive.

Proof. Part a is clear from Theorem 5.1.3, and part b is immediate.
c. Let A be nonnegative, so that μ(B) ≥ 0 for each B ∈ A contained

in A. For such B we have μ(B) ≤ μ(A) since A \ B ⊆ A, and so μ(A) =
μ(B)+μ(A\B) ≥ μ(B). Consequently, by the definition of μ+, μ+(A) ≤ μ(A).
Because A is such a B, μ+(A) = μ(A).

d. If A is not nonnegative there is B ⊆ A for which B ∈ A such that
μ(B) < 0. Because μ is additive and A = (A\B)∪B, μ(A) = μ(B)+μ(A\B).
Thus, if μ(A) < ∞ (our hypothesis) we have μ(A) < μ(A\B) since μ(B) < 0.
On the other hand, A \ B ⊆ A implies μ+(A) ≥ μ(A \ B), and so μ+(A) >
μ(A), which is contrary to our hypothesis. ��

Proposition 5.1.5. Let (X,A, μ) be a signed measure space. For each A ∈ A
there is E ⊆ A for which E ∈ A such that

μ(E) = μ+(E) ≥ μ(A).

Proof. i. For the first case let μ+(A) < ∞ (and so μ(A) < ∞). We shall
inductively define a sequence {An : n = 1, . . .} ⊆ A. Let A0 = A and note
that

μ+(A0) ≥ μ(A0) ≥ μ(A).

If μ+(A0) = μ(A0) take E = A0 and we are done. If μ+(A0) �= μ(A0) then
there is A1 ⊆ A0 such that

μ+(A0) ≥ μ(A1) > μ(A0). (5.1)

Further, take A1 such that μ(A1) > μ+(A0) − 1; we can do this by the
definition of μ+ and since μ+(A0) < ∞. Since μ+(A1) ≥ μ(A1),

μ+(A1) ≥ μ(A1) > μ(A0) (5.2)

by (5.1). If μ+(A1) = μ(A1) take E = A1 and we are done by (5.2).
If μ+(A1) > μ(A1), there is A2 ⊆ A1 such that
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μ+(A2) ≥ μ(A2) > μ(A1), μ(A2) > μ+(A1) − 1,

and again, since μ+(A2) ≥ μ(A2),

μ+(A2) ≥ μ(A2) > μ(A1) > μ(A0).

Proceeding in this way we are either done at the nth step or else we determine
a decreasing sequence {An : n = 1, . . .} ⊆ A such that

μ+(An) ≥ μ(An) > μ(A) (5.3)

and
μ(An) > μ+(An−1) − 1

n− 1
. (5.4)

Set E =
⋂
An. Since μ+ is a measure and μ+(A0) < ∞ we have

μ+(E) = lim
n→∞μ+(An) ≥ μ(A).

Thus, since μ+(E) ≥ μ(E) by definition, it remains to show that μ(E) ≥
μ+(E).

If E is nonnegative we are done by Theorem 5.1.4c. Assume not and take
F ⊆ E satisfying μ(F ) < 0. We shall obtain a contradiction. Choose n for
which μ(F ) < −1/n. Note that

μ(An+1 \ F ) = μ(An+1) − μ(F ) > μ(An+1) + 1/n. (5.5)

To prove this observe that An+1 = (An+1\F )∪F , μ(An+1) = μ(F )+μ(An+1\
F ), and μ(An+1) ∈ R by (5.3) and the fact that μ(An) ≤ μ+(An+1) ≤
μ+(A) < ∞. Consequently, μ(F ) ∈ R and we can perform the algebra to
obtain (5.5).

Next we observe from the monotonicity of {An : n = 1, . . .} that

μ+(An) ≥ μ+(An+1) ≥ μ+(An+1 \ F ) ≥ μ(An+1 \ F ).

Thus, by (5.5), μ+(An) > μ(An+1) + 1/n, and this contradicts (5.4). Conse-
quently, the result is true if μ+(A) < ∞.

ii. For the second case let μ+(A) = ∞. As in the first case we form
{An : n = 1, . . .} ⊆ A, a decreasing sequence, such that An ⊆ A and

μ+(An) > μ(An+1) ≥ μ(An) ≥ μ(A),
μ(An+1) ≥ n+ 1.

(5.6)

Further, μ+(An) = ∞, for otherwise we can argue as in the first part. Again,
set E =

⋂
An. For each n,

An = E ∪
∞⋃

j=n

(Aj \Aj+1),
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so that, from (5.6),

n ≤ μ(An) = μ(E) +
∞∑

j=n

μ(Aj \Aj+1) < ∞. (5.7)

Thus, μ(E) is a fixed finite number, and, since μ(An) → ∞, we have

lim
n→∞

∞∑

j=n

μ(Aj \Aj+1) = ∞.

On the other hand, μ(Aj \ Aj+1) ≤ 0 by (5.6) and the fact that μ(Aj) =
μ(Aj \ Aj+1) + μ(Aj+1), where μ(Aj) is finite. This gives a contradiction.
Hence, μ+(An) < ∞ for some n and we apply the first part. ��

We shall use Proposition 5.1.5 to prove the Hahn decomposition theorem.
There are several proofs, including one in which it is a corollary of the R–N
theorem. Hans Hahn’s proof of 1928 [211] and Sierpiński’s [437] are quite
efficient and do not use R–N. R. Franck [182] has given a proof using
transfinite numbers. Hahn’s original proof was given in 1921.

Theorem 5.1.6. Hahn decomposition theorem
Let (X,A, μ) be a signed measure space. There is a nonnegative set P ∈ A
such that N = X \ P is nonpositive.

Proof. Assume μ+(X) < ∞. The case that μ+(X) = ∞ is Problem 5.2. Set
λ = sup{μ+(A) : A ∈ A and μ−(A) = 0}. The condition that μ−(A) = 0
means that if E ⊆ A then μ(E) ≥ 0, and so A is nonnegative. There is no
problem about the existence of λ since μ−(∅) = 0.

Since μ+ is a measure and μ+(X) < ∞ we have 0 ≤ λ < ∞. Pick a
sequence {An : n = 1, . . .} ⊆ A such that μ−(An) = 0 and μ+(An) → λ.
Define P =

⋃
An.

Note that μ−(P ) = 0 since μ−(P ) ≤
∑
μ−(An). Hence, P is a nonneg-

ative set. Because An ⊆ P we have μ+(P ) ≥ μ+(An), and so μ+(P ) ≥ λ.
On the other hand, P ∈ A and μ−(P ) = 0 imply that λ ≥ μ+(P ). Thus,
λ = μ+(P ).

Our final step is to prove that N = X \ P is nonpositive. Assume not, so
that there is B ⊆ N for which μ(B) > 0. By Proposition 5.1.5 there is E ⊆ B
such that μ+(E) = μ(E) ≥ μ(B) > 0. Consequently, since μ+(X) < ∞, we
can apply Theorem 5.1.4d to ascertain that E is nonnegative.

Because E ∩ P = ∅,

μ+(P ∪E) = μ+(P ) + μ+(E) = λ+ μ+(E) > λ.

Also, from the fact that μ−(P ) = 0 (as we observed above),

μ−(P ∪ E) = μ−(P ) + μ−(E) = μ−(E) = 0,
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where the last equality follows since E is nonnegative; in fact, F ⊆ E implies
μ(F ) ≥ 0 and

0 ≤ μ−(E) = sup{−μ(F ) : F ⊆ E} ≤ 0.

Thus, we have a contradiction to the definition of λ by taking A = P ∪ E.
Hence, N is nonpositive. ��

The sets P and N are a Hahn decomposition of the signed measure space
(X,A, μ).

There is a difference between the notions of a set of signed measure 0 and
of a set of measure 0. The following remark introduces a generalization of the
latter in the context of signed measure spaces.

Remark. Let (X,A, μ) be a signed measure space. If A ∈ A satisfies

−μ−(A) = μ(A) = μ+(A)

then A is a null set. A set A ∈ A is null if and only if

∀ B ⊆ A, B ∈ A, μ(B) = 0.

Thus, if A is null then μ(A) = 0, but the converse is not true. It is a rou-
tine exercise to prove that the Hahn decomposition is not generally unique,
whereas it is unique up to null sets; e.g., Problem 5.6.

Remark. We shall give the Jordan decomposition of a signed measure space
(X,A, μ) in Theorem 5.1.8. There are two points to be made.

First, the Jordan decomposition is intimately related to the decomposition
of a bounded variation function as a difference of increasing functions. Recall
that increasing functions give rise to measures, and, in fact, bounded variation
functions give rise to signed measures. The Riesz representation theorem (see
Chapter 7) gives a further relation between functions of bounded variation
and signed measures.

The second point is the relation between the Hahn and Jordan decomposi-
tions. Given a Hahn decomposition P , N of a signed measure space (X,A, μ),
it is easy to compute that

μ = ν+ − ν−,

where

∀ A ∈ A, ν+(A) = μ(A ∩ P ), and ν−(A) = −μ(A ∩N).

On the other hand, we shall prove the Jordan decomposition,

μ = μ+ − μ−,

independent of Hahn’s result, and then show that μ± = ν±.
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Proposition 5.1.7. Let (X,A, μ) be a signed measure space.
a. If μ+(X) = ∞ then there is A ∈ A such that μ(A) = ∞.
b. If μ−(X) = ∞ then there is B ∈ A such that μ(B) = −∞.

Proof. By the definition of μ+ we can choose a sequence {An : n = 1, . . .} ⊆ A
such that μ(An) > n for each n. From Proposition 5.1.5 choose En ⊆ An for
which μ+(En) = μ(En) ≥ μ(An) > n. We shall prove that

μ

( ∞⋃

n=1

En

)
= μ+

( ∞⋃

n=1

En

)
.

This is sufficient since μ+(A) ≥ μ+(En) > n for A =
⋃
En, and so

μ+(A) = ∞.
Without loss of generality take n < μ(En) = μ+(En) < ∞ for each n.

From Theorem 5.1.4d, En is nonnegative. Consequently, if F ⊆
⋃
En and⋃

En =
⋃
Dn, where {Dn : n = 1, . . .} is a disjoint sequence and Dn ⊆ En,

we have μ(F ∩Dn) ≥ 0 and

μ(F ) =
∞∑

n=1

μ(F ∩Dn) ≥ 0.

Thus,
⋃
En is nonnegative. Finally, we apply Theorem 5.1.4c to conclude

that μ(A) = μ+(A). ��

We could have proved Proposition 5.1.7 using the Hahn decomposition;
cf. Problem 5.2: μ+(X) = μ+(P ) + μ+(N) = μ+(P ) = μ(P ).

Theorem 5.1.8. Jordan decomposition theorem
Let (X,A, μ) be a signed measure space. Then μ = μ+ − μ−. In particular,
either μ+ or μ− is bounded.

Proof. i. Let A ∈ A have the property that |μ(A)| < ∞. Take B ⊆ A. Then

μ(A) = μ(B) + μ(A \B), (5.8)

and so |μ(B)|, |μ(A \B)| < ∞. Therefore,

μ(B) = μ(A) − μ(A \B) ≤ μ(A) + μ−(A), (5.9)

and, consequently,
μ+(A) ≤ μ(A) + μ−(A)

since (5.9) is true for all B ⊆ A.
To prove that

μ(A) ≥ μ+(A) − μ−(A) (5.10)

we must show that μ−(A) < ∞ when |μ(A)| < ∞. If μ−(A) = ∞, then from
Proposition 5.1.7 there is E ⊆ A for which μ(E) = −∞. Choose B above
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satisfying E = A \B. Because |μ(A)| < ∞ we conclude that |μ(B)|, |μ(E)| <
∞ from (5.8). Thus, we have a contradiction and (5.10) follows.

Using (5.8) again we have −μ(A \B) = μ(B) − μ(A) and therefore

μ−(A) ≤ μ+(A) − μ(A).

This fact combined with (5.10) yields μ(A) = μ+(A) − μ−(A) for the case
that |μ(A)| < ∞.

If μ(A) = −∞, then μ−(A) = ∞, and so we must prove that |μ+(A)| < ∞.
If μ+(A) = ∞ then there is B ⊆ A for which μ(B) = ∞ by Proposition 5.1.7,
and this contradicts Proposition 5.1.1 since we assigned μ(A) = −∞.

The case μ(A) = ∞ is treated similarly.
ii. We shall now show that both μ+ and μ− cannot be unbounded. If this

were the case we would have a sequence {An : n = 1, . . .} ⊆ A such that
limn→∞ μ+(An) = ∞. Let En = An ∩ P , n = 1, . . . . Thus,

μ+(An) = μ+((An ∩ P ) ∪ (An ∩N)) = μ+(An ∩ P ) + μ+(An ∩N)

= μ+(An ∩ P ) = μ+(En).

Let Gn =
⋃n
j=1 Ej . Because En ⊆ Gn, we have μ+(Gn) ≥ μ+(En), and so

lim
n→∞μ+(Gn) = ∞.

This, in turn, implies that

μ+

( ∞⋃

n=1

Gn

)
= ∞,

and so we can use Proposition 5.1.7 to deduce that there exists G ∈ A such
that μ+(G) = ∞.

Analogously, we show that if μ− is unbounded then there exists a set
H ∈ A such that μ−(H) = −∞.

These two observations yield a contradiction in view of Proposition 5.1.1.
��

The formula μ = μ+ − μ− is the Jordan decomposition of μ.

Theorem 5.1.9. Consequences of Hahn and Jordan decompositions
Let (X,A, μ) be a signed measure space.

a. If P,N is a Hahn decomposition of X, then

∀ A ∈ A, μ+(A) = μ(A ∩ P ) and μ−(A) = −μ(A \ P ) = −μ(A ∩N).

b. If μ = μ1 −μ2, where the μj are measures, then μ1 ≥ μ+ and μ2 ≥ μ−.
c. For each A ∈ A, denote
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sup

{
n∑

k=1

|μ(Ak)| : {A1, . . . , An} ⊆ A is a finite decomposition of A

}

by μA. Then
μA = |μ|(A).

(A set {A1, . . . , An} ⊆ A is a finite decomposition of A if A =
⋃n
j=1Aj and

Aj ∩Ak = ∅ if j �= k.)
d. If for each A ∈ A, |μ(A)| < ∞, then Kμ = max{μ+(X), μ−(X)} < ∞

and
∀ A ∈ A, |μ(A)| ≤ Kμ.

Proof. a. From the Jordan decomposition of μ,

∀ A ∈ A, μ(A ∩ P ) = μ+(A ∩ P ) − μ−(A ∩ P ).

Since P is nonnegative,A∩P is nonnegative, and so μ(A∩P ) = μ+(A∩P ) ≥ 0
(and hence μ−(A ∩ P ) = 0). Also,

0 ≤ μ+(A \ P ) ≤ μ+(X \ P ) = μ+(N) = 0

from the fact that N is nonpositive. Thus,

μ+(A) = μ+(A ∩ P ) + μ+(A \ P ) = μ+(A ∩ P ) = μ(A ∩ P ).

b. If μ = μ1 − μ2 then μ1 ≥ μ, and so

∀ A ∈ A, μ+(A) = μ(A ∩ P ) ≤ μ1(A ∩ P ) ≤ μ1(A).

Hence, μ1 ≥ μ+.
If |μ(A)| < ∞ then μ−(A) = μ+(A) − μ(A) ≤ μ1(A) − μ(A) = μ2(A).

The case |μ(A)| = ∞ is Problem 5.5.
c. Let A ∈ A and let {A1, . . . , An} be a finite decomposition of A. Since

|μ| is a measure and {Aj : j = 1, . . . , n} is disjoint,

n∑

j=1

|μ(Aj)| =
n∑

j=1

∣∣μ+(Aj) − μ−(Aj)
∣∣ ≤

n∑

j=1

(
μ+(Aj) + μ−(Aj)

)

=
n∑

j=1

|μ|(Aj) = |μ|(A).

Thus, |μ|(A) ≥ μA.
For the opposite inequality take a Hahn decomposition P,N of X , so that

A = (A ∩ P ) ∪ (A ∩N).
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Then

μA ≥ |μ(A ∩ P )| + |μ(A ∩N)| = μ+(A) + μ−(A) = |μ|(A).

d. If μ+(X) = ∞ then we obtain a contradiction to our hypothesis, since,
by Proposition 5.1.7, there isA ∈ A for which μ(A) = ∞. Hence, μ+(X) < ∞.

For each A ∈ A we choose E as in Proposition 5.1.5 and therefore

μ(A) ≤ μ(E) = μ+(E) ≤ μ+(X) < ∞.

Using part a we compute for any A ∈ A that

μ(A) = μ+(A) − μ−(A) = μ(A ∩ P ) + μ(A ∩N) ≥ μ(A ∩N) = −μ−(A).

Consequently,
μ(A) ≥ −μ−(A) ≥ −μ−(X) > −∞

by Proposition 5.1.7 again. Hence,

∀ A ∈ A, |μ(A)| ≤ max{μ+(X), μ−(X)}. ��

We expand on the first remark in this section concerning the construction
of signed measures, and R–N as a converse, in the following result.

Proposition 5.1.10. Let (X,A, μ) be a measure space, let

f : X → R
∗

be a μ-measurable function, and assume that
∫

X

f dμ

exists. Define

∀ A ∈ A, ν(A) =
∫

A

f dμ.

Then (X,A, ν) is a signed measure space,

ν±(A) =
∫

A

f± dμ, and |ν|(A) =
∫

A

|f | dμ. (5.11)

(f+ and f− are defined after Definition 3.2.3.)
Also, P = {x : f(x) > 0}, N = X \P is a Hahn decomposition for ν, and

if neither ν+ nor ν− is identically zero then

∃ A ∈ A such that |ν|(A) > |ν(A)|.
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Let μ be a complex measure with real and imaginary parts μr and μi,
respectively. Clearly, μr and μi are signed measures with values in R. From
Theorem 5.1.8, we have

∀ A ∈ A, μ(A) = μ+
r (A) − μ−

r (A) + iμ+
i (A) − iμ−

i (A).

We would like to define the total variation of μ. It is tempting to write it as

μ+
r + μ−

r + μ+
i + μ−

i .

In fact, we shall be most interested in results that depend on certain decom-
positions of X ; and so we take our cue from Theorem 5.1.9c and make the
following definition.

Definition 5.1.11. The total variation of complex measures
Let (X,A, μ) be a complex measure space. For each A ∈ A denote

sup

⎧
⎨

⎩

n∑

j=1

|μ(Aj)| : {A1, . . . , An} is a finite decomposition of A

⎫
⎬

⎭

by |μ|(A). Then, |μ| : A → R
+ is the total variation |μ| of μ.

Remark. The boundedness of |μ| in Theorem 5.1.12b can also be proved
quite independently of our measure-theoretic arguments using the following
fact:

∀ z1, . . . , zn ∈ C, ∃ S ⊆ {1, . . . , n} such that

∣∣∣∣∣∣

∑

j∈S
zj

∣∣∣∣∣∣
≥ 1
π

n∑

j=1

|zj |.

Bourbaki (1955) observed that the constant 1/π is the best possible but that
it cannot be achieved [71], Chapitre VIII, § 3, Ex. 1, p. 126; cf. [62], [277].
There is an interesting refinement due to Grahame Bennett; see Amer.
Math. Monthly 79 (1972), 905 and 80 (1973), 1139–1141. We shall employ
this sort of result in Theorem 6.2.1 (Schur’s lemma).

Theorem 5.1.12. The total variation measure
Let (X,A, μ) be a complex measure space.

a. ∀ A ∈ A, |μ|(A) ≤ μ+
r (A) + μ−

r (A) + μ+
i (A) + μ−

i (A).
b. (X,A, |μ|) is a finite measure space.
c. sup{|μ(B)| : B ∈ A, B ⊆ A ∈ A} ≤ |μ|(A) ≤ 4 sup{|μ(B)| : B ∈

A, B ⊆ A ∈ A}.

Proof. a. Let {Aj : j = 1, . . . , n} be a finite decomposition of A ∈ A. Then

n∑

j=1

|μ(Aj)| =
n∑

j=1

∣∣μ+
r (Aj) − μ−

r (Aj) + iμ+
i (Aj) − iμ−

i (Aj)
∣∣
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≤
n∑

j=1

(
μ+
r (Aj) + μ−

r (Aj) + μ+
i (Aj) + μ−

i (Aj)
)

= μ+
r (A) + μ−

r (A) + μ+
i (A) + μ−

i (A),

and we are done by taking the sup on the left-hand side.
b. From Theorem 5.1.9d, for each A ∈ A,

|μ|(A) ≤ μ+
r (A) + μ−

r (A) + μ+
i (A) + μ−

i (A)

≤ μ+
r (X) + μ−

r (X) + μ+
i (X) + μ−

i (X) ≤ 2(Kμr +Kμi) < ∞,

and so |μ| is bounded.
Now we prove that |μ| is a measure. Clearly, |μ|(∅) = 0 by the definition of

|μ|. Let {An : n = 1, . . .} ⊆ A be a disjoint family and set A =
⋃∞
n=1An. Take

α < |μ|(A). Note that for any finite decomposition {Bj : j = 1, . . . , k} ⊆ A
of A that satisfies α <

∑k
j=1 |μ(Bj)| (which we can do by the definition of

|μ|), we have

α <

∞∑

n=1

k∑

j=1

|μ(Bj ∩An)|. (5.12)

Then, since
∑k

j=1 |μ(Bj ∩An)| ≤ |μ|(An) and α < |μ|(A) is arbitrary,

|μ|(A) ≤
∞∑

n=1

|μ|(An). (5.13)

Take ε > 0. For each j let {Bj,1, . . . , Bj,nj} ⊆ A be a finite decomposition
of Aj for which

nj∑

k=1

|μ(Bj,k)| > |μ|(Aj) − ε

2j
.

For each m,

m∑

j=1

|μ|(Aj) <
m∑

j=1

ε

2j
+

m∑

j=1

nj∑

k=1

|μ(Bj,k)| < ε+ |μ|(A) (5.14)

by the definition of |μ| and since
⋃

{Bj,k : k = 1, . . . , nj , j = 1, . . . ,m} ⊆ A
is a disjoint union. Consequently,

∞∑

j=1

|μ|(Aj) < ε+ |μ|(A),

and so ∞∑

j=1

|μ|(Aj) ≤ |μ|(A).

This, coupled with (5.13), yields the desired σ-additivity.
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c. The first inequality is clear. For the second note that

|μ+
r (A)| = |μr(A ∩ Pr)| ≤ |μ(A ∩ Pr)|,

and apply part a. ��

Definition 5.1.13. Mb(X)Mb(X)Mb(X)
a. Let (X,A) be a measurable space and let Mb(X), respectively, SM(X), be
the set of complex, respectively, signed, measures. Then Mb(X) is a complex
vector space where

∀ α, β ∈ C and ∀ A ∈ A, (αμ+ βν)(A) = αμ(A) + βμ(A);

and it is a normed vector space with norm

‖μ‖ = ‖μ‖1 = |μ|(X);

cf. Problem 5.22. We shall develop the theory for Mb(X), noting that
analogous results hold for SM(X). We shall usually refer to the space
“Mb(X)” without making special note of the corresponding measurable space
(X,A).

b. Let X be a locally compact Hausdorff space, and consider the measur-
able space (X,B(X)). We say that a complex measure μ defined on B(X) is
regular if |μ| is regular. In this case Mb(X) will denote the space of complex
regular measures defined on B(X), and we refer to Mb(X) as the space of
complex regular Borel measures. There is a similar convention used to define
signed regular Borel measures.

The space Mb(X) is a normed vector space with norm ‖μ‖ = ‖μ‖1 =
|μ|(X). As a consequence of the results in Chapter 7, we shall see that Mb(X)
is a Banach space.

The following result is elementary to verify.

Theorem 5.1.14. Measures and linear functionals
Let μ ∈ Mb(X).

a. A function f : X → C defined |μ|-a.e. is in L1
|μ|(X) if and only if

f ∈ L1
μ+

r
(X) ∩ L1

μ−
r

(X) ∩ L1
μ+

i

(X) ∩ L1
μ−

i

(X).

b. For each f ∈ L1
|μ|(X),

μ(f) =
∫

X

f dμ =
∫

X

f dμ+
r −

∫

X

f dμ−
r + i

∫

X

f dμ+
i − i

∫

X

f dμ−
i

is well defined, and μ : L1
|μ|(X) → C is a linear functional.
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5.2 Discrete and continuous measures, absolutely
continuous and singular measures

In this section we consider the problems for measures that were initiated for
functions of bounded variation in Section 4.2.

Definition 5.2.1. Discrete, continuous, absolutely continuous, and
singular measures
Let (X,A) be a measurable space.

a. A complex measure μ ∈ Mb(X) is continuous, denoted by μ ∈ Mc(X),
if

∀ x ∈ X, μ({x}) = 0;

and μ ∈ Mb(X) is discrete, denoted by μ ∈ Md(X), if

μ =
∑

x∈D
axδx,

where D ⊆ X is countable,
∑

x∈D |ax| < ∞, and

∀ A ∈ A, δx(A) =

{
0, if x /∈ A,

1, if x ∈ A.

Clearly, a nonzero continuous, respectively, discrete, measure is not dis-
crete, respectively, continuous.

b. We say that μ ∈ Mb(X) is absolutely continuous with respect to ν ∈
Mb(X), denoted by μ � ν, if

∀ A ∈ A, |ν|(A) = 0 =⇒ μ(A) = 0.

Observe that ν � μ in Proposition 5.1.10. Notationally we write

Mac(X, ν) = {μ ∈ Mb(X) : μ � ν}.

c. To define a singular measure we say (as we did earlier after Exam-
ple 4.6.6) that η ∈ Mb(X) is concentrated on A ∈ A if

∀ B ∈ A, η(B) = η(A ∩B).

Concentration sets are not unique, but they are unique up to sets of
measure 0.

d. A complex measure μ ∈ Mb(X) is singular with respect to ν ∈ Mb(X),
denoted by μ⊥ν, if there are disjoint sets Cμ, Cν ∈ A such that μ, respectively,
ν, is concentrated on Cμ, respectively, Cν . Obviously, μ⊥ν if and only if ν⊥μ,
and we say that μ and ν are mutually singular. Notationally, we write

Ms(X, ν) = {μ ∈ Mb(X) : μ⊥ν}.
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Remark. Our project is to decompose a given μ in terms of the various types
of measures defined above and to characterize all the absolutely continuous
μ with respect to a fixed ν. The Radon–Nikodym theorem is the key result
for this purpose.

Remark. Before proceeding in some generality let us recall the classical
situation given in Chapter 4. Consider the measurable space (R,B(R)),
F ∈ BV (R), and the corresponding complex measure μ ∈ Mb(R) as in Theo-
rem 4.1.9. The space Mb(R) is determined by (R,B(R)). Then, the following
assertions are valid:

i. F is a continuous function if and only if for each x ∈ R, μ({x}) = 0 (as
defined after Theorem 4.2.3).

ii. F is an absolutely continuous function if and only if for each A ∈ A,
for which m(A) = 0, we have m(F (A)) = 0 (Theorem 4.6.2).

iii. F is a singular function if and only if there is A ⊆ R, for which
m(R \A) = 0, such that m(F (A)) = 0 (Theorem 4.6.4).

iv. F is a discrete function if and only if there is A ⊆ R such that card (R\
A) ≤ ℵ0 and m(F (A)) = 0 (as in the Remark after Proposition 4.2.1).

Clearly, F (A) corresponds to Cμ in parts iii and iv. Note thatm(R\Cm) =
0. Also,

F is absolutely continuous =⇒ F is continuous,

and
F is discrete =⇒ F is singular.

The following was proved for functions of bounded variation in Theo-
rem 4.2.3.

Theorem 5.2.2. Continuous and discrete decomposition of Mb(X)Mb(X)Mb(X)
Let μ ∈ Mb(X). There is a unique decomposition,

μ = μc + μd,

where μc ∈ Mc(X) and μd ∈ Md(X).

Proof. Because of the Jordan decomposition theorem we take μ ≥ 0 without
loss of generality. Also, μ(X) < ∞ since μ ∈ Mb(X).

For each ε > 0 there are at most finitely many points x ∈ X for which
μ({x}) > ε. Let Ym be the finite collection of such points corresponding to
εm = 1/m. Set Y =

⋃
Ym = {x1, . . .}. For A ∈ A define

μd(A) =
∞∑

j=1

μ({xj})δxj (A),

noting that μ({xj}) > 0. Clearly,

μd(A) ≤
∞∑

j=1

μ({xj}) ≤ μ(X) < ∞,

and hence μd ∈ Md(X), where we have used the fact that μ(X) < ∞.
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Define μc = μ−μd. If x /∈ Y then μ({x}) = 0 = μd({x}) by the definition
of Y . If x ∈ Y we choose A = {x} and compute μd(A) = μ({x}) by the
definition of μd. In either case μc({x}) = 0, and so μc ∈ Mc(X).

The uniqueness is elementary to verify. ��

Example 5.2.3. Continuous measures that are not absolutely con-
tinuous with respect to Lebesgue measure
a. There are continuous measures μ such that μ �� m2, where m2 is Lebesgue
measure onX = [0, 1]×[0, 1]. In fact, for each Lebesgue measurable set A ⊆ X
define

μ(A) = m2(A ∩ ([0, 1] × {0})).

b. Let μC be the Cantor–Lebesgue continuous measure on [0, 1], e.g.,
Section 4.2. Then m(C) = 0 and μC(C) = 1, so that μC is continuous (by its
definition) but not absolutely continuous with respect tom; cf. Example 4.5.1.

Proposition 5.2.4. Let (X,A, ν) be a measure space and let μ ∈ Mb(X).
If μ � ν and μ⊥ν, then μ = 0.

Proof. Since μ⊥ν we have ν(Cμ) = 0.
The relation μ � ν implies μ(A) = 0 for A ∈ A and A ⊆ Cμ because

ν(Cμ) = 0. On the other hand, μ(A) = 0 if A ∩ Cμ = ∅ by the definition
of Cμ. ��

Proposition 5.2.5. Let μ ∈ SM(X). Then μ+⊥μ−, and if P,N is a Hahn
decomposition for μ then we can take Cμ+ = P and Cμ− = N .

Proof. From Theorem 5.1.9a, μ+(A) = μ(A ∩ P ) and μ−(A) = −μ(A ∩N).
On the other hand, since P is nonnegative, Theorem 5.1.4c implies that
μ+(A ∩ P ) = μ(A ∩ P ).

A similar argument works for μ− and we are done. ��

We now prove the Lebesgue decomposition theorem. It can also be proved
alongside R–N or as a corollary of R–N; cf. (5.21).

Theorem 5.2.6. Lebesgue decomposition theorem
Let (X,A, ν) be a measure space, and assume that μ satisfies one of the
following conditions:

i. (X,A, μ) is a σ-finite measure space,
ii. μ ∈ Mb(X).

Then there is a unique pair, μ1 and μ2, of σ-finite measures in the case of
condition i or elements in Mb(X) in the case of condition ii such that

μ = μ1 + μ2, μ1⊥ν, and μ2 � ν.

Proof. We shall prove the result for μ a bounded measure and refer to Prob-
lem 5.18 for the remaining cases.
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Assume that the result is false. Thus, suppose that whenever μ1 and μ2

are bounded measures for which μ = μ1 +μ2 and μ1⊥ν, then there is A ∈ A
for which μ2(A) > 0 and ν(A) = 0.

We shall first prove that

∀ B ∈ A such that ν(X \B) = 0, ∃ F ⊆ B, where F ∈ A, for which
ν(F ) = 0 and μ(F ) > 0.

(5.15)
In order to do this we first define the measures

∀ E ∈ A, μB(E) = μ(E ∩B),

and
∀ E ∈ A, μX\B(E) = μ(E ∩ (X \B)).

Then μ = μB+μX\B, so that by hypothesis there is A ∈ A for which ν(A) = 0
and μB(A) > 0. Consequently, setting F = A ∩B, we have ν(A) = 0 and we
compute

μ(F ) = μB(A ∩B) + μX\B(A ∩B) = μB(A ∩B) = μ(A ∩B) = μB(A).

Let G = {F ∈ A : μ(F ) > 0 and ν(F ) = 0}. Thus G �= ∅ for we can take
B = X . Define S = {μ(F ) : F ∈ G} ⊆ R. Clearly S is bounded below by 0
and above by μ(X) < ∞. It is easy to see that sup{r ∈ S} = μ(F ) for some
F ∈ G. In fact, let μ(Fn) → sup{r ∈ S} and set F =

⋃
Fn. Then

0 ≤ ν(F ) ≤
∞∑

n=1

ν(Fn) = 0 and μ(F ) ≥ μ(Fn) =⇒ μ(F ) ≥ sup{r ∈ S},

and so (5.15) is obtained.
Fix this F . Then ν((X \ (X \ F )) = 0 since ν(F ) = 0, so that, by the

above reasoning (for “B = X \ F”), there is D ⊆ X \ F satisfying ν(D) = 0
and μ(D) > 0. Thus, F ∪D ∈ G and μ(F ∪D) = μ(F ) + μ(D) > μ(F ) since
D ⊆ X \F . This contradicts the fact that μ(F ) = sup{r ∈ S}, and hence the
theorem is proved. ��

The following result tells us that the absolutely continuous measures are
“continuous” in a reasonable sense. Theorem 5.2.8 generalizes the fact that
“indefinite integrals”, as in Proposition 5.1.10, are absolutely continuous, as
well as giving a converse to Theorem 5.2.7. In this regard, we also refer to
Example 5.2.11.

Theorem 5.2.7. Classical continuity of absolutely continuous mea-
sures
Let (X,A, ν) be a measure space and let μ ∈ Mb(X). If μ � ν, then

∀ ε > 0, ∃ δ > 0 such that |ν(A)| < δ =⇒ |μ(A)| < ε.



236 5 Spaces of Measures and the Radon–Nikodym Theorem

Proof. Let μ ≥ 0 and assume that the result does not hold. Then there is
ε > 0 such that for all n we can find An ∈ A for which

|ν(An)| < 1
2n

and |μ(An)| = μ(An) ≥ ε.

Setting Bn =
⋃∞
k=n+1 Ak we have

ν(Bn) ≤
∞∑

k=n+1

ν(Ak) <
1
2n
.

Since μ ≥ 0, μ(Bn) ≥ μ(An+1) ≥ ε. Consequently,

μ

( ∞⋂

n=1

Bn

)
= lim
n→∞μ(Bn) ≥ ε,

noting that μ(B1) < ∞.
Also, ν(B1) < ∞, and so

ν

( ∞⋂

n=1

Bn

)
= lim

n→∞ ν(Bn) ≤ lim
n→∞

1
2n

= 0.

This last statement and the assumed absolute continuity contradict the fact
that μ (

⋂∞
n=1Bn) ≥ ε.

According to Theorem 5.1.12a, |μ| ≤ |μr| + |μi|. Now, if μ is a signed
measure and μ = μ+ − μ−, then the hypothesis that μ � ν implies that
|μ| � ν. Therefore, from the first part,

∀ ε > 0, ∃ δ > 0 such that |ν(A)| < δ =⇒ |μ|(A) < ε.

Thus, since |μ|(A) ≥ |μ(A)|, we obtain that

∀ ε > 0, ∃ δ > 0 such that |ν(A)| < δ =⇒ |μr(A)|, |μi(A)| < ε,

which concludes the proof. ��

Theorem 5.2.8. Classical continuity and a sufficient condition for
absolutely continuous measures
Let (X,A, ν) be a finite measure space and let

μ : A → C

be a finitely additive measure. Assume that

∀ ε > 0, ∃ δ > 0 such that |ν(A)| < δ =⇒ |μ|(A) < ε.

Then μ ∈ Mb(X) and μ � ν.
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Proof. First we prove σ-additivity. Let {An : n = 1, . . .} ⊆ A be a disjoint
family. From the finite additivity,

μ

( ∞⋃

n=1

An

)
=

k∑

j=1

μ(Aj) + μ

⎛

⎝
∞⋃

j=k+1

Aj

⎞

⎠ ,

and so it is sufficient to prove that

lim
k→∞

∣∣∣∣∣∣
μ

⎛

⎝
∞⋃

j=k+1

Aj

⎞

⎠

∣∣∣∣∣∣
= 0. (5.16)

Since ν
(⋃∞

j=k Aj

)
=
∑∞

j=k ν(Aj) is valid and finite for each k, and since

limk→∞
∑∞

j=k ν(Aj) = 0, we conclude (5.16) by our hypothesis.
Clearly, μ � ν, for if ν(A) = 0, then, for each ε > 0, |μ(A)| < ε.
This fact also tells us that μ(∅) = 0, which is also clear from σ-additivity.

Thus, μ ∈ Mb(X). ��

We can drop the hypothesis that ν is bounded in Theorem 5.2.8 if we
assume that μ ∈ Mb(X).

Example 5.2.9. Perfect sets in compact spaces
a. Let X be a compact space (Appendix A.1) and assume that there is a
nonzero Borel measure μ on X , e.g., m on [0, 1]. We shall show that there is
a perfect set (i.e., closed, nonempty, and without isolated points) P ⊆ X , and
so card P > ℵ0, such that μ(P ) = 0. For example, we could take the Cantor
set C ⊆ [0, 1] in the case of m on [0, 1]. To do this we follow Richard B.

Darst [117] and use the following two results by Walter Rudin [403]. Let
Q be a compact space without any perfect subsets; Q need not be countable!
R1. If f ∈ C(Q) then card f(Q) ≤ ℵ0.
R2. If μ ∈ Mc(Q) then μ(Q) = 0.

Assertion R2 implies that there is a perfect set A ⊆ X , since otherwise
μ is trivial. From Urysohn’s lemma (Theorem A.1.3) there is a continuous
surjection f : A → [0, 1]. Let {Cλ} be an uncountable collection of pair-
wise disjoint perfect subsets of [0, 1]. Set Aλ = f−1(Cλ), so that {Aλ} is an
uncountable disjoint family of closed sets in A. From R1 each Aλ contains a
perfect subset Pλ. Now, if each μ(Pλ) �= 0 we have μ (

⋃
Pλ) = ∞, and this is

a contradiction. Consequently, let P = Pλ for some Pλ for which μ(Pλ) = 0.
b. Part a is really not unexpected—in this subject nothing is. More

spectacular is the following example, due to Gustave Choquet [102]. Let
X = [0, 1] × [0, 1] and let B(X) ⊆ P(X) be the Borel algebra. Then there is
an uncountable set N ⊆ X , measurable for each measure on B(X), such that

∀ μ ∈ Mc(X), μ(N) = 0,

and for which card K ≤ ℵ0 when K ⊆ N is compact.
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Remark. For a given μ ∈ Mb(X) we have defined Cμ. When X is locally
compact we shall also be able to define the support of μ, denoted by supp μ.
There is a relationship between these two notions that we shall discuss in
Section 7.4.

Example 5.2.10. Continuous measures on perfect totally discon-
nected sets
a. Let E ⊆ [0, 1] be of the form

⋂
Ek, Ek =

⋃2k

j=1 E
k
j , where {Ekj : j =

1, . . . , 2k} is disjoint and each Ekj is a closed interval. Let γj,k be the mid-
point of Ekj and define the measure

μk =
2k∑

j=1

1
2k
δγj,k

.

Then each ‖μk‖1 = |μk|([0, 1]) = 1, so that, by the Banach–Alaoglu theorem
(Theorem A.9.5), {μk : k = 1, . . .} has a weak* limit μ, noting that each
μk ∈ C([0, 1])′, i.e., each μk : C([0, 1]) → C is a continuous linear functional
with the ‖ . . . ‖∞ norm on C([0, 1]). Clearly, μ ∈ Mc([0, 1]), ‖μ‖1 = 1, and
μ ≥ 0. This procedure can be extended to any perfect totally disconnected
metric space E.

b. Suppose we adjust the above procedure in the following way. Let Fn ⊆
[0, 1] consist of n points and define the measure

μn =
∑

γ∈Fn

1
n
δγ .

Then ‖μn‖1 = 1 and μn ≥ 0. Set F =
⋃
Fn. By the Banach–Alaoglu theorem,

there are a subsequence {μmn : n = 1, . . .} ⊆ {μn : n = 1, . . .} and μ ∈ Mb(F )
such that μmn → μ in the weak* topology, where μ ≥ 0, and ‖μ‖1 = 1. Taking
Fn = {1, 1/2, . . . , 1/n} we have F = {0, 1, 1/2, . . .} and μ({γ}) = 0 for each
γ ∈ (0, 1]. Also, μ({0}) = 1, and so μ = δ0.

Example 5.2.11. μ � νμ � νμ � ν and ννν bounded does not imply μμμ bounded
We shall prove that if ν ∈ Mb(X) and μ � ν, then μ need not be bounded.
In the process we shall show the necessity of the hypothesis that μ be bounded
in Theorem 5.2.7. Let ν be Lebesgue measure m on (0, 1] and set

μ(A) =
∫

A

1
x
dx.

Clearly μ is unbounded and μ � ν. As far as Theorem 5.2.7 is concerned
note that

∀ ε > 0, ∃ N such that ∀ n > N, ν

((
0,

1
n

])
=

1
n
< ε,

whereas μ
((

0, 1
n

])
= ∞ for all n.
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5.3 The Vitali–Lebesgue–Radon–Nikodym theorem

We have indicated the roles of Vitali and Lebesgue in the development
of FTC in Section 4.3. Essentially, the Radon–Nikodym theorem (R–N) can
be considered as the natural generalization of FTC for more general spaces,
and, in this context, we refer to the historical remarks in Section 5.6.4 and
to the Epilogue in Thomas Hawkins’ book [226]. The former studies the
contribution of Vitali and Lebesgue, whereas the latter examines Radon’s
paper and Thomas J. Stieltjes’ influence, among other things.

We first prove R–N for the case that μ and ν are bounded measures.
We then discuss extensions of the result to other “measures”. The proof of
Theorem 5.3.1 actually works if μ is a real-valued signed measure.

Theorem 5.3.1. Radon–Nikodym theorem (R–N) for bounded mea-
sures
Let μ and ν be bounded measures on a measurable space (X,A). Assume that
μ � ν. There is a unique element f ∈ L1

ν(X) such that

∀ A ∈ A, μ(A) =
∫

A

f dν. (5.17)

Proof. For each r ∈ R consider the real-valued signed measure μ − rν, and
let Pr, Nr be a Hahn decomposition of X for μ− rν.

a. Let r < s. We shall first check that
i. μ(A) ≤ rν(A) ≤ sν(A) if A ⊆ Nr,
ii. sν(A) ≤ μ(A) if A ⊆ Ps,
iii. ν(A) = μ(A) = 0 if A ⊆ Nr \Ns.
Property iii follows from i and ii since Nr\Ns ⊆ X \Ns = Ps. For the first

inequality of i we need only the definition of Nr. For the second inequality
we use the facts that ν is a measure and r < s. Assertion ii is immediate
from the definition of Ps.

b. Set
E =

⋃

s∈Q

⋃

r<s,r∈Q

(Nr \Ns) , Rr = Nr \ E,

and

G = X \

⎛

⎝
⋃

r∈Q

Rr \
⋂

s∈Q

Rs

⎞

⎠ .

We shall prove that
i. ν(E) = 0,
ii. r < s =⇒ Rr ⊆ Rs,
iii. ν

(⋂
r∈Q

Rr

)
= 0,

iv. ν
(
X \

⋃
r∈Q

Rr

)
= ν

(⋂
r∈Q

R∼
r

)
= 0,

v. ν(G) = 0.
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Statement i is clear from part a.iii and the fact that E is a countable
union. Assertion ii follows from an easy set-theoretic manipulation using the
definitions of E and Rr. To prove iii we first observe that

∀ s ∈ Q,
⋂

r∈Q

Rr ⊆
⋂

r∈Q

Nr ⊆ Ns,

and so

(μ− sν)

⎛

⎝
⋂

r∈Q

Rr

⎞

⎠ ≤ 0.

Consequently, if ν (
⋂
Rr) > 0 and we let sn → −∞, we conclude that

μ (
⋂
Rr) = −∞, and this contradicts our hypothesis that μ is bounded.

For iv we compute

X \
⋃

r∈Q

Rr =
⋂

r∈Q

(X \ (Nr \ E)) =
⋂

r∈Q

((X \Nr) ∪ E) = E ∪

⎛

⎝
⋂

r∈Q

N∼
r

⎞

⎠ ;

see Figure 5.1. Thus, it is sufficient to prove that ν (
⋂
Pr) = 0. We use the

technique of the proof of iii:
⋂
Pr ⊆ Ps, assume ν (

⋂
Pr) > 0, and obtain a

contradiction.
To obtain v we compute

G =

⎛

⎝
⋃

r∈Q

Rr \
⋂

s∈Q

Rs

⎞

⎠
∼

=

⎡

⎣

⎛

⎝
⋃

r∈Q

Rr

⎞

⎠ ∩

⎛

⎝

⎛

⎝
⋂

s∈Q

Rs

⎞

⎠
∼⎞

⎠

⎤

⎦
∼

=

⎡

⎣

⎛

⎝
⋃

r∈Q

Rr

⎞

⎠ ∩

⎛

⎝
⋃

s∈Q

R∼
s

⎞

⎠

⎤

⎦
∼

=

⎛

⎝
⋂

r∈Q

R∼
r

⎞

⎠ ∪

⎛

⎝
⋂

s∈Q

Rs

⎞

⎠ ;

see Figure 5.2. Thus, ν(G) = 0 by iii and iv.
c. Define

f(x) =

{
0, if x ∈ G,

sup{s ∈ Q : x /∈ Rs}, if x /∈ G.

We shall show that f is ν-measurable. In fact, if α ≤ 0 then

{x : f(x) < α} =
⋃

r<α,r∈Q

Rr,
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Fig. 5.1. Radon–Nikodym diagram 1.

Fig. 5.2. Radon–Nikodym diagram 2.

and if α > 0 then

{x : f(x) < α} = G ∪

⎛

⎝
⋃

r<α,r∈Q

Rr

⎞

⎠ .

These equalities are elementary to verify.
d. Let r < s and take A ⊆ Rs \Rr; cf. b.ii. We shall prove that

∣∣∣∣
∫

A

f dν − μ(A)
∣∣∣∣ ≤ (s− r)ν(A). (5.18)

First, observe that Rs \ Rr ⊆ (
⋃
Rt) \ (

⋂
Ru), and so A ∩ G = ∅. Now, if

x /∈ Rt, then f(x) ≥ t. On the other hand, if f(x) > t, then x /∈ Rt. Thus,

r ≤ f(A) ≤ s,
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and so
rν(A) ≤

∫

A

f dν ≤ sν(A). (5.19)

Further, Rs \Rr = (Ns \E)\(Nr \E) and hence μ(A) ≤ sν(A) since A ⊆ Ns.
Also A ⊆ Pr, since Rs \Rr ⊆ (Ns \E) \Nr ⊆ X \Nr, and so μ(A) ≥ rν(A).
Thus, −sν(A) ≤ −μ(A) ≤ −rν(A), which, when combined with (5.19), yields
(5.18).

e. We next show that if A ⊆ Rn+1 \Rn then

μ(A) =
∫

A

f dν. (5.20)

For p ∈ N set

Aj = A ∩
(
Rn+(j/p) \Rn+[(j−1)/p]

)
, j = 1, . . . , p.

Clearly, {Aj : j = 1, . . . , p} is a disjoint family and A =
⋃
Aj . Hence, from

part d,
∣∣∣∣μ(A) −

∫

A

f dν

∣∣∣∣ ≤
p∑

j=1

∣∣∣∣∣μ(Aj) −
∫

Aj

f dν

∣∣∣∣∣ ≤
p∑

j=1

1
p
ν(Aj) =

1
p
ν(A),

and so (5.20) follows since p is arbitrary.
f. For A ∈ A we write

A = (A ∩G) ∪

⎛

⎝
∞⋃

j=1

Aj

⎞

⎠ ,

where {Aj : j = 1, . . .} is a disjoint family, and, for each j, there is an
n = n(j) for which Aj ⊆ Rn+1 \Rn ⊆ G∼. Thus,

μ(A) = μ(A ∩G) + μ

⎛

⎝
∞⋃

j=1

Aj

⎞

⎠ ,

so that, from (5.20),

μ(A) = μ(A ∩G) +
∫

A

f dν (5.21)

(this is the Lebesgue decomposition of μ!). The fact that ν(G) = 0, e.g., part
b.v, and the hypothesis that μ � ν yield

μ(A) =
∫

A

f dν.

Because f is ν-measurable and
∫
A
f dν exists for each A ∈ A we conclude

that f ∈ L1
ν(X). ��
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The proof of the following extension of Theorem 5.3.1 is straightforward;
see Problem 5.37 for this extension and related material.

Theorem 5.3.2. Radon–Nikodym theorem (R–N)
Let (X,A) be a measurable space, let μ ∈ Mb(X), and assume that (X,A, ν)
is σ-finite measure space. If μ � ν, then there is a unique element f ∈ L1

ν(X)
such that

∀ A ∈ A, μ(A) =
∫

A

f dν.

Remark. A necessary and sufficient condition that f ∈ L1
ν(X) in any state-

ment of R–N is that μ ∈ Mb(X). On the other hand, if, for example, (X,A, ν)
is a σ-finite measure space, μ ∈ SM(X), and μ � ν, then there is a unique
ν-measurable function f that satisfies (5.17). In this case, f ∈ L1

ν(B) when-
ever ν(B) < ∞; cf. Definition 5.5.1c.

Recall the notation that if ν ∈ Mb(X) then

Mac(X, ν) = {μ ∈ Mb(X) : μ � ν}.

We rewrite Theorem 5.3.1, Theorem 5.3.2, and the Remark in the following
way.

Theorem 5.3.3. R–N as a bijection on L1
ν(X)L1
ν(X)L1
ν(X)

Let (X,A, ν) be a σ-finite measure space. There is a natural bijective mapping

L1
ν(X) → Mac(X, ν),

f �→ μf ,

where
∀ A ∈ A, μf (A) =

∫

A

f dν.

The isomorphism of Theorem 5.3.3 is also described in other terms.

Definition 5.3.4. Radon–Nikodym derivative
Consider a statement of R–N with corresponding elements μ, ν, and f . We call
f the R–N derivative of μ with respect to ν. As such, R–N becomes a natural
generalization of FTC: FTC characterizes absolutely continuous functions g
as those for which

g(x) − g(a) =
∫ x

a

g′;

and R–N characterizes absolutely continuous measures μ � ν as those for
which

μ(A) =
∫

A

f dν.

The fact that the R–N derivative can be viewed as a difference quotient is
discussed in Section 8.4.
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Part b of the following should be compared with Proposition 5.1.10.

Theorem 5.3.5. R–N and total variation
a. Let (X,A) be a measurable space and let ν ∈ Mb(X). There is a |ν|-
integrable function h, |h| = 1, such that

∀ f ∈ L1
|ν|(X),

∫

X

f dν =
∫

X

fh d|ν|.

b. Let (X,A) be a measurable space, let ν be a measure, and let g ∈ L1
ν(X).

Define

∀ A ∈ A, μ(A) =
∫

A

g dν.

Then μ ∈ Mb(X) and

∀ A ∈ A, |μ|(A) =
∫

A

|g| dν.

Proof. a. Clearly, ν � |ν|, so that by R–N there is h ∈ L1
|ν|(X) such that

∀ A ∈ A, ν(A) =
∫

A

h d|ν|.

Consequently, since we can approximate the elements of L1
|ν|(X) by simple

functions, it is sufficient to prove that |h| = 1 |ν|-a.e.
We first prove |h| ≥ 1 ν-a.e. Let Ar = {x : |h(x)| < r}, r > 0, and let

Ar =
⋃J
j=1 Aj , a finite disjoint union of elements from A. Then

J∑

j=1

|ν(Aj)| =
J∑

j=1

∣∣∣∣∣

∫

Aj

h d|ν|
∣∣∣∣∣ < r

J∑

j=1

|ν|(Aj) = r|ν|(Ar).

Taking the supremum over all finite decompositions of Ar gives |ν|(Ar) ≤
r|ν|(Ar). Thus, |ν|(Ar) = 0 for each r ∈ (0, 1), and so |h| ≥ 1 |ν|-a.e.

We now prove that |h| ≤ 1 |ν|-a.e. Note that if |ν|(A) > 0 then
∣∣∣∣

1
|ν|(A)

∫

A

h d|ν|
∣∣∣∣ =

∣∣∣∣
ν(A)
|ν|(A)

∣∣∣∣ ≤ 1. (5.22)

Take any closed disk S ⊆ {z ∈ C : |z| ≤ 1}∼ with center ζ and radius r, and
set B = h−1(S). We must show that |ν|(B) = 0. If |ν|(B) > 0 then

∣∣∣∣ζ − 1
|ν|(B)

∫

B

h d|ν|
∣∣∣∣ ≤

1
|ν|(B)

∫

B

|h(x) − ζ| d|ν|(x) ≤ r (5.23)

by the definition of S. However, the left side of (5.23) is greater than r by
(5.22) and the fact that the closed unit disk and S are disjoint. This is the
desired contradiction.
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b. Clearly, from the definition of |μ|,

∀ A ∈ A, |μ|(A) ≤
∫

A

|g| dν.

In particular, μ ∈ Mb(X).
The opposite inequality can be proved in an elementary way by approxi-

mating |g|�A by gsn, where {sn : n = 1, . . .} is a sequence of simple functions
satisfying ∣∣∣∣

∫

X

gsn dν

∣∣∣∣ ≤ |μ|(A).

We shall give another proof of this (opposite) inequality that uses R–N.
Without loss of generality let (X,A, ν) be σ-finite since g ∈ L1

ν(X); e.g.,
Problem 5.31. By hypothesis we write μ = gν, and, since μ ∈ Mb(X), we
have ∫

f dμ =
∫
fg dν.

We use part a to assert that μ = h|μ|, where |h| = 1 |μ|-a.e. It is at this point
that we use the fact that (X,A, ν) is σ-finite, because part a requires R–N,
which, in turn, we have stated only for σ-finite (X,A, ν). Thus,

|μ| =
g

h
ν.

Clearly, g/h ≥ 0 ν-a.e. since |μ| ≥ 0 and ν is a measure. Therefore, g/h = |g|
ν-a.e. ��

Theorem 5.3.6. The decomposition μ = μa + μs + μdμ = μa + μs + μdμ = μa + μs + μd
a. Let (X,A) be a measurable space. If μ, ν ∈ Mb(X) and μ⊥ν, then

|μ+ ν| = |μ| + |ν|.

b. Let (X,A) be a measurable space. If μ ∈ Mb(X) and ν is a measure on
X, then

μ = μa + μs + μd,

where μd ∈ Md(X), μa � ν, μs⊥ν, and μa, μs ∈ Mc(X). Also, (μa+μs)⊥μd
and

|μ| = |μa| + |μs| + |μd|.

Proof. a. Let μ = h|μ|, where |h| = 1 and h ∈ L1
|μ|(X), respectively, let

ν = g|ν|. Then
μ+ ν =

(
h�Cμ + g�C∼

μ

)
(|μ| + |ν|) .
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Observe that
∣∣∣h�Cμ + g�C∼

μ

∣∣∣ = 1. From Theorem 5.3.5b, we obtain

|μ+ ν|(A) =
∫

A

∣∣∣h�Cμ + g�C∼
μ

∣∣∣ d (|μ| + |ν|) = |μ|(A) + |ν|(A).

b. First, we know that μ = μc+μd; and, from the Lebesgue decomposition
(Theorem 5.2.6), we have μc = μa + μs, where μa � ν and μs⊥ν.

It is easy to see that μc⊥μd, and so |μ| = |μc| + |μd|. Also, in proving
that μ � ν and μ⊥ν imply μ = 0 (Proposition 5.2.4), we really showed that
μ � ν and λ⊥ν imply μ⊥λ; see Problem 5.35. Thus, μa⊥μs and we apply
part a again. ��

Remark. Irving E. Segal (1951) has characterized spaces for which
R–N is valid as those that can be “localized”. John L. Kelley [280] has
streamlined Segal’s work, making the characterization in terms of so-called
Dedekind complete set functions on certain algebras of sets. These results
show the equivalence of the Hahn decomposition theorem, the Lebesgue
decomposition theorem, R–N, and a form of the Riesz representation theorem.

Remark. Let X be a locally compact Hausdorff space and consider the sup-
norm Banach space C0(X); see Chapter 7 and Appendix A.1. R–N establishes
an isomorphism between Mac(X, ν) and those continuous linear functionals
C0(X) → C that are elements of L1

ν(X). The Riesz representation theorem
in Chapter 7 will yield an isomorphism between (C0(X))′ and Mb(X), where
(C0(X))′ is the space of continuous linear functionals C0(X) → C.

5.4 The relation between set and point functions on RRR

We restate Theorem 4.1.9 as follows.

Theorem 5.4.1. Equivalence of SM(R)SM(R)SM(R) and BVloc(R)BVloc(R)BVloc(R)
Consider the measurable space (R,B(R)) and a function f : R → R, right
continuous at each point, for which limx→−∞ f(x) = 0. Then f ∈ BVloc(R)
if and only if

μf ((a, b]) = f(b) − f(a) (5.24)

can be uniquely extended to an element of SM(R). In this situation f is
continuous at x0 if and only if μf ({x0}) = 0.

Proof. (=⇒) Since f ∈ BVloc(R) is right continuous, there exist increasing
right-continuous functions P and N such that f = P −N (see Problem 4.3);
and so μf = μP − μN on half-open intervals. From Theorem 3.5.1 it follows
that the nonnegative set functions μP and μN have unique extensions to
nonnegative measures on (R,B(R)). Thus, μf extends to a σ-additive set
function on the σ-algebra B(R).
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The uniqueness assertion can be proved using the fact that Borel measures
on R taking finite values on compact sets are regular; cf. Problem 2.46c.

(⇐=) Since μ ∈ SM(R) we deduce from Theorem 5.1.4 that (R,B(R), |μ|)
is a regular measure space. Moreover, Theorem 5.1.8 implies that there exist
two measures, μ+ and μ−, such that μ = μ+−μ−. From Proposition 3.5.2 we
conclude that there are nonnegative right-continuous functions f+ and f−

such that μ±((a, b]) = f±(b) − f±(a). Let f = f+ − f−. Clearly, f is right
continuous, and Theorem 4.1.2a implies that f ∈ BVloc(R). ��

An analogous result can be proven for μ ∈ Mb(R).
We now complete the second Remark prior to Theorem 5.2.2, and relate

the results of Chapter 4 and the notions introduced in this chapter for the
special case of R. A natural example to keep in mind is the Cantor–Lebesgue
function and its corresponding measure.

Theorem 5.4.2. Equivalence of subspaces of SM(R)SM(R)SM(R) and BV (R)BV (R)BV (R)
Let f ∈ BV (R) be real-valued and right continuous, and define μf as in
(5.24).

a. μf � m ⇐⇒ f is absolutely continuous on R.
b. μf⊥m ⇐⇒ f ′ = 0 m-a.e.
c. If μf is discrete then f ′ = 0 m-a.e.
d. f(x) = g(x) +

∫ x
−∞ f ′, where μg⊥m; and g = 0 ⇐⇒ μf � m.

Proof. a.(=⇒) μf � m implies that

∀ ε > 0, ∃ δ > 0 such that A ∈ M(R) and m(A) < δ =⇒ |μf (A)| < ε.

Thus, choose ε > 0 and let A =
⋃

(ak, bk] satisfy m(A) < δ. Then
∣∣∣∣∣

∞∑

k=1

(f(bk) − f(ak))

∣∣∣∣∣ =

∣∣∣∣∣

∞∑

k=1

μf ((ak, bk))

∣∣∣∣∣ = |μf (A)| < ε.

(⇐=) Let A ∈ M(R), m(A) = 0. Without loss of generality take A ⊆
[−c, c] and let f be an increasing function. For ε > 0 choose δ > 0 by the
definition of the absolute continuity of f .

Now A is contained in a union
⋃

(ak, bk], for which
∑

(bk − ak) < δ, since
m(A) = 0. By the choice of δ,

∣∣∣∣∣

∞∑

k=1

(f(bk) − f(ak))

∣∣∣∣∣ < ε;

and so, since f is increasing,

|μf (A)| ≤
∣∣∣∣∣μf

( ∞⋃

k=1

(ak, bk]

)∣∣∣∣∣ < ε.
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b. (⇐=) Without loss of generality let f be an increasing function. Assume
that μf and m are not mutually singular. From the Lebesgue decomposition,
μf = μ1 + μ2, where μ1 � m, μ2⊥m, and μ1 �= 0. We have that μ1 and μ2

are measures since μ is a measure.
As remarked after Theorem 5.4.1, μf is regular, and for the same reason,

so also are μ1 and μ2.
We define the function f1(x) = μ1((−∞, x]). Thus, by part a and because

μ1 � m, we conclude that f1 is absolutely continuous. Moreover, f1 is an
increasing function since μ1 is a measure. From FTC, we have

μ1((a, b]) = f1(b) − f1(a) =
∫ b

a

f ′
1.

Consequently, since μ1 �= 0 and μ1 is regular, f ′
1 > 0 on some A ∈ B(R),

where m(A) > 0.
If we set f2(x) = μ2((−∞, x]) then f2 is characterized by μ2 from Theo-

rem 5.4.1. Hence, f = f1 + f2, and f2 is increasing since μ2 is a measure.
Therefore,

f ′ = f ′
1 + f ′

2 ≥ f ′
1,

and so f ′ �= 0 on a set of positive measure.
(=⇒) Assume f ′ > 0 on A ∈ B(R), where m(A) > 0. Again, without

loss of generality, take f to be increasing and thus f ′ ≥ 0 m-a.e. Since f is
m-measurable, f ′ is m-measurable, and we define

∀ B ∈ B(R), ν(B) =
∫

B

f ′.

Clearly ν � m and ν(A) > 0. Also,

ν((a, b]) =
∫ b

a

f ′ ≤ f(b) − f(a) = μf ((a, b]),

where the inequality follows from Theorem 4.3.2. It is easily verified that ν
is regular, so that, by standard measure-theoretic manipulation,

∀ B ∈ B(R), ν(B) ≤ μf (B).

Consequently, μf (A) > 0.
Note that ν � m and μf⊥m imply ν⊥μf , e.g., Theorem 5.3.6b, and this

contradicts the fact that μf (A), ν(A) > 0. Hence, f ′ = 0 m-a.e.
c. For this part we use part b and can take Cm = R \ Cμf

where card
Cμf

≤ ℵ0.
d. Part d is just a succinct way of writing some of our previous results.

��

We wind up this peroration on the decomposition of measures with
the following theorem (Problem 5.45), which is mostly an encapsulation of
previous results.
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Theorem 5.4.3. Equivalence of decompositions of measures and
elements of BV (R)BV (R)BV (R)
Let (R,B(R), μ) be a regular measure space. Then μ has the unique decompo-
sition

μ = μa + μs + μd

into regular Borel measures, where μd is discrete, μa � m, μs⊥m, and μs is
continuous. Further, there are unique increasing functions f, fa, fs, fd, corres-
ponding to μ, μa, μs, μd, such that

f = fa + fs + fd,

where fa is absolutely continuous on every compact interval, fs is continuous
and f ′

s = 0 m-a.e., f ′
d = 0 m-a.e., and fd has at most countably many

discontinuities xn, n = 1, . . . , each of the form fd(xn+) − fd(xn−). Finally,

∀ B ∈ B(R), μa(B) =
∫

B

fa,

and
∀ y ≥ x, fa(y) − fa(x) =

∫ y

x

f ′.

Remark. Theorems 5.4.1, 5.4.2, and 5.4.3 have a Schwartz distributional
formulation in terms of the Riesz representation theorem (Theorem 7.5.10):
Mb(R) is the subspace of Schwartz distributions T for which there is a function
of bounded variation whose first distributional derivative is T .

In Chapter 4 we gave several examples of increasing and strictly increasing
continuous functions f for which f ′ = 0 m-a.e. An amusing application of
some of our previous results, including Theorem 5.3.6a and a characterization
of this phenomenon, is the following result.

Proposition 5.4.4. Let f be an increasing continuous function on [0, 1] with
f(0) = 0 and f(1) = α.

a. Let L be the length of the graph of f . Then

L = 1 + α ⇐⇒ f ′ = 0 m-a.e.

b. Let f be strictly increasing with inverse function g. Then

f ′ = 0 m-a.e. on [0, 1] ⇐⇒ g′ = 0 m-a.e. on [0, α].

Proof. a. Take α > 0 (the α = 0 case is clear). Denote the graph of f by
G(x) = x+ if(x), and so L = V (G, [0, 1]).

(⇐=) μf⊥m and μif⊥m by Theorem 5.4.2b and the hypothesis that
f ′ = 0 m-a.e. Note that if g(x) = x then μg = m. Thus,
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L = V (x+ if(x), [0, 1]) = ‖m+ μif‖1 = ‖m‖1 + ‖μif‖1

= 1 + ‖μf‖1 = 1 + α,

where ‖μf‖1 = α since f is increasing.
(=⇒) Assume that L = 1 + α and let f = f1 + f2, where f1 is absolutely

continuous and f ′
2 = 0 m-a.e. Then μf1⊥μf2 since μf1 � m and μf2⊥m.

Thus,
‖μf‖1 = ‖μf1‖1 + ‖μf2‖1 = V (f1, [0, 1]) + V (f2, [0, 1]).

Consequently,
V (x+ if1(x), [0, 1]) = 1 + V (f1, [0, 1]) (5.25)

because

1 + α = L = V (G, [0, 1]) ≤ V (x+ if1(x), [0, 1]) + V (if2(x), [0, 1])

≤ 1 + ‖μf1‖1 + ‖μf2‖1 = 1 + ‖μf‖1 = 1 + α,

where the fact that f is increasing yields the last equality.
Since f1 is absolutely continuous we can use the integral formula for the

arc length, L1 = V (x+ if1(x), [0, 1]), of the graph of f1. Hence,

V (x + if1(x), [0, 1]) =
∫ 1

0

(
1 + (f ′

1)2
)1/2

. (5.26)

On the other hand, V (x+ if1(x), [0, 1]) = 1 +V (f1, [0, 1]) from (5.25), and so

V (x+ if1(x), [0, 1]) = 1 + ‖μf1‖1 = 1 + μf1([0, 1])

= 1 + f1(1) − f1(0) = 1 +
∫ 1

0

f ′
1.

Combining this with (5.26) yields
∫ 1

0

(
1 + (f ′

1)2
)1/2

=
∫ 1

0

(1 + f ′
1). (5.27)

Now, by squaring the integrands and noting that f1 is increasing, we have
(1 + (f ′

1)2)1/2 ≤ 1 + f ′
1 m-a.e., so that we can actually conclude that
(
1 + (f ′

1)2
)1/2

= 1 + f ′
1 m-a.e.

from (5.27). Therefore, f ′
1 = 0 m-a.e., and consequently f ′ = 0 m-a.e., since

f ′
2 = 0 m-a.e.

b. Part b is Problem 5.49. ��
Remark. Finally in this section we note the intimate relation between
Steinhaus’ theorem given in Problem 3.6 and the notion of absolute conti-
nuity: Let μ ∈ Mb(R); then μ � m if and only if the implication

|μ|(K) > 0 =⇒ int (K −K) �= ∅

is valid for each compact set K ⊆ R. This result is due to S. M. Simmons

[442].
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5.5 Lp
μ(X), 1 ≤ p ≤ ∞Lp
μ(X), 1 ≤ p ≤ ∞Lp
μ(X), 1 ≤ p ≤ ∞

We defined the space L1
μ(X) in Section 3.2, and we defined L∞

μ (X) in
Section 2.5. We now generalize this notion.

Definition 5.5.1. Lpμ(X)Lpμ(X)Lpμ(X)
a. Let (X,A, μ) be a measure space and fix 1 ≤ p < ∞. Let Lpμ(X) be the
set of all μ-measurable functions f : X → C such that

∫

X

|f |p dμ < ∞.

We write f ∼ g for f, g ∈ Lpμ(X) if f = g μ-a.e.; and we note that ∼ is an
equivalence relation. We define the space Lpμ(X) to be the collection of all
equivalence classes in Lpμ(X). Moreover, we set

‖f‖p =
(∫

X

|g|p dμ
)1/p

,

where g = f μ-a.e.
b. We defined counting measure c in Example 2.4.2d. As such we can

consider the space Lpc(X), 1 ≤ p ≤ ∞; and, in fact, we dealt with L1
c(Z)

in Problem 3.27. In line with almost universal convention, we shall use the
notation

�p(X) = Lpc(X).

c. Let X be a locally compact Hausdorff space and let μ be a regular Borel
measure. In particular, (X,A, μ) is a measure space for which B(X) ⊆ A.
An A-measurable f : X → C is locally in Lpμ(X) if

∀ K ⊆ X, compact, f�k ∈ Lpμ(X).

In the case X ⊆ R
d and μ = md, the space of functions that are locally

in Lp
md(X) is denoted by Lploc(X).

For p ≥ 1, q will denote p/(p − 1); in particular, p = 1 if and only if
q = ∞. We shall not consider Lp, p < 1, not because it is uninteresting (on
the contrary) but because it has a trivial duality theory.

The Lp spaces were introduced by F. Riesz in 1910 in the celebrated
paper [390]. He considered functions of one variable defined on a closed
interval and the integral with respect to Lebesgue measure m.

Theorem 5.5.2. Hölder and Minkowski inequalities for the Banach
space Lpμ(X)Lpμ(X)Lpμ(X), 1 ≤ p ≤ ∞1 ≤ p ≤ ∞1 ≤ p ≤ ∞
Let (X,A, μ) be a measure space and take 1 ≤ p ≤ ∞.

a. Lpμ(X) is a Banach space.
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b. If f ∈ Lpμ(X) and g ∈ Lqμ(X), then fg ∈ L1
μ(X) and

∣∣∣∣
∫

X

fg dμ

∣∣∣∣ ≤
∫

X

|fg| dμ ≤ ‖f‖p‖g‖q.

c. Let α1, . . . , αn > 0 and
∑
αj = 1. If f1, . . . , fn ∈ L1

μ(X) then

∣∣∣∣
∫

X

fα1
1 · · · fαn

n dμ

∣∣∣∣ ≤
∫

X

|fα1
1 · · · fαn

n | dμ ≤
n∏

j=1

‖fj‖αj

1 .

Proof. a. We shall consider 1 ≤ p < ∞. The triangle inequality,

∀ f, g ∈ Lpμ(X), ‖f + g‖p ≤ ‖f‖p + ‖g‖p,

is called the Minkowski inequality. This inequality is elementary for L1
μ(X),

and it is verified in the following way, using part b, for p > 1: First note that
∫

X

|f + g|p dμ ≤
∫

X

|f + g|p−1|f | dμ+
∫

X

|f + g|p−1|g| dμ

≤ (‖f‖p + ‖g‖p) ‖f + g‖p/qp ;

and then divide both sides of this inequality by ‖f + g‖p/qp .
The completeness of Lpμ(X), 1 ≤ p < ∞, is sometimes referred to as the

Riesz–Fischer theorem and it can be proved using Proposition A.1.10; see
Section 5.6.2. In fact, letting {fn : n = 1, . . .} ⊆ Lpμ(X) be absolutely conver-
gent and gn =

∑n
k=1 |fk|, we see that gn increases to an element g ∈ Lpμ(X)

by using the Minkowski inequality and Fatou’s lemma. It is then straight-
forward to check, using LDC, that

lim
n→∞

∥∥∥∥∥

∞∑

k=n

fk

∥∥∥∥∥
p

= 0.

Consequently,
∑∞

k=1 fk is convergent in Lpμ(X) and we apply Proposi-
tion A.1.10.

The p = ∞ case is straightforward using an elementary analysis of sets of
the form {x : |f(x)| > M}, as in the definition of L∞

μ (X).
b. Part b is called the Hölder inequality, and its proof does not depend

on the assertion of part a. Its verification is elementary for p = 1. If p, q > 1,
then the Hölder inequality is proved by the following calculation. Set

h(t) =
tp

p
+
t−q

q
, t > 0,

and observe that
∀ t > 0, h(t) ≥ h(1) = 1.
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The proof is completed by choosing

t =
(

|f |
‖f‖p

)1/q
/(

|g|
‖g‖q

)1/p

.

c. Part c follows from part b by induction. ��

Theorem 5.5.3. LpLpLp-approximation by simple functions
Let (X,A, μ) be a measure space and let 1 ≤ p ≤ ∞. The set of simple func-
tions

∑n
j=1 aj�Aj , μ(Aj) < ∞, is dense in Lpμ(X) taken with the Lp-norm

‖ . . . ‖p. In the case 1 ≤ p < ∞, each μ(Aj) < ∞.

Proof. a. As in Theorem 3.2.6 for the case of L1
μ(X), the proof for 1 ≤

p < ∞ essentially follows from our definition of the Lebesgue integral, or
more formally, from Theorem 2.5.5 and LDC.

b. For L∞
μ (X) the proof also follows from Theorem 2.5.5 and can be

verified in the following way. Let f ∈ L∞
μ (X), so that |f(x)| ≤ ‖f‖∞ μ-a.e.

(see the Remark after Definition 2.5.9), and let g be μ-measurable, bounded
on X , and g = f μ-a.e. As in Theorem 2.5.5, first assume g ≥ 0 and construct
simple functions

fn(x) =
n2n∑

k=1

k − 1
2n

�An,k
, n ≥ ‖f‖∞,

where

An,k =
{
x :

k − 1
2n

≤ g(x) <
k

2n

}
.

Then 0 ≤ fn ≤ fn+1 → g uniformly on X .
Using the triangle inequality from Theorem 5.5.2, we have ‖f − fn‖∞ ≤

‖g − fn‖∞, and the right side is

inf {M : μ({x : |g(x) − fn(x)| > M}) = 0} .

Since |g(x) − fn(x)| ≤ 1/2n on X , this infimum is bounded above by 1/2n.
The result is obtained. ��

If Lpμ(X) is considered as a Banach space, then (Lpμ(X))′ denotes the space
of continuous linear functionals Lpμ(X) → C on Lpμ(X); e.g., Appendix A.8.
The space (Lpμ(X))′ is called the dual of Lpμ(X). We shall now characterize
the dual of Lpμ(X). If 1 < p < ∞ this can be done without R–N, but not
without some effort except in the case p = 2; cf. Problem 5.39. In any case we
shall use R–N to provide this characterization in Theorems 5.5.5 and 5.5.7.

Proposition 5.5.4. Let (X,A, μ) be a finite measure space, let 1 ≤ p < ∞,
and take g ∈ L1

μ(X). Assume that there is a constant M = Mg > 0 such that,
for all simple functions s,
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∣∣∣∣
∫

X

sg dμ

∣∣∣∣ ≤ M‖s‖p.

Then g ∈ Lqμ(X).

Proof. First assume that p > 1 and take a sequence {sn : n = 1, . . .} of
nonnegative simple functions that increases pointwise to |g|q. Define

φn = s1/pn sgn g,

where

sgn g =

{
0, if g(x) = 0,
g(x)/|g(x)|, if g(x) �= 0.

Clearly,

‖φn‖p =
(∫

X

sn dμ

)1/p

. (5.28)

Observe that
0 ≤ sn = s1/pn s1/qn ≤ s1/pn |g| = φng,

and so,

0 ≤
∫

X

sn dμ ≤
∫

X

φng dμ ≤ M‖φn‖p.

Consequently, from (5.28),
∫

X

sn dμ ≤ M q,

and therefore ∫

X

|g|q dμ ≤ M q

by B. Levi’s theorem, i.e., LDC.
Now let p = 1 and assume, without loss of generality, that g ≥ 0. Assume

g /∈ L∞
μ (X), so that there is a sequence {An : n = 1, . . .} ⊆ A for which

g ≥ n on An and μ(An) > 0. Then, for sn = �An ,

1
‖sn‖1

∫

X

sng dμ ≥ nμ(An)
μ(An)

= n.

This contradicts our hypothesis. ��

If 1 < p < ∞ the following is true for any measure space (X,A, μ) (Prob-
lem 5.50b).

Theorem 5.5.5. (Lpμ(X))′ = Lqμ(X)(Lpμ(X))′ = Lqμ(X)(Lpμ(X))′ = Lqμ(X), 1 ≤ p < ∞1 ≤ p < ∞1 ≤ p < ∞
Let (X,A, μ) be a σ-finite measure space and let 1 ≤ p < ∞. Then F ∈
(Lpμ(X))′ if and only if there is a unique g ∈ Lqμ(X) such that
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∀ f ∈ Lpμ(X), F (f) =
∫

X

fg dμ. (5.29)

In this case, ‖F‖ = ‖g‖q; cf. Problem 4.37. (‖F‖ is defined as ‖F‖ =
sup‖f‖p≤1 |F (f)|; see Appendix A.8.)

Proof. (⇐=) Assuming (5.29) we have F ∈ (Lpμ(X))′ by Theorem 5.5.2b.
With (5.29) we prove that ‖F‖ = ‖g‖q. The easier direction is to show

‖F‖ = sup
‖f‖p≤1

|F (f)| ≤ ‖g‖q.

This is immediate by Theorem 5.5.2b.
For the opposite inequality we first consider the 1 < p < ∞ case, and

define
f = |g|q−1sgn g.

Then
fp = |g|(q−1)p(sgn g)

p
= |g|q(sgn g)

p
,

and so f ∈ Lpμ(X). Also

‖f‖p =
(∫

X

|g|q dμ
)1/p

= ‖g‖q/pq = ‖g‖q−1
q . (5.30)

For this f and using (5.30),

F (f) =
∫

X

fg dμ =
∫

X

|g|q dμ = ‖g‖qq = ‖f‖p‖g‖q.

Thus,

‖F‖ = sup
h∈Lp

μ(X),h �=0

|F (h)|
‖h‖p

≥ ‖g‖q.

Now we must prove that ‖F‖ ≥ ‖g‖∞ when p = 1 and when we assume
(5.29). Take ‖g‖∞ > ε > 0 and choose a subset A ⊆ {x ∈ X : |g(x)| >
‖g‖∞ − ε} for which 0 < μ(A) < ∞. Define

f =
1

μ(A)
�Asgn g.

Clearly, f ∈ L1
μ(X) since ‖f‖1 = 1. Further,

F (f) =
1

μ(A)

∫

A

g sgn g dμ =
1

μ(A)

∫

A

|g| dμ ≥ ‖g‖∞ − ε,

and so ‖F‖ ≥ ‖g‖∞.
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(=⇒) Assume that (X,A, μ) is a finite measure space, and let F ∈
(Lpμ(X))′. Since (X,A, μ) is finite, L∞

μ (X) ⊆ Lpμ(X), and thus

∀ A ∈ A, ν(A) = F (�A)

exists.
i. We use R–N to show that there is a unique element g ∈ L1

μ(X) for
which

∀ A ∈ A, ν(A) =
∫

A

g dμ. (5.31)

To do this we first prove that ν ∈ Mb(X). Let {An : n = 1, . . .} ⊆ A be a
disjoint family and set A =

⋃
An. Since (X,A, μ) is finite it is easy to check

that

lim
n→∞

∥∥∥∥∥∥

∞∑

j=n+1

�Aj

∥∥∥∥∥∥
p

= 0,

so that, by the hypothesis that F is continuous,
∞∑

n=1

ν(An) =
∞∑

n=1

F (�An) = F (�A) = ν(A).

Thus, ν ∈ Mb(X). Also ν � μ from the definition of ν, and hence (5.31)
follows by R–N.

ii. If s is simple then the linearity of F and (5.31) yield

F (s) =
∫

X

sg dμ. (5.32)

This and the continuity of F imply that
∣∣∣∣
∫

X

sg dμ

∣∣∣∣ ≤ ‖s‖p‖F‖.

Consequently, from Proposition 5.5.4, g ∈ Lqμ(X).
iii. Define

∀ f ∈ Lpμ(X), G(f) =
∫

X

fg dμ,

so that G ∈ (Lpμ(X))′ by Theorem 5.5.2b. Therefore, G− F ∈ (Lpμ(X))′ and
G− F = 0 on the set of simple functions. By Theorem 5.5.3, these functions
are dense in Lpμ(X), and so F = G.

It remains to check that g ∈ Lqμ(X) is unique. This is easy, for if g1 ∈
Lqμ(X) yielded F (f) =

∫
fg1 dμ for each f ∈ Lpμ(X) and if μ({x : g1(x) �=

g(x)}) > 0 we could construct f ∈ Lpμ(X) in the obvious way to obtain
∫

X

f(g − g1) dμ �= 0.

The extension to σ-finite measure spaces is not difficult (Problem 5.50a).
��

We shall calculate (L∞
μ (X))′ in Theorem 5.5.7.
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Example 5.5.6. (L∞
m ([0, 1]))′ �= L1

m([0, 1])(L∞
m ([0, 1]))′ �= L1

m([0, 1])(L∞
m ([0, 1]))′ �= L1

m([0, 1])
Observe that L1

m([0, 1]) ⊆ (L∞
m ([0, 1]))′. We shall show that the inclusion

is proper. Note that C([0, 1]) is a closed subspace of L∞
m ([0, 1]). Define F :

C([0, 1]) → C as
∀ g ∈ C([0, 1]), F (g) = g(0), (5.33)

so that F is continuous on C([0, 1]) with ‖F‖ = 1. By the Hahn–Banach
theorem (Theorem A.8.3), F extends to an element of (L∞

m ([0, 1]))′. We now
prove that there is no f ∈ L1

m([0, 1]) such that

∀ g ∈ C([0, 1]), F (g) =
∫ 1

0

fg.

In fact, (5.33) defines the discrete Dirac measure δ = δ0. If such an f existed,
then choose a sequence {gn : n = 1, . . .} ⊆ C([0, 1]) such that gn → 0
pointwise on (0, 1], gn(0) = 1, and |gn| ≤ 1. Then, from LDC, F (gn) → 0,
whereas F (gn) = gn(0) = 1, a contradiction.

Remark. a. It is not difficult to prove that if f ∈
⋂
p≥1 L

p
m(T) then

f ∈ L∞
m (T) if and only if limp→∞ ‖f‖p exists, in which case limp→∞ ‖f‖p =

‖f‖∞ < ∞. It turns out that

L∞
m (T) �

⋂

p≥1

Lpm(T). (5.34)

b. The phenomenon reflected by (5.34) is not in the category of being an
amusing anecdote, but brings to the stage two important spaces in harmonic
analysis.

We first define the Hardy space,

H1(T) = {f ∈ L1
m(T) : ∀ n < 0, f̂(n) = 0}, (5.35)

taken with the induced norm topology from L1
m(T). (For H1(Td), see [385].)

Hardy spaces are naturally defined in the context of analytic function theory,
and it is a theorem of F. and M. Riesz (1916) that allows us to write
(5.35); see [239], [376], [152]. Second, we define the space BMO(T) of func-
tions of bounded mean oscillation. A 1-periodic function f ∈ L1

loc(R) is in
BMO(T) if

∃ C > 0 such that ∀ I ⊆ R,
1

m(I)

∫

I

|f − fI | ≤ C,

where I ⊆ R is a bounded interval and

fI =
1

m(I)

∫

I

f.
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C. Fefferman proved the basic theoretical result that

(H1(T))′ = BMO(T);

see [165], [190], Chapter I.9. With regard to (5.34), it is elementary to verify
that

L∞
m (T) � BMO(T) �

⋂

p≥1

Lpm(T).

c. Besides their intrinsic and broad mathematical interest, Hardy spaces
are used significantly in several important applications, e.g., in Kolmogorov–
Wiener prediction theory; see [152], [338], [38], and Section 2.6.7.

An elementary but fundamental use of Hardy spaces is in the context of
causal linear systems in signal processing. To fix ideas, let X and Y be two
vector spaces of functions defined on Z, and let L : X → Y be linear with
the translation-invariance property that if x ∈ X , n0 ∈ Z, and L(x) = y,
then L(τn0(x)) = τn0(y), where τn0(x)(n) = x(n− n0). By definition, x ∈ X
is causal if x(n) = 0 for n < 0; see (5.35). We call L a causal system if causal
input x results in causal output y, e.g., [365].

Let (X,A, μ) be a measure space and let F (X) = F (X,A, μ) be the set
of finitely additive set functions

ν : A → C

that vanish on the set {A ∈ A : μ(A) = 0} and that have the property that

sup{|ν(A)| : A ∈ A} < ∞.

We call F (X) the space of complex-valued finitely additive bounded set func-
tions on A. We define

|ν|(A) = sup
n∑

j=1

|ν(Aj)|,

where the supremum is taken over all disjoint decompositions ofA =
⋃n
j=1 Aj .

It is easy to check that |ν| ∈ F (X), and F (X) is a normed vector space with
norm,

‖ν‖ = |ν|(X). (5.36)

Further, if f ∈ L∞
μ (X) and ν ∈ F (X),

∫

X

f dν

will denote
lim
n→∞

∫

X

sn dν,
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where sn is simple, ‖sn − f‖∞ → 0, and
∫

X

s dν =
n∑

j=1

ajν(Aj) for s =
n∑

j=1

aj�Aj .

It is easy to see that
∫
X
f dν is well defined, and the following facts are

checked in a routine fashion:
i. ∀ f, g ∈ L∞

μ (X), ∀ α, β ∈ C, and ∀ ν ∈ F (X),
∫

X

(αf + βg) dν = α

∫

X

f dν + β

∫

X

g dν;

ii. ∀ f ∈ L∞
μ (X) and ∀ ν ∈ F (X),

∣∣∫
X f dν

∣∣ ≤
∫
X |f | d|ν|;

iii. F (X) is normed by (5.36);
iv. If f ∈ L∞

μ (X), ν ∈ F (X), and μ({x : f(x) �= 0}) = 0, then
∫

X

f dν = 0.

Theorem 5.5.7. The dual of L∞
μ (X)L∞
μ (X)L∞
μ (X)

Let (X,A, μ) be a measure space. There is a surjective isometric isomorphism

F (X) → (L∞
μ (X))′,

ν �→ Fν ,

where
∀ f ∈ L∞

μ (X), Fν(f) =
∫

X

f dν. (5.37)

Also, F (X) is a Banach space.

Proof. If ν ∈ F (X) is given and Fν is defined by (5.37), then property ii
above yields ‖Fν‖ ≤ ‖ν‖, where Fν is considered as an element of (L∞

μ (X))′.
To prove that ‖ν‖ ≤ ‖Fν‖, let ε > 0 and choose a finite decomposition
{A1, . . . , An} ⊆ A of X such that

n∑

j=1

|ν(Aj)| > ‖ν‖ − ε.

Define

g(x) =
n∑

j=1

aj�Aj , where aj = sgn ν(Aj).

Clearly, ‖g‖∞ ≤ 1 and

|Fν(g)| =
∣∣∣∣
∫

X

g dν

∣∣∣∣ =

∣∣∣∣∣∣

n∑

j=1

ajν(Aj)

∣∣∣∣∣∣
=

n∑

j=1

|ν(Aj)| > ‖ν‖ − ε.
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Consequently, ‖ν‖ = ‖Fν‖, and so the mapping ν �→ Fν is an isometry.
It remains to prove the surjectivity.

Let L ∈ (L∞
μ (X))′ and define ν on A as

ν(A) = L(�A).

Note that

sup{|ν(A)| : A ∈ A} ≤ sup{|L(g)| : ‖g‖∞ ≤ 1, g ∈ L∞
μ (X)} = ‖L‖.

Also, if μ(A) = 0 then �A = 0 ∈ L∞
μ (X), and so 0 = L(0) = ν(A). Thus, to

verify that ν ∈ F (X) we take A,B ∈ A, for which A ∩ B = ∅, and observe
that

ν(A ∪B) = L(�A∪B) = L(�A) + L(�B) = ν(A) + ν(B).

Our final task then is to prove that if g ∈ L∞
μ (X) then

L(g) =
∫

X

g dν.

Let {sn : n = 1, . . .} be a sequence of simple functions such that ‖sn−g‖∞ →
0, and note that

L(sn) =
mn∑

j=1

aj,nL(�Aj,n) =
mn∑

j=1

aj,nν(Aj,n) =
∫

X

sn dν.

Since L is continuous,

L(g) = lim
n→∞L(sn) = lim

n→∞

∫

X

sn dν =
∫

X

g dν,

where the last equality is the definition of the integral. ��

Theorem 5.5.7 was proved independently in 1934 by T. H. Hildebrandt

for (�∞)′ [236] and by Fichtenholz and Leonid V. Kantorovich for
(L∞

m ([a, b]))′ [175]; also see [150], pages 296–297, and [383].
We note, e.g., [32], Chapter 2, that generally the condition

sup{|ν(A)| : A ∈ A} < ∞ (5.38)

for ν ∈ F (X) cannot be replaced by the condition that

∀ A ∈ A, |ν(A)| < ∞. (5.39)

Recall that if ν is σ-additive then (5.39) implies (5.38).
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5.6 Potpourri and titillation

1. As mentioned before Theorem 5.5.2, F. Riesz introduced the Lpm spaces,
p �= 2, in 1910, and he also proved the Lp-duality theorem, Theorem 5.5.5;
see also Example A.8.4b. Using an argument with Lagrange multipliers, he
then proved the following theorem. Let p > 1, and let {fn} ⊆ Lpm(R) and
{cn} ⊆ C be given sequences; then

∃ f ∈ Lqm(R) such that ∀ n = 1, . . . , cn =
∫

R

f(x)fn(x) dx (5.40)

if and only if there is C > 0 such that for all finite sequences {λn : n =
1, . . . , N} ⊆ C, ∣∣∣∣∣

N∑

n=1

λncn

∣∣∣∣∣ ≤ C

∥∥∥∥∥

N∑

n=1

λnfn

∥∥∥∥∥
p

. (5.41)

The proof that (5.40) implies (5.41) is clear. If p = 2 and {fn} is ortho-
normal, then Riesz’ theorem is equivalent to the Riesz–Fischer theorem; see
Section 5.6.2.

The proof of (5.40) from (5.41) is a consequence of the Hahn–Banach
theorem as follows. Assume (5.41) and let V = span {fn} ⊆ Lp(R). Define
K : V → C by the rule that K(

∑
λnfn) =

∑
λncn for any finite sequence

{λn} ⊆ C. Clearly, K is linear, and it is continuous on V by (5.41). Thus, by
the Hahn–Banach theorem and Theorem 5.5.5, there is L = f ∈ Lq(R) for
which L = K on V . Hence, cn =

∫
f(x)fn(x) dx for each n.

In 1912, the Austrian mathematician Eduard Helly (1884–1943) (who
spent his last years in the United States as an actuary) gave an elemen-
tary proof that (5.41) is a sufficient condition for the validity of (5.40).
In doing so, he proved a result that is equivalent to the Hahn–Banach theorem
(Theorem A.8.3); see [138].

2. The original statements of the Riesz–Fischer theorem were the fol-
lowing; see, e.g., [393], [394], [396], [395] and [177], [176], for the works of
F. Riesz and Ernst Fischer, respectively.

Theorem 5.6.1. Fischer theorem
The normed space L2

m([a, b]) is complete in the sense that if {fn : n =
1, . . .} ⊆ L2

m([a, b]) is a Cauchy sequence, then there is f ∈ L2
m([a, b]) for

which limn→∞ ‖fn − f‖2 = 0.

Theorem 5.6.2. F. Riesz theorem
Let {fn : n = 1, . . .} ⊆ L2

m([a, b]) be an orthonormal sequence. For any
sequence {cn : n = 1, . . .} ⊆ C with the property that

∑∞
n=1 |cn|2 < ∞, there

exists a function f ∈ L2
m([a, b]) such that cn = 〈f, fn〉 for each n = 1, . . . .

The question of the equivalence of Theorem 5.6.1 and Theorem 5.6.2,
as well as its historical context, have been analyzed by John Horváth
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[244]. Since both versions are true, equivalence is meant in the sense that one
statement implies the other in a straightforward way. Horváth deals with
this problem in the context of inner product spaces H (see Appendix A.1).
The following is a natural question for such spaces. Does Riesz’ theorem,
Theorem 5.6.2, for H imply the completeness of the inner product space H?

3. Besides the Lp results mentioned earlier in Section 5.6.1, F. Riesz also
proved the following theorem [390], pages 466–467: Let q ∈ (1,∞] and let
{gn : n = 1, . . .} ⊆ Lqm([a, b]) be Lqm-norm bounded; there are g ∈ Lqm([a, b])
and a sequence {nk : k = 1, . . .} ⊆ N such that

∀ f ∈ Lpm([a, b]), lim
k→∞

∫ b

a

f(x)gnk
(x) dx =

∫ b

a

f(x)g(x) dx,

and
‖g‖q ≤ lim

k→∞
‖gnk

‖q.

This theorem easily extends to more general measure spaces. Further, it is
a result in weak* compactness. (Technically, it is also weak compactness for
q ∈ (1,∞); cf. the theory developed in Chapter 6.) In fact, this theorem is
an immediate consequence of Theorem A.9.8, which is due to Banach [19],
page 123, and which establishes that the closed unit ball of the dual of a
separable normed vector space is weak* sequentially compact.

These first three items of Section 5.6 are lopsided with contributions of
F. Riesz, some of which were proved while he was a high-school teacher
from 1905–1912. He was one of the first to understand the importance
of Lebesgue’s theory, and he went on to create profound mathematics
depending on the symbiosis of the then nascent fields of Lebesgue integration
and functional analysis. There is a clear outline of F. Riesz’ contributions
in [115], which, as the article is aptly named, is also a panorama of twentieth-
century Hungarian analysis following Riesz.

4. In [313], 1st edition, 1904, page 94, Lebesgue considered the following
definition:

A bounded function f is integrable if there is a function F
with bounded derived numbers such that F ′ = f m-a.e.

The integral of f in (a, b) is F (b) − F (a).
(5.42)

Such a definition generalizes the integrals of Riemann and Jean-Marie-

Constant Duhamel. Lebesgue introduced (5.42) by saying, “Je ne m’oc-
cuperai pas, pour le moment du moins, de la suivante”. And he keeps his word
(and reticence) until on the very last page of text (page 129), where in a foot-
note no less, we read, “Pour qu’une fonction soit intégrable indéfinie, il faut
de plus que sa variation totale dans une infinité dénombrable d’intervalles
de longueur totale L tende vers zéro avec L. Si, dans l’énoncé de la page 94
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(i.e., (5.42) above), on n’assujettit pas f à être borneé, ni F à être à nombres
dérivés bornés, mais seulement à la condition précédente, on a une definition
de l’intégrale équivalente à celle développée dans ce Chapitre et applicable à
toutes les fonctions sommables, bornées ou non”. Thus, in an obtuse presen-
tation and as a footnote and without proof, we are handed the fundamental
theorem of calculus!

As we have seen, Vitali defined the notion of absolute continuity in
1904 and went on to state and prove FTC. His next step in this business
is [485]. He begins by proving the Vitali covering lemma and uses the covering
theorem to prove an FTC in R

2. He also deduces FTC on R with his covering
theorem. Because of the importance of set functions in the development of
integration theory we note that in Section 5 of [485] Vitali considers families
of rectangles and the formula R–N for A, a “rettangolo coordinato”.

Essentially, in his major work of 1910 [315], Lebesgue relies on the Vitali
covering lemma and “les travaux de M. Volterra, à définir la dérivée de
la fonction F (A) en un point P comme la limite du rapport F (A)/m(A), A
étant un ensemble contenant P et dont on fait tendre toutes les dimensions
vers zéro” [315], page 361.

In [315], Lebesgue begins by quoting Vitali’s FTC in R
2, and notes

that an “inadvertence” by Vitali in his proof is corrected by considering a
regular family of rectangles in R

2. This constraint to define Radon–Nikodym
derivatives by taking limits over regular families is necessary. Further, by
proving FTC in R

2 in terms of set functions (not depending on rectangular
coordinates as Vitali had done), Lebesgue set the stage for the synthe-
sis and generalization of Radon in 1913, where he (Radon) incorporated
Stieltjes integrals into the scheme of things.

Concerning the above-mentioned footnote in [313], 1st edition, Lebesgue

[315], page 365, writes, “J’avais, dans mes Leçons, tout à fait incidentment
sans demonstration, fait connâıtre” the FTC. On the other hand, in [313],
2nd edition 1928, page 188, Lebesgue does give Vitali his due by writing
that Vitali “a montré la simplicité et la clarté que prend toute la théorie
quand on met cette notion (i.e., absolute continuity) à sa base”. Naturally,
this too is a footnote! For other testimony by Lebesgue to Vitali’s priority
and role in fundamental results of the Lebesgue theory, see [313], 2nd edition
1928, pages 29 and 131.

A perusal of [315] indicates the crucial dependence of Lebesgue on the
Vitali covering lemma (“un théorème capital” [315], page 390) and Vitali’s
original proof for Lebesgue’s setting (“La démonstration qu’on lira plus loin
est presque copiée sur celle de M. Vitali” [315], page 390).

5. Russian born Hermann Minkowski (1864–1909) had a dazzling
mathematical career in Germany and Switzerland, and he died of appen-
dicitis in his prime. His mathematical depth was astonishing, from profound
results on quadratic forms to deep insights about space and time in the con-
text of Albert Einstein’s special theory of relativity.
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Let (X,A, μ) be a measure space and let p ≥ 1. An elementary form of
the Minkowski inequality,

∀ f, g ∈ Lpμ(X), ‖f + g‖p ≤ ‖f‖p + ‖g‖p, (5.43)

was proved in Theorem 5.5.2a. If p = 1, then there is equality in (5.43) if and
only if there is a positive μ-measurable function P on X such that

fP = g, μ-a.e. on {x ∈ X : f(x)g(x) �= 0}.

If 1 < p < ∞, then there is equality in (5.43) if and only if af = bg, for
a, b ≥ 0 for which a2 + b2 > 0. It is interesting to note that if 0 < p < 1 then

‖f + g‖p ≥ ‖f‖p + ‖g‖p

for nonnegative f, g ∈ Lpμ(X).
More generally than (5.43), we have the following form of the Minkowski

inequality for p ≥ 1:

(∫ ∣∣∣∣
∫
f(x, y) dμ(x)

∣∣∣∣
p

dμ(y)
)1/p

≤
∫ (∫

|f(x, y)|p dμ(y)
)1/p

dμ(x),

i.e., the Lp-norm of a “sum” is less than or equal to the “sum” of the Lp-
norms.

The proof of the Minkowski inequality is in his book Geometrie der Zahlen
(1896), pages 115–117. See the classic book Inequalities [220] for generaliza-
tions and geometrical interpretation.

5.7 Problems

Some of the more elementary problems in this set are Problems 5.1, 5.2, 5.5,
5.6, 5.7, 5.12, 5.14, 5.21, 5.27, 5.28, 5.29, 5.31, 5.36, 5.42, 5.48, 5.49, 5.50.

5.1. Prove Proposition 5.1.1.

5.2. Give the proof of Theorem 5.1.6 for the case that μ+(X) = ∞.
[Hint. Use Proposition 5.1.7.]

5.3. Let (X,A, μ) be a measure space where X = [1,∞), B(X) ⊆ A, and
μ(X) < ∞. Define φ(t) =

∫
X cos(xt) dμ(x). Prove that φ has a zero in [0, π],

and that π cannot be replaced by a smaller number.
[Hint. Set I =

∫ π
0 sin(tφ(t)) dt so that by Fubini’s theorem,

I =
∫ ∞

1

1 + cos(πx)
1 − x2

dμ(x) ≤ 0.
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Since φ(0) ≥ 0, φ must vanish on [0, π]. For the second part we construct μ
with the property that φ’s “first” zero is arbitrarily close to π. Take ε > 0
and 0 < ρ < 1. Set

μ =
∞∑

k=0

ρkδk(2+ε)+1,

so that
φ(t) =

cos(t) − ρ cos((1 + ε)t)
1 + ρ2 − 2ρ cos((2 + ε)t)

.]

5.4. Let f be an increasing function defined on [0, 1]. Consider the following
condition: limn→∞

∫ 1

0 fn df = 0 for all sequences {fn : n = 1, . . .} ⊆ C([0, 1])
for which

∀ g ∈ L1
m([0, 1]), lim

n→∞

∫ 1

0

fng = 0. (5.44)

Prove that f is absolutely continuous if and only if (5.44) holds.
Taking X to be a locally compact Hausdorff space and using the notation

of Chapter 7, it is not difficult to prove the following generalization: let ν ∈
C′(X), μ ∈ Mb(X); then μ � ν if and only if for every sequence {fn : n =
1, . . .} ⊆ Cc(X) such that limn→∞

∫
fng dν = 0 for all g ∈ L1

ν(X) we have
limn→∞

∫
fnh dμ = 0 for each h ∈ L1

|μ|(X).

5.5. Prove the case that |μ(A)| = ∞ in Theorem 5.1.9b.

5.6. Prove by example that a Hahn decomposition of a signed measure μ
need not be unique; but show that it is unique except for possibly a null set.

5.7. With regard to Theorem 5.1.4d find a signed measure space (X,A, μ)
and A ∈ A such that μ(A) = ∞ and A is not nonnegative.

5.8. Let f ∈ L1
m(R), g ∈ L∞

m (R). Prove the following assertions.
a. ∀ r, limx→∞

∫ r
−∞ f(x− y)g(y) dy = 0.

b. If limx→∞ g(x) = G, then

lim
x→∞ f ∗ g(x) = lim

x→∞

∫ ∞

−∞
f(x− y)g(y) dy = G

∫ ∞

−∞
f(x) dx.

Convolution f ∗ g for f, g ∈ L1
m(R) was defined in Problem 3.5; see Prob-

lems 4.45 and 4.46. In this case of f ∈ L1
m(R), g ∈ L∞

m (R), the definition of
f ∗ g is easier to make well defined.

Remark. An important result in harmonic analysis is Wiener’s Tauberian
theorem: Let f ∈ L1

m(R), g ∈ L∞
m (R), and assume

∀ γ ∈ R,

∫ ∞

−∞
f(x)e−2πixγ dx �= 0;
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if

lim
x→∞ f ∗ g(x) = r

∫ ∞

−∞
f(x) dx,

then
∀ h ∈ L1

m(R), lim
x→∞h ∗ g(x) = r

∫ ∞

−∞
h(x) dx.

Algebraic formulations of Wiener’s Tauberian theorem, as well as many
applications, are found in [33]. Wiener’s Tauberian theorem is restated in
Appendix B.12, where its role in Wiener’s Generalized Harmonic Analysis
is explained.

5.9. In Problem 3.5 the exercise was to prove that if f, g ∈ L1
m(R), then

‖f ∗ g‖1 ≤ ‖f‖1‖g‖1.
a. Prove that if f ∈ L1

m(R) and g ∈ Lpm(R), 1 < p < ∞, then

f ∗ g(y) =
∫ ∞

−∞
f(y − x)g(x) dx

is well defined m-a.e., and ‖f ∗ g‖p ≤ ‖f‖1‖g‖p.
[Hint. Let h ∈ Lqm(R), and, using Hölder’s inequality, begin with the estimate,

∫ ∞

−∞

∫ ∞

−∞
|f(y − x)h(y)| dx dy ≤ ‖f‖1‖g||p‖h‖q < ∞.]

b. Prove that if f ∈ Lpm(R) and g ∈ Lqm(R), 1 ≤ p < ∞, then f ∗ g is
uniformly continuous on R, and ‖f ∗ g‖∞ ≤ ‖f‖p‖g‖q. In the case p > 1,
prove f ∗ g ∈ C0(R).

Remark. In this spirit, W. Young proved the following result, which depends
on the generalized Hölder inequality stated in Theorem 5.5.2c. Given p > 1,
r > 1, and s ∈ R such that 1/p + 1/r − 1 = 1/s > 0, let f ∈ Lpm(R) and
g ∈ Lrm(R); then f ∗ g ∈ Lsm(R) and ‖f ∗ g‖s ≤ ‖f‖q‖g‖r.

5.10. The proof of Hölder’s inequality in Theorem 5.5.2 may seem magical.
There are many proofs, mostly based on the same idea, but the following has
a geometrical flavor.

a. Let φ : [0,∞) → [0,∞) be a continuous strictly increasing surjection
with continuous strictly increasing surjective inverse ψ : [0,∞) → [0,∞).
Prove W. Young’s inequality (1912),

∀ a, b ≥ 0, ab ≤
∫ a

0

φ+
∫ b

0

ψ,

with equality if and only if b = φ(a).
[Hint. The result is geometrically clear if one draws the curve y = φ(x) and
the lines x = 0, x = a, and y = b, and then considers the various areas
bounded by them; also, see [220], pages 111–113.]
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b. Let p > 1. Prove

∀ a, b ≥ 0, ab ≤ ap

p
+
bq

q
,

with equality if and only if ap = bq.
[Hint. Let φ(x) = xp−1.]

c. Using part b, prove Hölder’s inequality, ‖fg‖1 ≤ ‖f‖p‖g‖q, given the
hypotheses of Theorem 5.5.2.
[Hint. Let a = |f(x)|/‖f‖p and b = |g(x)|/‖g‖q.]

5.11. We proved Jensen’s inequality in Problem 3.43. This problem states
two consequences. Let (X,A, μ) be a finite measure space for which μ(X) = 1.

a. Let f ∈ Lpμ(X), 0 < p < ∞. Prove that

exp
(∫

X

log(|f(x)|) dμ(x)
)

≤ ‖f‖p.

Here exp(t) = et, and ‖...‖p, 0 < p < 1, is not a norm as defined in Defini-
tion A.1.9. This range, 0 < p < 1, is also considered in Theorem 8.6.4.
[Hint. Use the form of Jensen’s inequality given in Problem 3.43d.]

b. Let f ∈ Lrμ(X) for some r > 0. Prove that

lim
p→0

‖f‖p = exp
(∫

X

log(|f(x)|) dμ(x)
)
.

[Hint. Use LDC and Jensen’s inequality in conjunction with the fact that
(xp − 1)/p decreases to log(x), x > 0, as p → 0.]

5.12. Let (X,A, μ) be a signed measure space where card X ≥ ℵ0,
A = P(X), and

∀ x ∈ X, μ({x}) = 1 or μ({x}) = −1. (5.45)

If P,N is a Hahn decomposition of X prove that the cardinality of either P
or N is finite.

5.13. Let X = [−1, 1], let A be the algebra of all finite disjoint unions of
intervals [a, b) ⊆ X , and define

f(x) =

{
1
x , if x �= 0,
0, if x = 0.

Define μ : A → R as

μ

(
n⋃

k=1

[ak, bk)

)
=

n∑

k=1

[f(bk) − f(ak)].

Prove that μ is a well-defined finitely additive set function but that μ �=
μ+ − μ−. What can you say about a Hahn decomposition for μ?
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5.14. Let (X,A, μ) be a signed measure space. Prove the following asser-
tions.

a. ∀ A,B ∈ A, with |μ(A)| < ∞ and B ⊆ A, |μ(B)| < ∞.
b. ∀ {An : n = 1, . . .} ⊆ A, increasing, limn→∞ μ(An) = μ (

⋃
An).

c. ∀ {An : n = 1, . . .} ⊆ A, decreasing and satisfying |μ(A1)| < ∞,
limn→∞ μ(An) = μ (

⋂
An).

5.15. Let ([0, 1],A, μα) be a family of measure spaces and let fn : [0, 1] →
R

∗, n = 1, . . . , have the property that for each α, {fn : n = 1, . . .} ⊆
L1
μα

([0, 1]) is L1
μα

([0, 1])-Cauchy.
Prove that there is a function f ∈

⋂
L1
μα

([0, 1]) for which

∀ α, ‖f − fn‖α → 0,

where ‖ . . . ‖α is the L1
μα

([0, 1]) norm.
[Hint. For the case “α” is not indexed by a sequence, the notion of an absolute
ultrafilter is used.]

5.16. Prove Proposition 5.1.10.

5.17. Let (X,A, μ) be a complex measure space. With regard to Theo-
rem 5.1.12a, for which sets A ∈ A does the equality

|μ|(A) = μ+
r (A) + μ−

r (A) + μ+
i (A) + μ−

i (A)

hold?

5.18. a. Prove the Lebesgue decomposition as a corollary to R–N.
b. Prove the uniqueness of the Lebesgue decomposition in Theorem 5.2.6.
c. Prove the extension parts of Theorem 5.2.6: extend from μ a bounded

measure to μ σ-finite, respectively, μ ∈ Mb(X).
d. Show that if μ is counting measure on (0, 1) and ν = m on (0, 1) then

μ has no Lebesgue decomposition with respect to m.

5.19. Let (X,A) be a measurable space and let μ, ν be measures on A.
Prove that there are measures ν1 and ν2 such that

ν1 � μ and ν = ν1 + ν2,

where ν2 satisfies the following singularity condition with respect to μ:

∀ A ∈ A, ∃ B ⊆ A such that ν2(A) = ν2(B) and μ(B) = 0.

Also show that ν2 is always unique and that ν1 is unique if ν is σ-finite.

5.20. Consider the measurable space (T,B(T)). The Fourier coefficients of
μ ∈ M(T) are defined as
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∀ n ∈ Z, μ̂(n) =
∫ 1

0

e2πinx dμ(x).

a. If k ≥ 1 is fixed, k ∈ Z, and μ = δ1/k, verify that

∀ n ∈ Z, μ̂(n+ k) = μ̂(n). (5.46)

Can you characterize the subclass of M(T) that satisfies (5.46)?
b. Assume μ̂(n) → 0 as n → ∞. Prove that μ̂(n) → 0 as n → −∞.

[Hint. By R–N, there is a bounded μ-measurable function f , |f | = 1, such
that for each n

|μ̂(n)| =
∣∣∣∣
∫ 1

0

e2πinxf(x) d|μ|(x)
∣∣∣∣ .

Thus, for g(x) = f(x)/f(x),

|μ̂(n)| =
∣∣∣∣
∫ 1

0

e−2πinxg(x) dμ(x)
∣∣∣∣ ;

and so it is sufficient to prove that

lim
n→∞

∣∣∣∣
∫ 1

0

e2πinxg(x) dμ(x)
∣∣∣∣ = 0. (5.47)

To do this observe first and trivially that if g(x) has the form tN (x) =∑
|k|≤N ake

2πikx then (5.47) is immediate. By the Stone–Weierstrass theo-
rem (Theorem B.7.3) and the fact that each bounded μ-measurable function
h on T is the pointwise m-a.e. limit of a bounded sequence of continuous
functions, we can compute

lim
n→∞

∫ 1

0

e2πinxh(x) dμ(x) = 0

by LDC and Jordan decomposition.]

5.21. Let (X,A, μ) be a signed measure space with values in R. Prove that
μ± = (1/2)(|μ| ± μ).

5.22. Let (X,A) be a measurable space, assume that X is a locally compact
Hausdorff space, and takeMb(X) with norm ‖μ‖ = |μ|(X). Prove thatMb(X)
is complete, i.e., Mb(X) is a Banach space.

5.23. Let (X,A, μ) be a complex measure space. Prove the following asser-
tions.

a. |μ|(X) < ∞.
b. |μ(A)| ≤ |μ|(X).

[Hint. Use Theorem 5.1.12c.]
c. μ+

r (A), μ−
r (A), μ+

i (A), μ−
i (A) ≤ |μ(A)|.

[Hint. Use Theorem 5.1.12c.]
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5.24. Let X be a locally compact Hausdorff space, and let (X,A, μ) be a
signed regular Borel measure space. Prove that the following assertions are
equivalent.

i. |μ| is a regular Borel measure.
ii. μ+, μ− are regular Borel measures.

[Hint. Use Theorem 5.1.12c.]

5.25. Let X be a locally compact Hausdorff space, and let (X,A, μ) be a
signed measure space. Assume |μ(A)| < ∞ for each A ∈ A. Prove that |μ| is
a bounded measure and that

∀ A ∈ A, |μ|(A) = sup{|μ(B)| : B ∈ A, B ⊆ A}.

5.26. a. Prove Theorem 5.1.14.
b. For μ ∈ Mb(X), prove that

∣∣∣∣
∫

X

f dμ

∣∣∣∣ ≤
∫

X

|f | d|μ|.

5.27. Find a measure μ such that μ �= μc + μd.
[Hint. Take μ to be counting measure.]

5.28. Find a discrete measure that is absolutely continuous with respect to
ν for some ν.

5.29. Let (X,A, μ) be an unbounded measure space. Prove that X contains
measurable sets of arbitrarily large bounded measure or else it contains a
nonempty set A for which

∀ B ⊆ A, B ∈ A, μ(B) = 0 or μ(B) = ∞.

5.30. Let μ ∈ Mb([0, 1]), where Mb([0, 1]) is determined by the measurable
space ([0, 1],A) and B([0, 1]) ⊆ A. Prove that μ is discrete if and only if for
each net {fα}, e.g., [279], page 65, of bounded μ-measurable functions that
decrease pointwise to 0 we can conclude that μ(fα) → 0; see Chapter 7 for
notation.
[Hint. Assume that μ has a continuous part ν. Set fα = �Eα , whereEα ⊆ [0, 1]
and card E∼

α ≤ ℵ0. The ordering E > F for the net {fα} is defined by E ⊆ F .]

5.31. Let (X,A) be a measurable space. Let μ ∈ SM(X) or μ ∈ Mb(X),
and let f ∈ L1

μ(X). Prove that f vanishes outside of a σ-finite set.

5.32. Let (X,A) be a measurable space. Let μ, ν ∈ SM(X) or μ, ν ∈
Mb(X). Find conditions on μ and ν such that

μ � ν =⇒ μ ∈ Mc(X);

cf. Theorem 5.2.7.
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5.33. Let (X,A) be a measurable space. Let μ, ν ∈ Mb(X). Prove that the
following assertions are equivalent.

i. μ � ν.
ii. |μ| � ν.
iii. μ+, μ− � ν.

5.34. Let (X,A) be a measurable space. Let μ, ν ∈ Mb(X). Prove that the
following assertions are equivalent.

i. μ⊥ν.
ii. |μ|⊥ν.
iii. μ+⊥ν and μ−⊥ν.

5.35. Let (X,A) be a measurable space. Let μ, ν, λ ∈ Mb(X). Prove that if
μ � ν and λ⊥ν, then μ⊥λ.

5.36. Let (X,A) be a measurable space. Let μ ∈ Mb(X) and assume
|μ|(X) = μ(X) = 1. Prove that μ is a measure; cf. the proof of Theorem B.9.2.
[Hint. Use Theorem 5.3.5.]

5.37. a. Let (X,A, μ) be a measure space and let f be an R
∗- or C-valued

μ-measurable function on X . Define ν(A) =
∫
A
f dμ and let g be an R

∗- or
C-valued ν-measurable function on X . Prove that

∀ A ∈ A,
∫

A

g dν =
∫

A

fg dμ,

and that g ∈ L1
|ν|(X) if and only if fg ∈ L1

μ(X). This result can be used to
prove an extension of R–N from the case of bounded measures.

b. Prove Theorem 5.3.2.
c. Prove part b with the assumption that ν ∈ Mb(X).
d. Prove that Theorem 5.3.2 is not valid for all measure spaces (X,A, ν).

[Hint. Consider the measurable space ([0, 1],M([0, 1])), let ν be counting
measure c, and let μ = m.]

5.38. Provide the details for the following alternative proof to Theorem 5.3.1
(R–N). Let

Φ =
{
f ∈ L1

ν(X) : f ≥ 0 and ∀ A ∈ A, μ(A) ≥
∫

A

f dν

}
.

Then f = 0 is in Φ, and so Φ �= ∅. Set r = sup
{∫

X f dν : f ∈ Φ
}

and check
that r =

∫
X g dν for some g ∈ Φ. Define

∀ A ∈ A, λ(A) = μ(A) −
∫

A

g dν,

and obtain a contradiction by assuming that λ(A) > 0 for some A. The
following lemma is used: let a � b for bounded measures a and b, and
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assume a(A) �= 0; then there is a nonnegative function h ∈ L1
b(X) such that∫

h db > 0 and

a(B) ≥
∫

B

h db

for each b-measurable set B. To prove the lemma set h = ε�Q, where
a(A) > εb(A) and Q is a nonnegative set with respect to a − εb for which
(a − εb)(Q) > 0. We then apply the lemma to the case λ = a, ν = b, and
g + h ∈ Φ; and we contradict the definition of r.

5.39. In 1940 von Neumann proved R–N for μ � ν, where μ and ν
are bounded measures on the measurable space (X,A), using “only” the
fact that (L2

μ+ν(X))′ = L2
μ+ν(X). The proof is extremely slick, and, as

we have seen in Theorem 5.5.5, the converse also holds. The proof that
(L2

μ+ν(X))′ = L2
μ+ν(X) depends on the completeness of L2, which, we recall

from Theorem 5.5.2, is called the Riesz–Fischer theorem; see Section 5.6.2 as
well as perspective on the Riesz–Fischer theorem in [39], pages 192–195. The
Riesz–Fischer theorem can be proved elegantly and relatively simply in the
context of Hilbert spaces.

von Neumann’s proof of R–N is given in several texts, e.g., [212],
page 178, [235], pages 313 ff., [402], [405], pages 123–124. We outline the
proof, and the content of this problem is to fill in the details.

i. Set λ = μ+ μ and prove that

∃ g ∈ L2
λ(X) such that ∀ f ∈ L2

λ(X),
∫

X

f dμ =
∫

X

fg dλ. (5.48)

ii. Show that 0 ≤ g ≤ 1 λ-a.e. by taking f = �A, λ(A) > 0, in (5.48).
iii. Compute

∀ A ∈ A,
∫

A

(
1 − gn+1

)
dμ =

∫

A

g (1 + g + · · · + gn) dν. (5.49)

iv. Prove that the left-hand side of (5.49) converges to μ(A) as n → ∞.

5.40. Solomon Bochner [65] proved a version of R–N for the case that
μ and ν are finitely additive. His original proof used the countably addi-
tive version of R–N as well as Lebesgue’s theorem on the differentiation
of monotone functions. There have been simplifications of proof during the
years. We mention those due to Lester E. Dubins [146] and C. Fefferman

[164]. Here is a statement of the result: Let A ⊆ P(X) be an algebra, let

μ, ν : A → C

be finitely additive, and assume

‖ν‖ = sup
A∈A

|ν(A)| < ∞ (5.50)
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as well as the condition,

∀ ε > 0, ∃ δ > 0 such that |ν(A)| < δ =⇒ |μ(A)| < ε; (5.51)

then there is a sequence {sn : n = 1, . . .} of simple functions such that

∀ A ∈ A, lim
n→∞

∫

A

sn dν = μ(A).

Prove this theorem.
Statement (5.50) is compared to absolute continuity in Theorem 5.2.7 and

Theorem 5.2.8. The above result can be strengthened to read, If ‖ν‖ < ∞
then the set {sν : s simple and (sν)(g) =

∫
gs dν} of finitely additive set

functions is dense under the norm ‖...‖ of (5.50) in the space of finitely
additive set functions μ that satisfy (5.51).

The importance of (5.51) has already been made clear in the proof of
Theorem 5.3.1. For the finitely additive case, (5.50) is crucial.

5.41. Give examples of μ ∈ Mc(T), respectively, μ ∈ Md(T), for which

lim
|n|→∞

|μ̂(n)| > 0;

cf. Problem 4.5.

5.42. Let f ∈ Lpm((0,∞)), p ∈ [1,∞), and assume that f is uniformly
continuous on (0,∞). Prove that limx→∞ f(x) = 0.

5.43. Fix μ ∈ Mb(X) and let Y ⊆ X be the intersection of all possible
concentration sets Cμ of μ. Prove that Y = {x : |μ|(x) > 0}.

5.44. Consider the measure space ([0, 1],M([0, 1]),m). Is it true that for
each uncountable set A ∈ M([0, 1]), m(A) = 0, there is a measure mA ∈
Mc([0, 1]) defined on B([0, 1]), mA(A) = 1, such that

D ⊆ B ⊆ A =⇒ mA(D) = mA(B)mB(D)?

See [478], pages 77–78 for a precise statement and discussion. Compare
this with the problem of measure, mentioned in the remark after the definition
of “measure” in Chapter 2, and which is answered by the statement that there
are no continuous nonzero measures defined on P(X), card X = card R. Also
see Example 5.2.9b.

5.45. Prove Theorem 5.4.3.

5.46. Let (X,A, μ) be a σ-finite measure space. Assume that Lpμ(X) has a
Hausdorff locally convex topology T , so that with T on Lpμ(X), (Lpμ(X))′ =
L
p/(p−1)
μ (X). Prove that Lpμ(X) is T -sequentially complete.
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[Hint. First prove the result for the topology Tw = σ(Lpμ(X), Lp/(p−1)
μ (X)).

For an arbitrary T choose a T -Cauchy sequence {fn : n = 1, . . .}, so that,
a fortiori, {fn : n = 1, . . .} is Tw-Cauchy. Thus, fn → f in Tw. Take a
convex neighborhood V of 0, so that, by the Hahn–Banach theorem, V is
Tw closed if it is T closed. Hence, eventually, fn ∈ f + V . The notation
“(Lpμ(X))′” requires some explanation in this exercise. And the problem
should be attempted only if you have had some exposure to the theory of
topological vector spaces.]

5.47. Let α, β > 0, αβ < 1. If f ∈ L1+α
μ (X), g ∈ L1+β

μ (X), and f1+αg1+β ∈
L1
μ(X), then prove that

∣∣∣∣
∫

X

fg dμ

∣∣∣∣
(1+α)(1+β)/(1−αβ)

≤
(∫

X

|f |1+α|g|1+β dμ
)

×
(∫

X

|f |1+α dμ
)β(1+α)/(1−αβ)(∫

X

|g|1+β dμ
)α(1+β)/(1−αβ)

.

5.48. Let g ∈ L1
m([0, 1]) be nonnegative and take r ≥ 1. Prove that

(∫ 1

0

g

)r
≤
∫ 1

0

gr.

5.49. Prove Proposition 5.4.4b.

5.50. a. Prove the part of Theorem 5.5.5 that extends the result from the
finite to σ-finite case, and which was omitted in the text.

b. Prove Theorem 5.5.5 for any measure space (X,A, μ) in the 1 < p < ∞
case.

5.51. Let {μ, μn : n = 1, . . .} ⊆ Mb(X) and assume

∀ A ∈ A, μn(A) → μ(A).

Can you find nontrivial situations to conclude that ‖μn‖1 → ‖μ‖1; cf.
Chapter 6?
[Hint. i. Take each μn to be a measure.

ii. Assume that μn � ν, where ν is a bounded measure, and that fn
converges in measure, where fn ∈ L1

ν(X) corresponds to μn.]

5.52. a. Consider the measure space ([0, 1],B([0, 1]),m) and assume μ � m.
We define f(x) in the manner of Theorem 5.4.1 and so μf = μ. Prove that
f ′ is the R–N derivative with respect to m, cf., Section 8.4.

b. Prove that if g is absolutely continuous on [0, 1] and f ∈ C([0, 1]), then
∫ 1

0

f dg =
∫ 1

0

fg′,

where
∫ 1

0 f dg is the Riemann–Stieltjes integral.
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5.53. Let ν ∈ Mb(X). Prove that Md(X), respectively, Mc(X), Mac(X, ν),
Ms(X, ν), is closed in Mb(X), where Mb(X) is considered as a normed space
with the total variation norm ‖ . . . ‖1. Recall from Problem 5.22 that Mb(X)
is a Banach space.

5.54. Consider the measure space (Rd,Md(Rd),md), where md is Lebesgue
measure on R

d and Md(Rd) is the family of Lebesgue measurable sets in R
d.

If f : R
d → C is md-measurable and A ∈ Md(Rd) is fixed, define

∀ y > 0, w(y) = md ({x ∈ A : |f(x)| > y}) .

Prove that
∀ f ∈ L1

md(A),
∫

A

|f | =
∫ ∞

0

w(y) dy,

so that the Lebesgue integral in R
d can be viewed as a one-dimensional

improper integral; see Theorem 8.6.4.
[Hint. Note that if md(A) < ∞ then

w(y) ≤ 1
y

∫

A

|f |.]

5.55. Prove Wiener’s theorem,

∀ μ ∈ M(T),
∑

x∈T

|μ({x})|2 = lim
N→∞

1
2N + 1

N∑

n=−N
|μ̂(n)|2.

As a consequence we obtain Wiener’s characterization of continuous mea-
sures (1924): μ ∈ Mc(T) if and only if

lim
N→∞

1
2N + 1

N∑

n=−N
|μ̂(n)|2 = 0,

e.g., [505], pages 146–149, and [33] for applications with pseudomeasures.
In particular, if μ ∈ M(T) and |μ̂| = 1 then μ /∈ Mc(T).

5.56. Let A ⊆ P(X), card A ≥ ℵ0, be an algebra. Prove that there is a
finitely additive function ν : A → R such that

sup
A∈A

|ν(A)| = ∞.

[Hint. First prove that there is an infinite disjoint family {An : n = 1, . . .} ⊆
A. Choose xn ∈ An and define

μ =
∞∑

n=1

πn

4n
δxn .
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Since {πn/4n : n = 1, . . .} is linearly independent over Q it can be embedded
in a Hamel basis H for R. Define the appropriate function f : H → R, extend
linearly, and set

∀ A ∈ A, ν(A) = f(μ(A)).]

Remark. Using a set-theoretic argument it can be shown that there is a
nontrivial finitely additive set function ν : P(N) → [0, 1] such that ν(F ) = 0
if F ⊆ N is a finite set.

5.57. Decompose μE , the Cantor–Lebesgue measure for the perfect sym-
metric set E, as in Theorem 5.3.6 for ν = m. Do not forget the casem(E) > 0.
With regard to this and Problem 4.24c we note the paper by Lipiński [325],
which completely characterizes the set of points in which a singular function
can have an infinite derivative.

5.58. Find a nonnegative function f ∈ L2
m([1,∞)) such that

∫ ∞

1

f(x)√
x
dx

diverges.
[Hint. Let f =

∑∞
n=1 kn�[n,n+1) and set

1
n logn

= kn

∫ n+1

n

dx√
x
.]

5.59. Let 1 < p < ∞ and let 1/p + 1/q = 1. Suppose that {bn : n =
1, . . .} /∈ �q(N). Prove that there is {an : n = 1, . . .} ∈ �p(N) such that∑∞

n=1 |anbn| = ∞.
[Hint. Use the Uniform Boundedness Principle.]

The sequence can actually be constructed; see Helmberg, Amer. Math.
Monthly, 111 (2004), 518–520.



6 Weak Convergence of Measures

6.1 Vitali theorem

We shall now prove Vitali’s theorems, Theorem 3.3.11 and Theorem 3.3.12.
As we noted in the Remark after the statement of Theorem 3.3.12, Vitali’s
results give nontrivial necessary and sufficient conditions in order that

lim
n→∞

∫

X

|fn − f | dμ = 0, (6.1)

where (X,A, μ) is a measure space and {fn : n = 1, . . .} ⊆ L1
μ(X). The

following result was mentioned after the statement of Theorem 3.3.12 and is
used to deduce LDC from Vitali’s theorem.

Theorem 6.1.1. Lebesgue characterization of convergence in mea-
sure
Let (X,A, μ) be a measure space and let {fn : n = 1, . . .} be a sequence of
μ-measurable functions that converges μ-a.e. to a μ-measurable function f .
If there is g ∈ L1

μ(X) such that

∀ n = 1, . . . , |fn| ≤ g μ-a.e.,

then fn → f in measure.

Proof. Without loss of generality assume that

∀ n = 1, . . . and ∀ x ∈ X, |fn(x)|, |f(x)| ≤ g(x).

Then, for each ε > 0, we define

An,ε =
∞⋃

j=n

{x : |fj(x) − f(x)| ≥ ε} ⊆ {x : |g(x)| ≥ ε/2},

so that by the integrability of g, μ (An,ε) < ∞ for n = 1, . . . . Since fn → f
μ-a.e. we have

μ

( ∞⋂

n=1

An,ε

)
= 0. (6.2)
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Thus, for each ε > 0,

lim
n→∞μ({x : |fn(x) − f(x)| ≥ ε}) ≤ lim

n→∞μ (An,ε) = 0,

where the equality follows from Theorem 2.4.3c, from (6.2), and because
μ (A1,ε) < ∞ and each An,ε ⊆ An−1,ε. ��

Theorem 6.1.2. Vitali uniform absolute continuity theorem (Theo-
rem 3.3.11)
Let (X,A, μ) be a finite measure space and let {fn : n = 1, . . .} ⊆ L1

μ(X).
Equation (6.1) is valid for some f ∈ L1

μ(X) if and only if
i. {fn : n = 1, . . .} converges in measure to a μ-measurable function g,

and
ii. {fn : n = 1, . . .} is uniformly absolutely continuous.

Proof. (⇐=) Without loss of generality take each fn to be real-valued.
a. Given condition ii we first prove that {|fn| : n = 1, . . .} is uniformly

absolutely continuous. Let ε > 0. Choose δ > 0 such that

∀ A ∈ A, for which μ(A) < δ, and ∀ n,
∣∣∣∣
∫

A

fn dμ

∣∣∣∣ <
ε

2
. (6.3)

For each such A we define the disjoint sets

A+
n = {x ∈ A : fn(x) ≥ 0} and A−

n = {x ∈ A : fn(x) < 0}.

The sets A+
n and A−

n are measurable since fn is measurable, and

∀ n = 1, . . . , μ
(
A+
n

)
< δ and μ

(
A−
n

)
< δ,

since μ(A) < δ. By definition,
∫

A+
n

|fn| dμ =
∣∣∣∣
∫

A+
n

fn dμ

∣∣∣∣ <
ε

2
and

∫

A−
n

|fn| dμ =
∣∣∣∣
∫

A−
n

fn dμ

∣∣∣∣ <
ε

2
.

Consequently, for each n,
∫

A

|fn| dμ =
∫

A+
n∪A−

n

|fn| dμ =
∫

A+
n

|fn| dμ+
∫

A−
n

|fn| dμ < ε,

and so {|fn| : n = 1, . . .} is uniformly absolutely continuous.
b. Using the uniform absolute continuity of {|fn|} we shall now prove that

{fn : n = 1, . . .} is L1
μ(X)-Cauchy.

For each σ > 0, define

Am,n(σ) = {x : |fm(x) − fn(x)| ≥ σ}
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and
Bm,n(σ) = {x : |fm(x) − fn(x)| < σ}.

Then
∫

X

|fm − fn| dμ =
∫

Am,n(σ)

+
∫

Bm,n(σ)

|fm − fn| dμ

≤
∫

Am,n(σ)

|fm − fn| dμ+ σμ (Bm,n(σ))

≤
∫

Am,n(σ)

|fm| dμ+
∫

Am,n(σ)

|fn| dμ+ σμ(X).

(6.4)

For ε > 0 there is σ0 > 0 such that

∀ σ ≤ σ0, σμ(X) <
ε

3
(6.5)

(here we use the fact that μ(X) < ∞). From the first part of the proof there
is δ > 0 for which ∫

A

|fn| dμ <
ε

3
(6.6)

if A ∈ A satisfies μ(A) < δ. From i we can choose N , where

∀ m,n > N, μ (Am,n(σ0)) < δ. (6.7)

Thus, given ε > 0 we have picked σ0 and δ as above, i.e., (6.5) and (6.6), and
then used i to find N as in (6.7). We apply (6.5) and (6.6) to (6.4) to obtain

∀ m,n > N,

∫

X

|fm − fn| dμ < ε.

c. Since L1
μ(X) is complete, we obtain (6.1). Moreover, g in part i equals

f in (6.1) μ-a.e. by the following argument. By Theorem 3.3.13a there exists
a subsequence {fnk

} that converges pointwise to g μ-a.e. On the other hand,
{fnk

} converges in L1
μ(X) to f , so we can choose a subsequence of {fnk

} that
converges pointwise to f μ-a.e. (see Theorem 3.3.13).

(=⇒) Fix ε > 0. Let

An = {x : |fn(x) − f(x)| ≥ ε}.

Then ∫

X

|fn − f | dμ ≥
∫

An

|fn − f | dμ ≥ εμ(An),

so that μ(An) → 0 from (6.1), and we have proved part i.
Also, by (6.1), for any ε > 0 we can choose N for which

∀ m,n ≥ N,

∫

X

|fm − fn| dμ <
ε

3
.
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Since each fn ∈ L1
μ(X) we can find δ > 0 such that if μ(A) < δ for A ∈ A,

then
∀ n = 1, . . . , N,

∫

A

|fn| dμ <
ε

3
.

Consequently, for n > N and μ(A) < δ, A ∈ A, we have
∣∣∣∣
∫

A

fn dμ

∣∣∣∣ ≤
∫

A

|fn − fN | dμ+
∫

A

|fN | dμ < ε.

Hence, for each n, if μ(A) < δ, then
∣∣∣∣
∫

A

fn dμ

∣∣∣∣ < ε;

and we have proved part ii. ��

Remark. One is tempted to prove directly that f ∈ L1
μ(X) using the Fatou

lemma, the uniform absolute continuity of {|fn| : n = 1, . . .}, and the fact
(from i) that fnk

→ f μ-a.e. for some subsequence of {fn : n = 1, . . .}. By this
method,

∫

A

|f | dμ ≤ lim
k→∞

∫

A

|fnk
| dμ ≤ sup

n=1,...

∫

A

|fn| dμ < ε

for μ(A) < δ. Thus, f ∈ L1
μ(A), so that since μ(X) is finite we write X =⋃n

j=1 Aj , μ(Aj) < δ, and we have f ∈ L1
μ(X). This procedure works except

when there are not enough sets of small enough measure to guarantee that
X =

⋃n
j=1 Aj .

The notions of uniform absolute continuity and Vitali equicontinuity are
obviously closely related. The following result quantifies this assertion.

Proposition 6.1.3. Let (X,A, μ) be a measure space, let Mb(X) be the space
of complex measures associated with the measurable space (X,A), and let
{νn : n = 1, . . .} ⊆ Mb(X).

a. Assume that for each n, νn is a measure and νn � μ. If {νn : n =
1, . . .} is Vitali equicontinuous then it is uniformly absolutely continuous.

b. Assume μ(X) < ∞. If {νn : n = 1, . . .} is uniformly absolutely contin-
uous then it is Vitali equicontinuous.

Proof. a. We use the argument of Theorem 5.2.7. Assume that {νn : n =
1, . . .} is not uniformly absolutely continuous. Then choose ε > 0, {Bk : k =
1, . . .} ⊆ A, and integers {nk : k = 1, . . .} such that

μ(Bk) <
1

2k+1
and νnk

(Bk) ≥ ε. (6.8)
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Set Ek =
⋃∞
j=k Bj, so that Ek+1 ⊆ Ek. Also

μ(Ek) ≤
∞∑

j=k

1
2j+1

=
1
2k
.

We write Ak = Ek \ E0, where E0 =
⋂∞
k=1 Ek. Thus, Ak+1 ⊆ Ak and⋂∞

k=1 Ak = ∅.
By Vitali equicontinuity, there exists N ∈ N such that for all k > N

|νnk
(Ak)| < ε. (6.9)

Since νnk
� μ and μ(Ek) = 2−k, we have

νnk
(E0) = 0. (6.10)

Then (6.9) and (6.10) imply that

|νnk
(Ek)| < ε.

However, from (6.8), νnk
(Ek) ≥ νnk

(Bk) ≥ ε. This is the desired contradic-
tion.

b. Fix ε > 0 and take {An : n = 1, . . .} ⊆ A decreasing to ∅. By hypothesis
there is δ > 0 such that if A ∈ A, μ(A) < δ, then |νm(A)| < ε for each m.
Since μ(X) < ∞, we have μ(An) → 0, and so there is N for which μ(An) < δ
if n > N . Consequently, |νm(An)| < ε for all n > N and for all m. ��

In light of Proposition 6.1.3 and the first part of the proof of the sufficient
conditions in Theorem 6.1.2 we have the following result.

Proposition 6.1.4. Let (X,A, μ) be a finite measure space and let {fn : n =
1, . . .} ⊆ L1

μ(X). Define νn by

∀ A ∈ A, νn(A) =
∫

A

|fn| dμ.

Then {νn : n = 1, . . .} is Vitali equicontinuous if and only if {fn : n = 1, . . .}
is uniformly absolutely continuous.

The “only if” part of Proposition 6.1.4 does not require that μ(X) < ∞.

Theorem 6.1.5. Vitali equicontinuity theorem (Theorem 3.3.12)
Let (X,A, μ) be a measure space and choose a sequence {fn : n = 1, . . .} ⊆
L1
μ(X). Then (6.1) is valid for some f ∈ L1

μ(X) if and only if
i. {fn : n = 1, . . .} converges in measure (to a μ-measurable function g),

and
ii.
{
νn : ∀ A ∈ A, νn(A) =

∫
A |fn| dμ

}
is Vitali equicontinuous.
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Proof. (⇐=) If μ(X) < ∞ the result follows by Theorem 6.1.2 and Proposi-
tion 6.1.4. Note that

⋃
n{x : fn(x) �= 0} is σ-finite (Problem 5.31) so that,

without loss of generality, we take X to be σ-finite.
Let {Bm : m = 1, . . .} ⊆ A be an increasing sequence of sets that forms

a cover of X and assume that each μ(Bm) < ∞. If we set Am = B∼
m then

Am+1 ⊆ Am and
⋂
Ak = ∅.

We shall prove that {fn : n = 1, . . .} is L1
μ(X)-Cauchy. Take ε > 0. From

ii there is k such that

∀ m = 1, . . . ,
∫

Ak

|fm| dμ < ε

4
;

and so, for each m and n,
∫

Ak

|fm − fn| dμ <
ε

2
. (6.11)

Using Theorem 6.1.2 and the restriction measure space (Bk,A, μ), we see
that there is N > 0 such that

∀ m,n ≥ N,

∫

Bk

|fm − fn| dμ <
ε

2
. (6.12)

Then (6.11) and (6.12) yield the result.
(=⇒) The proof of i from (6.1) is the same as in Theorem 6.1.2. To prove

ii pick any ε > 0 and take N such that

∀ n ≥ N,

∫

X

|fn − f | dμ < ε

2
. (6.13)

Let {An : n = 1, . . .} ⊆ A decrease to ∅. Since fn, f ∈ L1
μ(X), n = 1, . . . , N ,

and since �Am → 0 μ-a.e., we invoke LDC to assert that there is M > 0 for
which ∫

Am

|f | dμ < ε

2
and

∫

Am

|fn − f | dμ < ε

2
(6.14)

if m > M and n = 1, . . . , N . Consequently, for each m > M and for all n,
∫

Am

|fn| dμ ≤
∫

Am

|fn − f | dμ+
∫

Am

|f | dμ < ε,

where the last inequality follows from (6.13) or the second part of (6.14),
depending on whether n > N or n ≤ N . ��

In Sections 6.2 and 6.3 we shall see that Vitali’s results are intimately
related to subsequent important work by Hahn, Nikodym, Stanis�law

Saks, Dieudonné, and Alexandre Grothendieck in the area of weak
convergence of measures.
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A point of information and a corresponding word of caution are in
order. We use “weak convergence” in the topological sense defined in
Definition A.9.2; also see Definition 6.3.1. Modern probabilists also have a
notion of weak convergence of measures on complete separable metric spaces
X . They say that μn → μ weakly if, for every bounded continuous function f
on X , μn(f) → μ(f). In this setting our weak sequential convergence gene-
rates a stronger topology than “probabilistic weak sequential convergence”;
see Section 6.6.5.

6.2 Nikodym and Hahn–Saks theorems

In this section the work of Hahn dates from 1922 and that of Saks from
1933 [411], [410]. Nikodym announced his results in 1931 and published them
in 1933. Our presentation is due to James K. Brooks [75].

We use the following version of Schur’s lemma [76]; cf. Theorem A.7.3.

Theorem 6.2.1. Schur lemma
Let {ci,j : i, j = 1, . . .} ⊆ C have the following properties:

i.

∀ i = 1, . . . ,
∞∑

j=1

|ci,j | < ∞,

ii.
∀ S ⊆ N, ∃ lim

i→∞

∑

j∈S
ci,j .

Then there is {cj : j = 1, . . .} ⊆ C such that
∑

|cj | < ∞ and

lim
i→∞

∞∑

j=1

|ci,j − cj | = 0. (6.15)

Proof. a. We first prove that if we are given {z1, . . . , zn} ⊆ C, then there is
S ⊆ {j : 1 ≤ j ≤ n} such that

n∑

j=1

|zj| ≤ 4
√

2

∣∣∣∣∣∣

∑

j∈S
zj

∣∣∣∣∣∣
. (6.16)

To begin, divide the complex plane into its four “diagonal” quadrants Q1,
Q2, Q3, Q4; see Figure 6.1.

Assume that
∑

zj∈Q1

|zj| ≥
1
4

n∑

j=1

|zj |,

and let S = {j : zj ∈ Q1}. Noting that Q1 = {z = x + iy : |y| ≤ x, x ≥ 0},
we have

|z|√
2

≤ Re (z),
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Fig. 6.1. Schur lemma diagram.

since, for w = a+ ib ∈ Q1,
√

2Re (w) = a
√

2 = |a|
√

2 = |a+ ia| ≥ |a+ ib| = |w|.

Thus, ∣∣∣∣∣∣

∑

j∈S
zj

∣∣∣∣∣∣
≥
∑

j∈S
Re (zj) ≥ 1√

2

∑

j∈S
|zj| ≥

1
4
√

2

n∑

j=1

|zj|,

which is (6.16). Inequality (6.16) is standard, and we refer as well to [405],
page 119, and our Remark prior to Theorem 5.1.12.

b. We now prove (6.15) using the additional hypothesis that the limit in
ii is 0 for any S. Thus, in this case, we are taking each cj = 0 in (6.15).
We assume that (6.15) is false and shall obtain a contradiction. Since (6.15)
is false, there are an ε > 0 and a subsequence {ik : k = 1, . . .} such that

∀ k = 1, . . . ,
∞∑

j=1

|cik,j | > ε > 0.

Observe that there are strictly increasing sequences {pk : k = 1, . . .} ⊆ N and
{nk : k = 1, . . .} ⊆ {ik : k = 1, . . .} for which

∀ k = 1, . . . ,
pk∑

j=1

|cnk,j| <
ε

r
, (6.17)

and

∀ k = 1, . . . ,
∞∑

j=pk+1+1

|cnk,j | <
ε

r
, (6.18)
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where r > 2 + 8
√

2. To see this, start by taking any p1. Then, using (6.16),
observe that for each n there is Yn ⊆ {0, . . . , p1} such that

p1∑

j=1

|cn,j | ≤ 4
√

2

∣∣∣∣∣∣

∑

j∈Yn

cn,j

∣∣∣∣∣∣
.

Since there are only finitely many possible subsets Yn we obtain (6.17) for
some n1 from ii. Then, using i, choose p2 for which (6.18) is true. Continue
this process. From (6.17) and (6.18) we compute

pk+1∑

j=pk+1

|cnk,j | =
∞∑

j=1

|cnk,j| −
pk∑

j=1

|cnk,j | −
∞∑

j=pk+1+1

|cnk,j|

> ε−
pk∑

j=1

|cnk,j| −
∞∑

j=pk+1+1

|cnk,j | > ε

(
1 − 2

r

)
.

(6.19)

We now use (6.16) in the following way. For each k choose Sk ⊆ {j : pk + 1 ≤
j ≤ pk+1} such that

4
√

2

∣∣∣∣∣∣

∑

j∈Sk

cnk,j

∣∣∣∣∣∣
≥

pk+1∑

j=pk+1

|cnk,j |. (6.20)

Letting S =
⋃
Sk we combine (6.19) and (6.20), and obtain for each k that

∣∣∣∣∣∣

∑

j∈S
cnk,j

∣∣∣∣∣∣
≥

∣∣∣∣∣∣

∑

j∈Sk

cnk,j

∣∣∣∣∣∣
−

pk∑

j=1

|cnk,j | −
∞∑

j=pk+1+1

|cnk,j |

≥ ε

(
1

4
√

2
− 1

2r
√

2
− r

2

)
> 0.

This is the desired contradiction (of ii).
c. We now reduce the general case to the setting of part b. Let {mi : i =

1, . . .} ⊆ N increase to infinity and define

ai,j = cmi+1,j − cmi,j .

Then {ai,j : i, j = 1, . . .} satisfies the hypotheses of part b, so that we can
conclude that

lim
i→∞

∞∑

j=1

∣∣cmi+1,j − cmi,j

∣∣ = 0. (6.21)

Since {mi : i = 1, . . .} is arbitrary, (6.21) tells us that {ci : ci = {ci,1, ci,2, . . .}}
is a Cauchy sequence in �1(N). The proof is finished by the completeness of
�1(N). ��
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We cannot replace hypothesis ii in Theorem 6.2.1 with the condition that

∀ S ⊆ N, ∃ lim
i→∞

∣∣∣∣∣∣

∑

j∈S
ci,j

∣∣∣∣∣∣
.

In fact, let cm,n = (1/2m)einπ/2.
Theorem A.7.3, which states the equivalence of weak and norm sequential

convergence in �1(N), is an immediate consequence of Theorem 6.2.1. In fact,
if {ci : i = 1, . . .} ⊆ �1(N), with ci = {ci,1, . . .}, converges weakly to 0 then

∀ S ⊆ Z, �S ∈ �∞(N) and lim
i→∞

∫
�Sci = 0.

Thus, the hypotheses of Theorem 6.2.1 are satisfied.

Theorem 6.2.2. Nikodym theorem
Let (X,A) be a measurable space and let {μn : n = 1, . . .} ⊆ Mb(X). Assume
that

∀ A ∈ A, lim
n→∞μn(A) = μ(A)

exists. Then μ ∈ Mb(X) and {μn : n = 1, . . .} is Vitali equicontinuous.

Proof. a. Clearly μ is finitely additive on A. Let {Aj : j = 1, . . .} ⊆ A
decrease to ∅. We shall prove

lim
j→∞

μ(Aj) = 0. (6.22)

a.i. Set Ek = Ak \Ak+1, so that {Ek : k = 1, . . .} is a disjoint family and

Ak = (Ak \Ak+1) ∪ (Ak+1 \Ak+2) ∪ · · · =
∞⋃

j=k

Ej .

Our immediate task is to verify (6.23) below.
Define

ci,j = μi(Ej).

We shall check that {ci,j : i, j = 1, . . .} satisfies the hypotheses of Theo-
rem 6.2.1. For each i = 1, . . . ,

∞∑

j=1

|ci,j | =
∞∑

j=1

|μi(Ej)| ≤
∞∑

j=1

|μi|(Ej) = |μi|

⎛

⎝
∞⋃

j=1

Ej

⎞

⎠ = |μi|(A1) < ∞,

and condition i of Theorem 6.2.1 is satisfied. For condition ii, let S ⊆ N and
note that
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lim
i→∞

∑

j∈S
ci,j = lim

i→∞
μi

⎛

⎝
⋃

j∈S
Ej

⎞

⎠ = μ

⎛

⎝
⋃

j∈S
Ej

⎞

⎠ ∈ C.

By assumption, we have limi→∞ μi(Ej) = μ(Ej). Combining this hypo-
thesis with the existence of {cj} from Theorem 6.2.1, we see that cj = μ(Ej)
for all j = 1, . . . . Consequently, from Theorem 6.2.1, we have

lim
i→∞

∞∑

j=1

|μi(Ej) − μ(Ej)| = 0. (6.23)

a.ii. We now show that

lim
n→∞

∞∑

j=n

μ(Ej) = 0. (6.24)

To this end we calculate
∞∑

j=n

|μ(Ej)| ≤
∞∑

j=n

|μi(Ej) − μ(Ej)| +
∞∑

j=n

|μi(Ej)|

≤
∞∑

j=1

|μi(Ej) − μ(Ej)| +
∞∑

j=n

|μi(Ej)|.

Thus,

lim
n→∞

∞∑

j=n

|μ(Ej)| ≤
∞∑

j=1

|μi(Ej) − μ(Ej)| + lim
n→∞ |μi|

⎛

⎝
∞⋃

j=n

Ej

⎞

⎠ ,

so that by our hypothesis on {An : n = 1, . . .} and the fact that μi is bounded,

lim
n→∞

∞∑

j=n

|μ(Ej)| ≤
∞∑

j=1

|μi(Ej) − μ(Ej)|.

Therefore, (6.24) follows from (6.23).
a.iii. Our next step is to prove

lim
j→∞

⎛

⎝μi(Aj) −
∞∑

k=j

μ(Ek)

⎞

⎠ = 0, uniformly in i. (6.25)

Equation (6.25) is certainly true for each i (not uniformly) by (6.24) and the
hypothesis on {Aj : j = 1, . . .}. Given ε > 0, use (6.23) to choose I > 0 such
that

∀ i > I,

∞∑

j=1

|μi(Ej) − μ(Ej)| < ε.
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Next, take J > 0 with the property that

∀ i = 1, . . . , I,
∞∑

j=J

|μi(Ej) − μ(Ej)| < ε.

Hence,

∀ j > J and ∀ i = 1, . . . ,

∣∣∣∣∣∣
μi(Aj) −

∞∑

k=j

μ(Ek)

∣∣∣∣∣∣
=

∣∣∣∣∣∣

∞∑

k=j

(μi(Ek) − μ(Ek))

∣∣∣∣∣∣

≤
∞∑

k=J

|μi(Ek) − μ(Ek)| < ε,

and this is (6.25).
a.iv. Finally, to obtain (6.22), we first use the Moore–Smith theorem

(Theorem A.4.1), in conjunction with a.iii, and the fact,

lim
i→∞

⎛

⎝μi(Aj) −
∞∑

k=j

μ(Ek)

⎞

⎠ = μ(Aj) −
∞∑

k=j

μ(Ek),

to compute

lim
j→∞

⎛

⎝μ(Aj) −
∞∑

k=j

μ(Ek)

⎞

⎠ = lim
i→∞

lim
j→∞

⎛

⎝μi(Aj) −
∞∑

k=j

μ(Ek)

⎞

⎠ . (6.26)

The right-hand side of (6.26) is 0, as we observed after (6.25). Consequently,
we can apply (6.24) (again) to the left-hand side of (6.26), and (6.22) follows.

b. The desired Vitali equicontinuity is entailed by (6.24) and (6.25).
To prove that μ is σ-additive, let {Bn : n = 1, . . .} ⊆ A be disjoint and
set Aj =

⋃∞
n=j Bn. Thus, {Aj : j = 1, . . .} decreases to ∅ and

μ

( ∞⋃

n=1

Bn

)
=

j∑

n=1

μ(Bn) + μ(Aj+1).

The σ-additivity follows by (6.22). ��

Remark. Consider the measurable space (R,B(R)), and define

∀ n = 1, . . . and ∀ A ∈ B(R), μn(A) = m(A ∩ [n,∞)).

Then, each μn is a measure. Since μn ≥ μn+1 on B(R), we define μ as

∀ A ∈ B(R), lim
n→∞μn(A) = μ(A), (6.27)
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and note that each μ(A) exists with possibly infinite value. Note that μ is
not a measure. In fact,

μ

( ∞⋃

n=1

[n, n+ 1)

)
= ∞ and

∞∑

n=1

μ([n, n+ 1)) = 0.

It is interesting to note that if {μn : n = 1, . . .} is a sequence of measures
on a measurable space (X,A) and μn ≤ μn+1, then the limit μ in (6.27) is a
measure.

We use Theorem 6.2.2 to prove the following result.

Theorem 6.2.3. Hahn–Saks theorem
Let (X,A) be a measurable space, let ν be a measure, and let {μn : n =
1, . . .} ⊆ Mb(X). Assume

i. ∀ A ∈ A, limn→∞ μn(A) = μ(A) exists,
ii. ∀ n = 1, . . . , μn � ν.

Then, {μn : n = 1, . . .} is uniformly absolutely continuous.

Proof. Assume that {μn : n = 1, . . .} is not uniformly absolutely continuous.
Then there exist ε > 0, a subsequence {nm : m = 1, . . .} of N, and {Am :
m = 1, . . .} ⊆ A such that, for each m = 1, . . . ,

ν(Am) <
1

2m
(6.28)

and
|μnm(Am)| ≥ ε. (6.29)

For simplification of notation write nm = m, so that (6.29) is replaced by

∀ m = 1, . . . , |μm(Am)| ≥ ε. (6.30)

Using this we shall obtain a contradiction.
a. For each k ≥ 0 we first prove that there is a strictly increasing sub-

sequence {nki : i = 1, . . .} ⊆ N such that {nk+1
i : i = 1, . . .} is a subsequence

of {nki : i = 1, . . .},

nk+1
1 > nk2 , nk+1

2 > nk3 , nk+1
3 > nk4 , . . . ,

and ∞∑

i=1

∣∣∣μnk
1

∣∣∣
(
Ank+1

i

)
<
ε

2
, (6.31)

where the elements of the sum decrease to 0.
In order to do this, first observe that (6.28) and the hypothesis μ1 � ν

yield
lim
m→∞ |μ1|(Am) = 0.
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Consequently, there is a strictly increasing sequence {n1
i : i = 1, . . .}, for

which |μ1|(An1
i
) is decreasing, n1

i → ∞, and

|μ1|(An1
i
) <

ε

2i+1
.

Now since
∣∣∣μn1

1

∣∣∣ � ν we use (6.28) again to obtain a strictly increasing

sequence {n2
i : i = 1, . . .} ⊆ {n1

i : i = 1, . . .} such that

∀ j = 1, . . . , n1
j+1 < n2

j , and ∀ i = 1, . . . ,
∣∣∣μn1

1

∣∣∣
(
An2

i

)
<

ε

2i+1
,

and
{∣∣∣μn1

1

∣∣∣
(
An2

i

)}
decreases as n2

i → ∞. Next we examine
∣∣∣μn2

1

∣∣∣ and con-

struct {n3
i : i = 1, . . .} in the same way, and continue the process.

b. Define νi = μni
1

and Bi = Ani
1
. Observe that when we chose {nk+1

j :
j = 1, . . .} from {nkj : j = 1, . . .} we had

nk+1
1 > nk2 > nk1 .

Thus, nk+1
1 ≥ nk1 + 1, and so nk1 ≥ k. Therefore, by (6.28),

ν(Bi) <
1
2i
. (6.32)

Also, we compute
∞∑

j=m+1

|νm|(Bj) =
∞∑

j=1

|νm|(Bm+j) ≤
∞∑

j=1

|νm|
(
Anm+1

j

)
<
ε

2
, (6.33)

where the last two inequalities follow from a. The latter inequality is a conse-
quence of (6.31). For the former, note that for fixed m, {|νm|

(
Anm+1

j

)
: j =

1, . . .} is decreasing and

nm+1
j < · · · < nm+j−1

2 < nm+j
1 .

c. Set Cn =
⋃∞
j=n Bj and D =

⋂∞
n=1

⋃∞
j=n Bj =

⋂∞
n=1 Cn.

c.i. Clearly, Cn ⊆ Cn−1, so that {Cn : n = 1, . . .} decreases to D. Con-
sequently, En = Cn \ D decreases to ∅. Using (6.32) we compute ν(D) = 0
since

ν(D) ≤ ν(Cn+1) ≤
∞∑

j=n+1

ν(Bj) <
∞∑

j=n+1

1
2j

=
1
2n
.

Thus, by hypothesis ii,

∀ i = 1, . . . , νi(D) = 0.

We therefore conclude that

∀ i = 1, . . . and ∀ n = 1, . . . , νi(En) = νi(Cn). (6.34)
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c.ii. From hypothesis i and Theorem 6.2.2 we have

lim
n→∞ νm(En) = 0, uniformly in m. (6.35)

Applying (6.34) to (6.35), we obtain

lim
n→∞ νm(Cn) = 0, uniformly in m.

Hence, choose N > 0 such that

∀ n ≥ N and ∀ m = 1, . . . , |νm(Cn)| < ε

2
. (6.36)

c.iii. Note that

Cn = Bn ∪

⎛

⎝B∼
n ∩

⎛

⎝
∞⋃

j=n+1

Bj

⎞

⎠

⎞

⎠ ,

where Bn and B∼
n ∩

(⋃∞
j=n+1Bj

)
are disjoint.

d. For n ≥ N and m = n we use (6.30) and c.iii to compute

ε ≤ |νn(Bn)| ≤ |νn(Cn)| +

∣∣∣∣∣∣
νn

⎛

⎝B∼
n ∩

⎛

⎝
∞⋃

j=n+1

Bj

⎞

⎠

⎞

⎠

∣∣∣∣∣∣
,

so that, from (6.36),

ε <
ε

2
+ |νn|

⎛

⎝
∞⋃

j=n+1

Bj

⎞

⎠ ≤ ε

2
+

∞∑

j=n+1

|νn|(Bj). (6.37)

We obtain a contradiction (ε < ε) using (6.33) in (6.37). ��

Remark. The Hahn–Saks theorem (Theorem 6.2.3) was originally proved
by Saks independent of Theorem 6.2.2. He then deduced Theorem 6.2.2 in
the following way. Given {μn : n = 1, . . .} ⊆ Mb(X) and the hypothesis of
Theorem 6.2.2, define

∀ A ∈ A, ν(A) =
∞∑

n=1

1
2n‖μn‖1

|μn|(A). (6.38)

Then ν is a bounded measure and μn � ν for each n. Consequently, we
can apply Theorem 6.2.3 to obtain the uniform absolute continuity of {μn :
n = 1, . . .} with respect to ν. Thus, using Proposition 6.1.3b and the uniform
absolute continuity, we conclude that μ ∈ Mb(X) by a double limit argument.
Also, μ � ν (this is the μ defined in the hypothesis of Theorem 6.2.2).
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6.3 Weak sequential convergence

Definition 6.3.1. Weak sequential convergence in Lpμ(X)Lpμ(X)Lpμ(X)
a. Let (X,A, μ) be a measure space and let 1/p + 1/q = 1. Consider a

sequence {fn : n = 1, . . .} ⊆ Lpμ(X) and f ∈ Lpμ(X), 1 ≤ p < ∞. We say that
{fn : n = 1, . . .} converges weakly to f , and we write fn → f weakly, if

∀ g ∈ Lqμ(X), lim
n→∞

∫

X

fng dμ =
∫

X

fg dμ.

b. Let (X,A, μ) be a σ-finite measure space. A sequence {fn : n =
1, . . .} ⊆ L∞

μ (X) converges weakly to f ∈ L∞
μ (X) if for each set function

ν, finitely additive on A and vanishing on {A ∈ A : μ(A) = 0}, we have

lim
n→∞

∫

X

fn dν =
∫

X

f dν.

As we pointed out in Example 3.6.5, weak convergence does not necessarily
imply norm convergence; cf. Theorem A.7.3. In fact, weak convergence does
not imply pointwise a.e. convergence, uniform convergence, or convergence
in measure.

The weak sequential convergence defined above is actually sequential
convergence for a certain topology, called the weak topology. We discuss the
weak topology generally in Appendix A.9, but for now we consider some
special results. In particular, we have the following characterization of weak
sequential convergence in L1

μ(X).

Theorem 6.3.2. Characterization of weak sequential convergence
Let (X,A, μ) be a measure space and consider a sequence {fn : n = 1, . . .} ⊆
L1
μ(X) and f ∈ L1

μ(X). Then fn → f weakly if and only if
i. ∀ A ∈ A,

∫
A(fn − f) dμ → 0,

ii. supn∈N
‖fn‖1 = K < ∞.

Proof. (=⇒) Part i is immediate by definition of weak convergence. To prove
ii we first define Fn : L∞

μ (X) → C by

∀ g ∈ L∞
μ (X), Fn(g) =

∫

X

(fn − f)g dμ.

Each Fn is continuous by LDC. Since Fn(g) → 0 for each g ∈ L∞
μ (X) by

hypothesis, we know that

∀ g ∈ L∞
μ (X), ∃ Ng such that ∀ n ≥ Ng, |Fn(g)| ≤ 1;

and so

∀ g ∈ L∞
μ (X), ∃ Mg = max{1, |F1(g)|, . . . , |FNg−1(g)|}
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such that
∀ n = 1, . . . , |Fn(g)| ≤ Mg.

Therefore, we can apply the Uniform Boundedness Principle (Theorem A.7.1
or Theorem A.8.6) and conclude that

∃ M such that ∀ n = 1, . . . and ∀ g ∈ L∞
μ (X), |Fn(g)| ≤ M‖g‖∞.

Clearly,

‖fn‖1 =
∫

X

fngn dμ,

for some gn ∈ L∞
μ (X), where, without loss of generality, we take |gn| = 1 on

X . Therefore, ii follows.
(⇐=) Take any ε > 0. We prove that for any fixed g ∈ L∞

μ (X),

lim
n→∞

∣∣∣∣
∫

X

(fn − f)g dμ
∣∣∣∣ ≤ ε. (6.39)

Choose a simple function h such that ‖g − h‖∞ ≤ ε/(2 max(K, ‖f‖1)); see
Theorem 2.5.5 and Definition 2.5.9. Then

∣∣∣∣
∫

X

(fn − f)g dμ
∣∣∣∣ ≤ ‖g − h‖∞‖fn − f‖1 +

∣∣∣∣
∫

X

(fn − f)h dμ
∣∣∣∣ ,

and this gives (6.39). ��

The incredible thing is that we can drop condition ii in Theorem 6.3.2,
even in the setting of quite general measure spaces. This is the content of
Theorem 6.3.7.

Proposition 6.3.3. Let (X,A, μ) be a measure space and let {fn : n =
1, . . .} ⊆ L1

μ(X) have the property that

∀ A ∈ A, lim
n→∞

∫

A

fn dμ

exists and is finite. Then

∀ ε > 0, ∃ δ > 0 such that ∀ n = 1, . . . , μ(A) < δ =⇒
∫

A

|fn| dμ < ε.

Proof. We define the following family of measures μn:

∀ A ∈ A, μn(A) =
∫

A

fn dμ.

Thus, according to Theorem 5.3.3,

∀ n = 1, . . . , μn ∈ Mac(X,μ).
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Moreover, by our hypothesis, we have

∀ A ∈ A, ∃ lim
n→∞μn(A).

These two statements are the assumptions of Theorem 6.2.3. Therefore, we
conclude that {μn : n = 1, . . .} is uniformly absolutely continuous on X , i.e.,

∀ ε > 0, ∃ δ > 0, such that ∀ A ∈ A,

μ(A) < δ =⇒ ∀ n = 1, . . . ,
∣∣∣∣
∫

A

fn dμ

∣∣∣∣ < ε.

In other words, the sequence {fn : n = 1, . . .} is uniformly absolutely con-
tinuous. Therefore, to finish the proof, we only need to observe that in the
proof of the “if” part of Theorem 6.1.2 we have, in particular, established
that {fn : n = 1, . . .} is uniformly absolutely continuous if and only if
{|fn| : n = 1, . . .} is uniformly absolutely continuous. ��

Remark. It is an interesting observation that in the proof of Proposi-
tion 6.3.3 we may assume without loss of generality that

∀ A ∈ A, lim
n→∞

∫

A

fn dμ = 0. (6.40)

To see this we proceed as follows.
First, we shall prove that for any ε > 0 there exist δ > 0 and k ∈ N such

that

∀ m,n ≥ k and ∀ A ∈ A, for which μ(A) < δ,

∫

A

|fm−fn| dμ <
ε

2
. (6.41)

In fact, if (6.41) were not true then there would exist ε > 0 and sequences
{mi : mi ≥ i, i = 1, . . .}, {ni : ni ≥ i, i = 1, . . .}, and {Ai : μ(Ai) < 1/i, i =
1, . . .} such that

∀ i = 1, . . . ,
∫

Ai

|fmi − fni | dμ ≥ ε

2
. (6.42)

On the other hand, the sequence {fmi − fni : i = 1, . . .} ⊆ L1
μ(X) satisfies

the assumption of our proposition with limi→∞
∫
A(fmi − fni) dμ = 0 for all

sets A ∈ A. Thus, if the conclusion of Proposition 6.3.3 were true for 0 limits,
it would yield a contradiction with (6.42). Hence, (6.41) is established.

Second, we note that for any ε > 0 there exists δ′ > 0 such that

∀ A ∈ A, for which μ(A) < δ′, and ∀ j ≤ k,

∫

A

|fj | dμ <
ε

2
. (6.43)

This is a consequence of Proposition 3.3.9.
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Equation (6.40) follows from (6.41) and (6.43) because

∀ ε > 0, ∃ δ, δ′ > 0 such that ∀ n > k,

μ(A) < min(δ, δ′) =⇒
∫

A

|fn| dμ ≤
∫

A

|fn − fk| dμ+
∫

A

|fk| dμ < ε.

Using Proposition 6.3.3 we may strengthen Theorem 6.3.2.

Theorem 6.3.4. Sufficient conditions for weak sequential conver-
gence in L1

μ(X)L1
μ(X)L1
μ(X)

Let (X,A, μ) be a measure space. Consider the sequence {fn : n = 1, . . .} ⊆
L1
μ(X). If

i. ∀ A ∈ A, limn→∞
∫
A fn exists and is finite,

and
ii. supn∈N

‖fn‖1 = K < ∞,
then fn → f weakly for some f ∈ L1

μ(X).

Proof. Fix g ∈ L∞
μ (X). We first show that {

∫
X
fng dμ : n = 1, . . .} is a

Cauchy sequence. Let ε > 0. There exists a simple function h such that
‖g − h‖∞ < ε/(3K); see, e.g., Theorem 2.5.5. Thus,

∀ n = 1, . . . ,
∣∣∣∣
∫

X

fng dμ−
∫

X

fnh dμ

∣∣∣∣ ≤ ‖g − h‖∞‖fn‖1 <
ε

3
(6.44)

and
lim
n→∞

∫

X

fnh dμ

exists and is finite. By hypothesis, choose M such that for all i, j ≥ M ,
∣∣∣∣
∫

X

fih dμ−
∫

X

fjh dμ

∣∣∣∣ <
ε

3
. (6.45)

Then, by (6.44) and (6.45), we have

∀ i, j ≥ M,

∣∣∣∣
∫

X

fig dμ−
∫

X

fjg dμ

∣∣∣∣ < ε,

and so {
∫
X fng dμ} is a Cauchy sequence. Thus, we can assert that

∀ g ∈ L∞
μ (X), lim

n→∞

∫

X

fng dμ

exists and is finite. We write

λ(g) = lim
n→∞

∫

X

fng dμ,

for g ∈ L∞
μ (X). Because of assumption ii, we conclude that λ is a bounded

linear functional on L∞
μ (X). Also, λn(A) =

∫
A fn dμ defines λn ∈ Mb(X),
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and hence λ ∈ Mb(X) by Theorem 6.2.2. If X is a locally compact Hausdorff
space, this assertion is also a consequence of the Riesz representation theorem
proved in Chapter 7, since λ is a bounded linear functional on C0(X).

Proposition 6.3.3, together with Theorem 5.2.8 and the observation
following it, yields that λ � μ. Thus, according to the Radon–Nikodym
theorem (Theorem 5.3.1), there exists f ∈ L1

μ(X) such that

∀ A ∈ A, λ(A) =
∫

A

f dμ.

Hence, λ(h) =
∫
X
hf dμ for all simple functions h. Since these functions are

dense in L∞
μ (X) (see, e.g., Theorem 2.5.5), and since λ is bounded on L∞

μ (X),
it follows that

∀ g ∈ L∞
μ (X), lim

n→∞

∫

X

fng dμ =
∫

X

fg dμ.

Indeed, fix g ∈ L∞
μ (X) and ε > 0. Choose a simple function h such that

‖g − h‖∞ < ε/(2 max(K, ‖f‖1)). Then

lim
n→∞

∣∣∣∣
∫

X

fng dμ−
∫

X

fg dμ

∣∣∣∣ ≤ lim
n→∞

∣∣∣∣
∫

X

fng dμ−
∫

X

fnh dμ

∣∣∣∣

+ lim
n→∞

∣∣∣∣
∫

X

fnh dμ−
∫

X

fh dμ

∣∣∣∣+
∣∣∣∣
∫

X

fh dμ−
∫

X

fg dμ

∣∣∣∣ < ε.

Therefore, fn converges weakly to f . ��

The following result is due to Dieudonné [137] in his work on Köthe
spaces (a term Dieudonné introduced), extending work of Gottfried

Köthe and his coauthors from the setting of bilinear forms; cf. [149] and
Theorem 6.3.8.

Proposition 6.3.5. Let X be a locally compact Hausdorff space, let (X,A, μ)
be a measure space, and let μ be regular. Assume that the sequence {fn : n =
1, . . .} ⊆ L1

μ(X) has the property that

∀ A ∈ A, lim
n→∞

∫

A

fn dμ

exists and is finite. Then

∀ ε > 0, ∃ K ⊆ X, compact, such that ∀ n = 1, . . . ,
∫

K∼
|fn| dμ < ε.

Proof. As in the Remark following Proposition 6.3.3 we may assume without
loss of generality that the limits limn→∞

∫
A fn dμ are 0.

i. We start with the observation that, for every f ∈ L1
μ(X), there exists

a countable collection {An : n = 1, . . .} ⊆ A of measurable sets with each
μ(An) < ∞ such that
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∀ x ∈
( ∞⋃

n=1

An

)∼
, f(x) = 0.

Thus, there exists a measurable set B ∈ A such that B =
⋃∞
n=1Bn, where

μ(Bn) < ∞, for all n = 1, . . . , and where

∀ x ∈ B∼ and ∀ n = 1, . . . , fn(x) = 0.

Since the measure μ is regular, we can write B = N ∪ (
⋃
Kj), where each

Kj , j = 1, . . . , is compact, Kj ⊆ Kj+1, and μ(N) = 0.
Our goal is to show that

∀ ε > 0, ∃ j ∈ N, such that ∀ n = 1, . . . ,
∫

K∼
j

|fn| dμ < ε.

ii. Let H ⊆ L1
μ(X) be the set consisting of characteristic functions of

measurable subsets of B. For each j = 1, . . . , set

ρj(g1, g2) =
∫

Kj

|g1 − g2| dμ

for any two elements g1, g2 ∈ H . We note that if ρj(g1, g2) = 0 for every
j = 1, . . . , then g1 − g2 = 0 μ-a.e. in B and therefore in X . Thus, we may
define a metrizable uniform structure on H ; see Definition A.1.8.

Let us begin by showing that this metrizable uniform space H is complete.
First, if {gn : n = 1, . . .} is a Cauchy sequence in H , then it is a Cauchy

sequence for each metric space (H, ρj), j = 1, . . . . This, in turn, implies that,
for each j = 1, . . . , {gn�Kj : n = 1, . . .} is a Cauchy sequence in L1

μ(X), and
so it has a limit gj ∈ L1

μ(X).
Second, from the sequence {gn�K1 : n = 1, . . .}, we can choose a sub-

sequence {gmn�K1 : n = 1, . . .} that converges pointwise μ-a.e. to g1.
In particular, we observe that g1 equals 0 or 1 μ-a.e. Next, the sequence
{gmn�K2 : n = 1, . . .} converges in norm to g2, and so we can choose a sub-
sequence that converges pointwise μ-a.e. to g2, and g2 is also a characteristic
function of a measurable set in B.

Finally, continuing this diagonal process, we find a subsequence of {gn :
n = 1, . . .} ⊆ H that converges pointwise μ-a.e. to gj on each Kj, j = 1, . . . .
If we let

g(x) =

{
gj(x), x ∈ Kj ,

0, x ∈
(⋃∞

j=1Kj

)∼
,

then g ∈ H and
∀ j = 1, . . . , lim

n→∞ ρj(g, gn) = 0.
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This proves that g is the limit of {gn : n = 1, . . .} on B in the topology
of the uniform structure, and we have proved that H is complete.

iii. Let f ∈ L1
μ(X) and suppose f = 0 on B∼. The linear mapping

Tf : H → C,

g �→
∫

X

gf dμ,

is continuous. In fact, for each ε > 0 there exists j ∈ N such that
∫

K∼
j

|f | dμ < ε; (6.46)

and there exists n ∈ N such that if Fn = {x : |f(x)| ≤ n} ⊆ X then
∫

F∼
n

|f | dμ < ε. (6.47)

If g1, g2 ∈ H one has, by (6.46), that
∣∣∣∣∣

∫

K∼
j

(g1 − g2)f dμ

∣∣∣∣∣ < 2ε,

and, by (6.47), that ∣∣∣∣∣

∫

F∼
n

(g1 − g2)f dμ

∣∣∣∣∣ < 2ε.

Therefore, we can conclude that

∣∣∣∣
∫

B

(g1 − g2)f dμ
∣∣∣∣ ≤

∣∣∣∣∣

∫

Kj∩Fn

(g1 − g2)f dμ

∣∣∣∣∣

+

∣∣∣∣∣

∫

Kj∩F∼
n

(g1 − g2)f dμ

∣∣∣∣∣+

∣∣∣∣∣

∫

K∼
j

(g1 − g2)f dμ

∣∣∣∣∣

≤ n

∫

Kj

|g1 − g2| dμ+

∣∣∣∣∣

∫

K∼
j

(g1 − g2)f dμ

∣∣∣∣∣

< nρj(g1, g2) + 2ε+ 2ε = nρj(g1, g2) + 4ε;

and so the continuity of Tf is established thanks to the property of conver-
gence in the uniform structure.

iv. We shall apply the Baire category theorem (Theorem A.6.1 and Theo-
rem A.6.2) to the complete metric space H to establish the following fact.
For every ε > 0, there exist m,n0 ∈ N, a measurable set A0 ⊆ B, and δ > 0
such that, for each measurable set A ∈ A satisfying
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∫

Km

|�A − �A0 | dμ < δ, (6.48)

we have

∀ n ≥ n0,

∣∣∣∣
∫

A

fn dμ

∣∣∣∣ < ε. (6.49)

Indeed, let

Gn =
{
g ∈ H : ∀ m ≥ n,

∣∣∣∣
∫

X

gfm dμ

∣∣∣∣ ≤ ε

}
⊆ H,

for n = 1, . . . . Then H =
⋃∞
n=1Gn, where Gn ⊆ Gn+1 for each n = 1, . . . ,

since we are assuming limn→∞
∫
A fn dμ = 0. Also, each Gn is closed in H

by the continuity of the Tfms and the fact that the intersection of closed
sets is closed. We use these properties to apply the Baire category theorem.
Consequently, there exists n0 ∈ N such that Gn0 contains a nonempty open
set U ⊆ Gn0 . Thus, Gn0 contains an open ball of the form defined in (6.48).
Therefore, by the definition of Gn0 , the elements of this ball satisfy (6.49).

v. If we now take A = A0 ∩Km, we have
∫

Km

|�A0∩Km − �A0 | dμ = 0.

Therefore, (6.48) holds for A = A0 ∩Km, and, hence,

∀ n ≥ n0,

∣∣∣∣
∫

A0∩Km

fn dμ

∣∣∣∣ < ε.

Let M ⊆ K∼
m be any measurable set. If B = M ∪ (A0 ∩Km), one has

∫

Km

|�B − �A0 | dμ = 0,

which again implies that

∀ n ≥ n0,

∣∣∣∣
∫

B

fn dμ

∣∣∣∣ < ε;

and so

∀ n ≥ n0,

∣∣∣∣
∫

M

fn dμ

∣∣∣∣ < 2ε. (6.50)

Without loss of generality, assume that each fn is real-valued. Let M+
m,n =

{x ∈ K∼
m : fn(x) ≥ 0} and M−

m,n = {x ∈ K∼
m : fn(x) < 0}. Since K∼

m =
M+
m,n ∪M−

m,n, we conclude from (6.50) that

∀ n ≥ n0,

∫

K∼
m

|fn| dμ < 4ε.
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On the other hand, for each n < n0, there exists mn such that
∫

K∼
mn

|fn| dμ < ε,

by the integrability of fn and the facts that {Kj} is increasing and B =
N ∪ (

⋃
Kj). Thus, for j = max(m,m1, . . . ,mn0−1),

∀ ε > 0, ∃ j ∈ N, such that ∀ n = 1, . . . ,
∫

K∼
j

|fn| dμ < ε. ��

Using the theorems in Sections 6.1 and 6.2 it is now not difficult to prove

result.

Proposition 6.3.6. Let X be a locally compact Hausdorff space, let (X,A, μ)
be a measure space, and let μ be continuous and regular. Then, for all
0 ≤ t < μ(X), there exists A ∈ A such that

μ(A) = t.

Proof. First, by the regularity of μ, we may assume without loss of generality
that X is compact.

Let 0 ≤ t < μ(X). We need to construct a decreasing sequence of mea-
surable sets An ⊆ X , n = 1, . . . , with the property that

∀ n = 1, . . . , t ≤ μ(An) < t+
μ(X)

2n
.

We show that this is possible using induction. Assume that A1, . . . , An have
been constructed, and consider a finite open covering of X by sets Mj ,
j = 1, . . . , N , where each μ(Mj) ≤ μ(X)/2n+1. This is accomplished by
the hypotheses that X is compact and μ is continuous. By dividing these
open sets appropriately, we may assume that M1, . . . ,MN is a finite dis-
joint covering (no longer an open covering) of X and that each μ(Mj) ≤
μ(X)/2n+1.

Define Bn,j = An ∩Mj , j = 1, . . . , N . We can choose a subfamily Bn,jk ,
k = 1, . . . ,K, for which

t ≤
K∑

k=1

μ(Bn,jk ) ≤ t+
μ(X)
2n+1

.

Take An+1 =
⋃K
k=1Bn,jk and set A =

⋂∞
n=1An. ��

Theorem 6.3.7, taken from [137], page 89. To this end we need the following
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Theorem 6.3.7. Characterization of weak sequential convergence of
functions
Let X be a locally compact Hausdorff space, let (X,A, μ) be a measure space,
and let μ be regular. A sequence {fn : n = 1, . . .} ⊆ L1

μ(X) converges weakly
to some f ∈ L1

μ(X) if and only if

∀ A ∈ A, lim
n→∞

∫

A

fn dμ

exists and is finite; cf. Theorem 6.3.2.

Proof. (=⇒) For A ∈ A let g = �A ∈ L∞
μ (X). Thus,

lim
n→∞

∫

A

fn dμ = lim
n→∞

∫

X

fng dμ =
∫

X

fg dμ =
∫

A

f dμ.

(⇐=) According to Theorem 6.3.4, it is enough to show that

sup
n∈N

‖fn‖1 < ∞.

In view of Proposition 6.3.5, there exists a compact set K ⊆ X such that

∀ n = 1, . . . ,
∫

K∼
|fn| dμ < 1. (6.51)

Since μ is regular, we have μ(K) < ∞. Thus, there exists at most a
countable collection of points D = {aj : j = 1, . . .} ⊆ K with the property
that μ({aj}) > 0 for all j = 1, . . . . Moreover,

∀ δ > 0, ∃Dδ ⊆ D, a finite set, for which μ(D \Dδ) ≤ δ. (6.52)

On the other hand, for any δ > 0 we can partition the set K \D into a
finite collection of measurable subsets Ki, i = 1, . . . ,m, such that

∀ i = 1, . . . ,m, μ(Ki) ≤ δ. (6.53)

This is a consequence of Proposition 6.3.6 in the following way. Choose K1 ∈
A such that K1 ⊆ K \ D and μ(K1) = δ. If μ((K \ D) \ K1) ≤ δ then let
K2 = (K \D)\K1 and we are done. If μ((K \D)\K1) > δ then choose a K2

analogous to our choice of K1. The procedure is complete in a finite number
of steps since μ(K \D) < ∞.

From Proposition 6.3.3 and for ε = 1, there is δ1 > 0 such that

∀ n = 1, . . . , μ(A) ≤ δ1 =⇒
∫

A

|fn| dμ ≤ 1. (6.54)

Let δ = δ1 in (6.52) and (6.53). Thus, taking A = Ki and A = D \ Dδ1 in
(6.54) we have
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∀ i = 1, . . . ,m and ∀ n = 1, . . . ,
∫

Ki

|fn| dμ and
∫

D\Dδ1

|fn| dμ ≤ 1.

(6.55)
Finally, we observe, by hypothesis, that limn→∞ fn(aj) exists and is finite

for each aj ∈ Dδ1 . Since there are only finitely many such points,

∃ N > 0 such that ∀ n = 1, . . . ,
∫

Dδ1

|fn| dμ ≤ N. (6.56)

Combining (6.51), (6.55), and (6.56) yield that

∃ M > 0 such that ∀ n = 1, . . . ,
∫

X

|fn| dμ ≤ M. ��

Remark. Since 2�A = �X + (�A−�A∼) it is clear that the assumption that
the limits,

∀ A ∈ A, lim
n→∞

∫

A

fn dμ,

exist and are finite is equivalent to the assumption that the limits,

∀ A ∈ A, lim
n→∞

(∫

A

fn dμ−
∫

A∼
fn dμ

)
,

exist and are finite. This observation is important in view of the result of
John Rainwater (nom de plume) [380] that a bounded sequence {xn : n =
1, . . .} ⊆ B of elements of a Banach space converges weakly to an element
x ∈ B if and only if limn→∞ f(xn) = f(x) for each extremal point f on the
unit sphere in the dual Banach space B′. Extremal points of a convex set are
the points that are not interior points of any line segment contained in this
set.

The following theorem is a corollary of Theorem 6.3.4.

Theorem 6.3.8. Dunford–Pettis theorem
Let X be a locally compact Hausdorff space, let (X,A, μ) be a measure space,
and let μ be regular. A sequence {fn : n = 1, . . .} ⊆ L1

μ(X) converges weakly
to some f ∈ L1

μ(X) if and only if

∀ ε > 0, ∃ δ > 0, such that μ(A) < δ =⇒ ∀ n = 1, . . . ,
∫

A

|fn| dμ < ε,

∀ ε > 0, ∃ K ⊆ X, compact, such that ∀ n = 1, . . . ,
∫

K∼
|fn| dμ < ε,

∀ U ⊆ X, open, lim
n→∞

∫

U

fn dμ exists and is finite,

and
sup
n∈N

‖fn‖1 = K < ∞.
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Proof. (=⇒) This direction is a consequence of Theorem 6.3.7, Proposi-
tion 6.3.3, Proposition 6.3.5, and Theorem 6.3.2.

(⇐=) We shall invoke Theorem 6.3.4 to prove weak sequential conver-
gence. Let A ∈ A. It is sufficient to prove that limn→∞

∫
A
fn dμ exists and

is finite. Let ε > 0. By hypothesis there is K, compact, such that
∫

K∼
|fn| dμ < ε, uniformly in n ∈ N. (6.57)

By regularity, for each δ > 0 there is open Uδ ⊆ K such that A ∩ K ⊆ Uδ
and μ(Uδ \ (A ∩K)) < δ. Choose δ from the first of the necessary conditions
to obtain

∀ n = 1, . . . ,
∫

Uδ\(A∩K)

|fn| dμ < ε. (6.58)

By hypothesis, limn→∞
∫
Uδ
fn dμ exists and is finite. This fact, combined

with (6.57), (6.58), and a straightforward interchanging of limits argument,
yields the desired result. ��

The fundamental result of Nelson Dunford and B. J. Pettis [149],
pages 376–378, is their characterization of weakly compact subsets of L1

μ(X)
for a regular measure space (X,A, μ). A version of their theorem, due to
Dieudonné [137], pages 93–94, is the following: H ⊆ L1

μ(X) is relatively
weakly compact if and only if

i. H ⊆ L1
μ(X) is bounded;

ii. ∀ ε > 0, ∃δ > 0 such that

∀ A ∈ A, μ(A) < δ =⇒ ∀ f ∈ H,

∫

A

|f | dμ < ε;

iii. ∀ ε > 0, ∃Y ⊆ X compact, such that

∀ f ∈ H,

∫

Y ∼
|f | dμ < ε.

6.4 Dieudonné–Grothendieck theorem

The Dieudonné–Grothendieck theorem, Theorem 6.4.2, characterizes the
weak convergence of a sequence {μn : n = 1, . . .} ⊆ Mb(X), where X is
a locally compact Hausdorff space. We require locally compact Hausdorff
spaces because of their property that if K1 and K2 are disjoint compact
sets, then there are disjoint open sets V1 and V2 such that K1 ⊆ V1 and
K2 ⊆ V2. By our convention in Definition 5.1.13, Mb(X) consists of the com-
plex regular Borel measures on X . An analogous characterization of weak
sequential convergence was established in Section 6.3 for sequences {fn : n =
1, . . .} ⊆ L1

μ(X). By definition of the weak topology in Appendix A.9 and the
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fact that L1
μ(X)′ = L∞

μ (X), the proof of this latter characterization might
seem relatively concrete, compared with the complexity of Mb(X)′. However,
employing the technique that Saks used to prove Nikodym’s theorem (see
Section 6.2), we can transfer weak convergence of {μn} to that of a sequence
of functions. As such we rewrite Theorem 6.3.7 in the following way.

Theorem 6.4.1. Characterization of weak sequential convergence of
measures
Let X be a locally compact Hausdorff space, and consider the measurable
space (X,B(X)). A sequence {μn : n = 1, . . .} ⊆ Mb(X) converges weakly to
some μ ∈ Mb(X) if and only if

∀ A ∈ B(X), lim
n→∞μn(A)

exists and is finite.

Proof. We begin as suggested in the Remark after the proof of Theorem 6.2.3,
i.e., for a given sequence {μn : n = 1, . . .} ⊆ Mb(X), we define

∀ A ∈ B(X), ν(A) =
∞∑

n=1

1
2n‖μn‖1

|μn|(A).

Then (X,B(X), ν) is a measure space and ν is regular. Also, note that μn �
ν for all n. Thus, we may use R–N to find a sequence of functions hn ∈
L1
ν(X), n = 1, . . . , such that μn = hnν. This last equality can be used

to define a linear injective isometric isomorphism i : L1
ν(X) → Mb(X); cf.

Theorem 5.3.3.
We now assert that the weak topology on L1

ν(X) is equivalent to the
topology on L1

ν(X) induced by the weak topology on Mb(X) by means of
the mapping i. The space i(L1

ν(X)), in both induced weak topologies, from
Mb(X) and L1

ν(X), has topological bases of closed convex sets. Theorem A.9.4
implies that these topologies on i(L1

ν(X)) are identical. This gives our asser-
tion by the injectivity of i.

Consequently, μn → μ weakly in Mb(X) if and only if {hn} converges
weakly in L1

ν(X). Our result now follows by a direct application of Theo-
rem 6.3.7. ��

The transference technique mentioned before Theorem 6.4.1 does not
imply that Theorem 6.4.2 is not a significant strengthening of Theorem 6.4.1 –
on the contrary. Theorem 6.4.2 is due to Dieudonné [136], pages 35–36, and
Grothendieck [206], pages 146–150; cf. [137].
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Theorem 6.4.2. Dieudonné–Grothendieck theorem
Let X be a locally compact Hausdorff space and let {μn : n = 1, . . .} ⊆ Mb(X)
be a ‖ . . . ‖1-norm bounded sequence. Then, {μn : n = 1, . . .} converges weakly
to some μ ∈ Mb(X) if and only if

∀ U ⊆ X, open, lim
n→∞μn(U)

exists and is finite.

Proof. It is clear that we need to show the sufficiency of the condition only
for weak convergence. We shall assume without loss of generality that the
measures μn are real-valued.

i. Let {An : n = 1, . . .} ⊆ B(X) be a disjoint sequence of open subsets ofX
and let J ⊆ N be a set of positive integers. Observe that, by our assumption,

∑

j∈J
μn(Aj) = μn

⎛

⎝
⋃

j∈J
Aj

⎞

⎠

converges to a finite limit as n → ∞. We also note that for each n, {μn(Ak) :
k = 1, . . .} ∈ �1(N), and that

∫

J

μn(Aj) dc(j) =
∑

j∈J
μn(Aj).

Thus, in particular, we may use Theorem 6.3.7 for (N,P(N), c) to deduce
that for each n, {μn : n = 1, . . .} is weakly convergent in �1(N).

Similarly, using Proposition 6.3.5, we conclude that

∀ ε > 0, ∃ k ∈ N, such that ∀ n = 1, . . . ,
∑

j>k

|μn(Aj)| ≤ ε;

and so, for all j > k, we have

∀ n = 1, . . . , |μn(Aj)| ≤ ε.

Thus, for each disjoint sequence {Aj : j = 1, . . .} of open sets in X ,

lim
j→∞

μn(Aj) = 0, uniformly for n ∈ N. (6.59)

ii. We shall now prove that the condition (6.59) implies that

∀ ε > 0, ∀ K ⊆ X, compact, ∃ U open, K ⊆ U, such that,

∀ n = 1, . . . , |μn|(U \K) < ε.
(6.60)
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Indeed, assume that (6.60) is not true. Then

∃ ε > 0 and ∃ K ⊆ X, compact, such that ∃ n for which |μn|(U \K) ≥ ε.
(6.61)

For this ε > 0 and compact set K ⊆ X , we shall prove that there are a
decreasing sequence {Am : m = 1, . . .} of open sets containing K, a subse-
quence {μnm : m = 1, . . . }, and a sequence {Bm : m = 1, . . .} of open sets
whose closures are compact (i.e., relatively compact sets) such that

∀ m = 1, . . . , Bm ⊆ Am−1 \Am and |μnm(Bm)| > ε

2
. (6.62)

To this end, assume that the construction for (6.62) has been done up
to step m. By our assumption (6.61), there exists μnm+1 such that |μnm+1 |
(Am \ K) > ε/2. Thus, there is a compact set F ⊆ Am \ K such that
|μnm+1 |(F ) > ε/2 by the regularity of μnm+1 . This, in turn, implies that there
exists an open, relatively compact set V such that F ⊆ V ⊆ V ⊆ Am \ K
and |μnm+1 |(V ) > ε/2, since |μnm+1 | is a positive measure. Because μnm+1 is
real-valued, there exists A ∈ B(X), A ⊆ V , such that |μnm+1(A)| > ε/2; see
Problem 5.25. This inequality and the regularity of μnm+1 imply that there
exists an open relatively compact set Bm+1 such that

A ⊆ Bm+1 ⊆ V and
∣∣μnm+1(Bm+1)

∣∣ > ε/2. (6.63)

To verify (6.63), first note that μnm+1 = μ+
nm+1

−μ−
nm+1

, where μ+
nm+1

, μ−
nm+1

are regular positive measures; see Problem 5.24. Let B± be open relatively
compact sets for which A ⊆ B± and for which

0 < μ±
nm+1

(B±) − μ±
nm+1

(A) <
∣∣μnm+1(A)

∣∣− ε

2
.

Then set Bm+1 = B+ ∩B− to obtain (6.63). Finally, we take Am+1 to be any
open neighborhood of K contained in Am and disjoint from Bm+1. Condi-
tion (6.62) is obtained; see Figure 6.2 for an illustration of this construction.

Fig. 6.2. Dieudonné–Grothendieck diagram.
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It is now elementary to see that this construction for (6.62) contradicts
(6.59).

iii. Analogous to part ii, condition (6.59) also implies that

∀ ε > 0, ∃ K ⊆ X, compact, such that ∀ n = 1, . . . , |μn|(K∼) < ε. (6.64)

To verify (6.64) assume that it is not true. Then

∃ ε > 0 such that ∀ K ⊆ X, compact, ∃ n such that |μn|(K∼) ≥ ε. (6.65)

For any such K1 in (6.65) choose n1 for which |μn1 |(K∼
1 ) ≥ ε. In part

ii, we showed that if A ∈ B(X) and |μ|(A) > ε, then there is an open set
V ⊇ A such that |μ(V )| > ε. Symmetrically, in this part iii, we use the
regularity of μn1 to assert the existence of a compact set K2 ⊆ K∼

1 such that
|μn1(K2)| > ε/2. Then, as in part ii, we proceed by induction to obtain a
contradiction to (6.59).

iv. As with the argument to prove Theorem 6.4.1, there exists a measure
ν such that, for all n ∈ N, μn � ν; and the question of weak convergence
of {μn} in Mb(X) can be reduced to the question of weak convergence of a
sequence {hn : n = 1, . . .} of functions in L1

ν(X), where each μn = hnν.
According to Theorem 6.3.8, to prove that {μn : n = 1, . . .} is weakly

convergent it is enough to show that (6.60) and (6.64) imply

∀ ε > 0, ∃ δ > 0, such that μ(A) ≤ δ =⇒ ∀ n = 1, . . . ,
∫

A

|hn| dν < ε

(6.66)
and

∀ ε > 0, ∃ K ⊆ X, compact, such that ∀ n = 1, . . . ,
∫

K∼
|hn| dν < ε.

(6.67)
Since ν is nonnegative, then, according to Theorem 5.3.5b, (6.64) is equi-

valent to (6.67).
To prove (6.66), we first observe that, because of the regularity of ν, it is

sufficient to prove it for open sets.
To this end, we assume that (6.66) does not hold for open sets, and we

shall obtain a contradiction to (6.60), as written in (6.70). Thus, there exist
ε > 0 and a sequence of open sets An such that ν(An) < 2−n and

∫

An

|hn| dν > ε.

Let Bn =
⋃∞
m=nAm, so that

∫

Bn

|hn| dν > ε. (6.68)
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Assumption (6.64) allows us to assume without loss of generality that X
is compact. Thus, (6.60) implies that for each open set B and for each ε > 0
there exists a compact set F ⊆ B such that

∀ n = 1, . . . ,
∫

B\F
|hn| dν < ε.

In fact, let B = K∼ and F = U∼ in (6.60). Therefore, we can find a sequence
of compact sets Fn ⊆ Bn with the property that

∀ m = 1, . . . ,
∫

Bn\Fn

|hm| dν < ε

2n+1
.

Let Ln =
⋂n
m=1 Fm. Then (6.68) implies that

∫

Ln

|hn| dν =
∫

Bn

|hn| dν −
∫

Bn\Ln

|hn| dν > ε−
∫

Bn\Ln

|hn| dν.

Moreover, because Bn \ Ln =
⋃n
m=1(Bn \ Fm), we have

∫

Bn\Ln

|hn| dν ≤
n∑

m=1

∫

Bm\Fm

|hn| dν ≤
n∑

m=1

ε

2m+1
<
ε

2
.

The last two inequalities imply that
∫

Ln

|hn| dν >
ε

2
. (6.69)

Let F =
⋂∞
n=1 Fn. Then (6.60) implies that there exists an open set U ⊇ F

such that
∀ n = 1, . . . ,

∫

U\F
|hn| dν <

ε

2
.

Recall that the sets Bn form a decreasing sequence with ν-measure approach-
ing 0. Since Fn ⊆ Bn, we conclude that ν(F ) = 0, and so

∀ n = 1, . . . ,
∫

U

|hn| dν <
ε

2
. (6.70)

On the other hand, because the Lns are compact and {Ln} is decreasing,
and since F =

⋂∞
n=1 Ln, if U contains F , then there exists n0 such that

Ln0 ⊆ U . This implies that
∫

U

|hn0 | dν ≥
∫

Ln0

|hn0 | dν >
ε

2
,

which contradicts (6.70). ��
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The following example should caution us from reading too much into
Theorem 6.4.2.

Example 6.4.3. Convergence for open intervals but not all open
sets
Let fn : [0, 1] → R

+, n = 1, . . . , have the form

fn(x) =
2n−1∑

k=0

Δk(x),

where Δk is an “isosceles triangle function” having its base of length 1/22n+1

centered in [k/2n, (k + 1)/2n], Δj is congruent to Δk, and
∫ 1

0
fn = 1. It is

easy to see that for all (a, b) ⊆ [0, 1],

lim
n→∞

∫ b

a

fn dx =
∫ b

a

dx.

In light of Theorem 6.3.7 we would like to conclude that the sequence {fn :
n = 1, . . .} converges weakly to 1 (cf. Theorem 6.4.2, noting that, after all,
open sets in [0, 1] are just countable unions of open intervals). Such is not the
case. Let A = {x : ∀ n, fn(x) = 0}. Since m({x : fn(x) > 0}) = 1/2n+1, then
m({x : ∃ n for which fn(x) > 0}) ≤ 1/2; and thus m(A) ≥ 1/2. Consequently,

lim
n→∞

∫

A

fn dx �=
∫

A

dx ≥ 1
2

because
∫
A fn = 0.

An interesting problem with applications to harmonic analysis (e.g., [32],
Chapters 2 and 7, and [78]) is to find other families of sets, besides the
open sets, for which Theorem 6.4.2 is true. The best results for compact
Hausdorff spaces are due to Benjamin B. Wells [498]. Johann Pfanzagl

[371] has proved the analogue of Theorem 6.4.2 for the case of regular complex
measures on any Hausdorff space; cf. Problem 2.19.

Because of Theorem 6.4.2 and the Riesz representation theorem in
Chapter 7, it is interesting to investigate the relation betwen weak and weak*
convergence in Mb(X). Grothendieck proved that if X is compact and
the closure of every open set is open then any weak* convergent sequence in
Mb(X) is weak convergent; cf. Theorem A.9.6. This has been generalized by
Galen L. Seever and Helmut Shaefer [418].

Example 6.4.4. B([0, 1])B([0, 1])B([0, 1])
Consider the measurable space ([0, 1],B([0, 1])). Choose a sequence {μn : n =
1, . . .} ⊆ Mb([0, 1]) such that μn → m in the weak* topology, card supp μn <
∞, and supp μn ⊆ Q. For example, we could take μn =

∑n
k=1(1/n)δk/n.

Let A ⊆ [0, 1] be a closed set of irrationals with positive Lebesgue measure,
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e.g., Problem 1.4a. If f = �A then
∫
f dμn = 0 and

∫
f = m(A). Obviously,

f ∈ (Mb([0, 1]))′. Consequently, weak* convergence does not entail weak con-
vergence in Mb([0, 1]). Also, we have proved that, generally, the following
statement is false: Let X be a compact space, let A ⊆ X be closed, and
assume that for μn, μ ∈ Mb(X), μn → μ in the weak* topology; then

∀ f ∈ C(X),
∫

A

f dμn →
∫

A

f dμ.

Remark. The proof of the Dieudonné–Grothendieck theorem
(Theorem 6.4.2) depends on the structure of the weakly compact sets in
Mb(X); cf. the Dunford–Pettis theorem (Theorem 6.3.8). Besides those
already referenced, we mention work, relevant to the point of view of this
chapter, of Robert G. Bartle, Dunford, and Jacob T. Schwartz

(1955), Darst (1967), Flemming Topsøe (1970), Wolfgang Adamski,
Peter Gänssler, and Sigurd Kaiser (1976), Ennio DeGiorgi and
Letta (1977), Brooks and Rafael V. Chacon (1980), Brooks (1980),
T. V. Panchapagesan (1998), Brooks, Kazuyuki Saitô, and
J. D. Maitland Wright (2003). We emphasize that this general topic
is also of interest in probability theory; see Sections 6.6.4 and 6.6.5.

6.5 Norm and weak sequential convergence

In terms of weak convergence, some of the results of Sections 6.1 and 6.2 can
be rephrased as follows.

Theorem 6.5.1. Norm and weak sequential convergence
Let (X,A, μ) be a measure space and assume that the sequence {fn : n =
1, . . .} ⊆ L1

μ(X) converges weakly to f ∈ L1
μ(X). Then (6.1) is valid if

and only if fn → f in measure on each A ∈ A satisfying μ(A) < ∞; cf.
Example 3.3.15 and Example 3.6.5.

Proof. (=⇒) This is immediate from Theorem 6.1.5.
(⇐=) The characterization of weak sequential convergence in

Theorem 6.3.2 yields that the assumptions of Theorem 6.2.2 are satisfied.
Theorem 6.2.2 implies, in turn, that condition ii in Theorem 6.1.5 holds.
The result follows now from Theorem 6.1.5 by noting that in its “if” part
one needs only that {fn : n = 1, . . .} converges in measure on sets of finite
measure. ��

Proposition 6.5.2. Let (X,A, μ) be a measure space and let {fn, f : n =
1, . . .} ⊆ L1

μ(X). Assume fn → f μ-a.e. and ‖fn‖1 → ‖f‖1. Then

∀ A ∈ A, lim
n→∞

∫

A

|fn| dμ =
∫

A

|f | dμ.
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Proof. Take A ∈ A. From Fatou’s lemma,

lim
n→∞

∫

A

|fn| dμ ≥
∫

A

|f | dμ ≥
∫

X

|f | dμ− lim
n→∞

∫

A∼
|fn| dμ. (6.71)

Since ‖fn‖1 → ‖f‖1 we have
∫

X

|f | dμ ≥ lim
n→∞

∫

A∼
|fn| dμ+ lim

n→∞

∫

A

|fn| dμ. (6.72)

Combining (6.71) and (6.72) gives the result. ��

Theorem 6.5.3b is due to Radon (1913) and F. Riesz (1928).

Theorem 6.5.3. Radon–Riesz theorem
Let (X,A, μ) be a measure space and let {fn, f : n = 1, . . .} ⊆ Lpμ(X),
1 ≤ p < ∞. Assume ‖fn‖p → ‖f‖p.

a. If 1 ≤ p < ∞ and fn → f μ-a.e., then

lim
n→∞ ‖fn − f‖p = 0.

b. If 1 < p < ∞ and fn → f weakly, then

lim
n→∞ ‖fn − f‖p = 0.

Proof. a. For any a, b ≥ 0, (a+ b)p ≤ 2p(ap + bp). Let |fn| = a and |f | = b.
Then the nonnegative functions,

gn = 2p(|fn|p + |f |p) − |fn − f |p, n = 1, . . . ,

converge μ-a.e. to 2p+1|f |p. Using Fatou’s lemma we have

2p+1

∫

X

|f |p dμ ≤ lim
n→∞

∫

X

gn dμ

= 2p+1

∫

X

|f |p dμ− lim
n→∞

∫

X

|fn − f |p dμ,

where the equality follows since ‖fn‖p → ‖f‖p. Therefore,

lim
n→∞

∫

X

|fn − f |p dμ = 0.

b. There are different proofs of part b, e.g., in [235], page 233, or [392],
pages 78–80. We shall follow the latter proof.

We start by noting that it is sufficient to prove this result for real-valued
functions {fn : n = 1, . . .} that converge weakly to a real-valued function f
in the space of real-valued functions.
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i. Assume that p ≥ 2. We shall consider the following function:

h(y) =
|1 + y|p − 1 − py

|y|p =
g(y)
|y|p .

Since p ≥ 2, g′′ exists on R and

∀ y ∈ R, g′′(y) = p(p− 1)|1 + y|p−2.

Thus, g′′ > 0 on R \ {−1}. (If p = 2 then g′′ > 0 on R, and if p > 2 then
g′′(−1) = 0.) Using this fact and applying the mean value theorem two times,
we see that g > 0 on R \ {0}. Further, g(0) = 0. Therefore, h > 0 on R \ {0}.
If p = 2 then lim|y|→0 h(y) = 1 and if p > 2 then lim|y|→0 h(y) = ∞. Clearly,
lim|y|→∞ h(y) = 1. Combining these facts we see that

∃ C > 0 such that ∀ y ∈ R, |1 + y|p ≥ 1 + py + C|y|p. (6.73)

In particular, (6.73) is valid when C is replaced by min(C, 1).
We now replace y in (6.73) by

fn(x) − f(x)
f(x)

on P = {x ∈ X : f(x) �= 0}. Multiplying both sides of (6.73), with this
substitution, by |f(x)|p, we obtain

|fn(x)|p ≥ |f(x)|p+p|f(x)|p−1 |f(x)|
f(x)

(fn(x)−f(x))+C|fn(x)−f(x)|p (6.74)

on P . However, (6.74) is also true for f(x) = 0 in the case 0 < C ≤ 1. For
any such C, we integrate (6.74) over X to obtain
∫

X

|fn|p dμ ≥
∫

X

|f |p dμ+ p

∫

X

|f |p−1 |f |
f

(fn − f) dμ+ C

∫

X

|fn − f |p dμ.

Since |f |p−1 |f |
f ∈ Lqμ(X), where 1/p+ 1/q = 1, it follows that

lim
n→∞

∫

X

|f |p−1 |f |
f

(fn − f) dμ = 0,

by the weak convergence of {fn : n = 1, . . .} to f . Combining this observation
with the assumption that ‖fn‖p → ‖f‖p, we obtain

0 ≥ lim
n→∞

∫

X

|fn − f |p dμ.

Consequently, part b of the theorem is proved for p ≥ 2.
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ii. Let 1 < p < 2. Consider the function

F (y) =

{
(|1 + y|p − 1 − py)/(|y|p), |y| ≥ 1,
(|1 + y|p − 1 − py)/(|y|2), |y| < 1.

(6.75)

By arguments similar to those of part i,

∃ C ∈ (0, 1] such that ∀ y ∈ R, F (y) ≥ C. (6.76)

Let
Xn = {x ∈ X : |fn(x) − f(x)| ≥ |f(x)|}.

Setting y = (fn(x)−f(x))/f(x) on P and multiplying by |f |p, (6.76) becomes

|fn(x)|p ≥ |f(x)|p+p|f(x)|p−1 |f(x)|
f(x)

(fn(x)−f(x))+C|fn(x)−f(x)|p (6.77)

for x ∈ P ∩ Xn. As in (6.73) we can take 0, C ≤ 1. For x ∈ P , write
g(x) = |f(x)|/f(x), and extend it to a μ-measurable function g on X for
which |g| ≤ 1. Then (6.77) is also valid for x ∈ Xn \P in the case 0 < C ≤ 1.

For x ∈ P ∩X∼
n , (6.76) becomes

|fn(x)|p ≥ |f(x)|p + p|f(x)|p−1g(x)(fn(x)− f(x)) +C
|fn(x) − f(x)|2

|f(x)|2 |f(x)|p.
(6.78)

Since P∼ ∩X∼
n = ∅, then (6.78) is valid for all x ∈ X∼

n .
We now integrate (6.77) and (6.78) over Xn and X∼

n , respectively, to
obtain

∫

X

|fn|p dμ ≥
∫

X

|f |p dμ+ p

∫

X

|f |p−1g(fn − f) dμ

+ C

(∫

Xn

|fn − f |p dμ+
∫

X∼
n

∣∣∣∣
fn − f

f

∣∣∣∣
2

|f |p dμ
)
.

Combining this observation with our assumptions yields

lim
n→∞

∫

Xn

|fn − f |p dμ = 0 = lim
n→∞

∫

X∼
n

|fn − f |2|f |p−2 dμ. (6.79)

Moreover, we have that
∫

X∼
n

|fn − f |p dμ ≤
∫

X∼
n

|fn − f ||f |p−1 dμ

≤
(∫

X∼
n

|fn − f |2|f |p−2 dμ

)1/2(∫

X∼
n

|f |p dμ
)1/2

≤
(∫

X∼
n

|fn − f |2|f |p−2 dμ

)1/2 (∫

X

|f |p dμ
)1/2

.

(6.80)
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Finally (6.79) together with (6.80) yields the conclusion of part b for
1 < p < 2. ��

Corollary 6.5.4. Let (X,A, μ) be a measure space, and let {fn, f : n =
1, . . .} ⊆ Lpμ(X), 1 ≤ p < ∞. Assume fn → f μ-a.e. Then ‖fn‖p → ‖f‖p if
and only if ‖fn − f‖p → 0.

Theorem 6.5.5. Pointwise and weak sequential convergence
Let (X,A, μ) be a measure space, and let {fn : n = 1, . . .} ⊆ Lpμ(X), 1 < p <
∞. Assume fn → f μ-a.e., f is μ-measurable, and supn ‖fn‖p = K < ∞.
Then f ∈ Lpμ(X) and fn → f weakly in Lpμ(X); cf. Theorem A.9.11.

Proof. From Fatou’s lemma, for the case |fn|p and |f |p, we have

‖f‖pp ≤ Kp,

and so f ∈ Lpμ(X). Take ε > 0 and g ∈ Lqμ(X). We shall find N such that

∀ n ≥ N,

∣∣∣∣
∫

X

(f − fn)g dμ
∣∣∣∣ < ε. (6.81)

Since |g|q ∈ L1
μ(X) there is δ > 0 such that

∀ A ∈ A for which μ(A) < δ,

(∫

A

|g|q dμ
)1/q

<
ε

6K
; (6.82)

see Proposition 3.3.9. Also, from the integrability of |g|q there is B ∈ A such
that μ(B) < ∞ and (∫

B∼
|g|q dμ

)1/q

<
ε

6K
. (6.83)

Because of Egorov’s theorem (Theorem 2.5.7) there is E ⊆ B, such that
E ∈ A and μ(E) > 0, for which

μ(B ∩E∼) < δ and fn → f uniformly on E.

From the uniform convergence we can choose N ∈ N such that

∀ n ≥ N and ∀ x ∈ E, |f(x) − fn(x)| < ε

3‖g‖q(μ(E))1/p
.

Consequently,

∀ n ≥ N,

(∫

E

|f − fn|p dμ
)1/p

‖g‖q <
ε

3
. (6.84)

Thus, taking A = B ∩E∼, and using the Hölder and Minkowski inequalities,
we obtain
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∫

X

|fn − f ||g| dμ =
∫

A

+
∫

B∼
+
∫

E

|fn − f ||g| dμ < ε,

which, in turn, gives (6.81). In fact,
∫
A

|fn − f ||g| dμ < ε/3 by Hölder,
Minkowski, and (6.82);

∫
B∼ |fn − f ||g| dμ < ε/3 by Hölder, Minkowski, and

(6.83); and
∫
E

|fn − f | dμ < ε/3 by Hölder and (6.84). ��
In Theorem 6.3.2 we noted that weak convergence in L1

μ(X) implies norm
boundedness. This phenomenon is rather general because of the Uniform
Boundedness Principle (Theorem A.8.6 and Corollary A.8.7). Thus, we can
restate Theorem 6.5.5 as follows.

Corollary 6.5.6. Let (X,A, μ) be a measure space, and let {fn : n =
1, . . .} ⊆ Lpμ(X), 1 < p < ∞. Assume fn → f μ-a.e. and assume that f
is μ-measurable. Then f ∈ Lpμ(X), and fn → f weakly in Lpμ(X) if and only
if supn∈N

‖fn‖p < ∞.

Example 6.5.7. Failure of Theorem 6.5.5 for p = 1p = 1p = 1
Theorem 6.5.5 is false when p = 1. Let fn : [0, 1] → R

+ be 0 on [1/n, 1], n at
x = 0, and linear on [0, 1/n]. Thus, fn → 0 m-a.e., and ‖fn‖1 = 1/2, whereas
f �→ 0 weakly.

Because of Theorem A.9.4 we know that if fn → f weakly in Lpμ(X) then
certain linear combinations of the fns converge to f in the Lpμ(X) topology.
The Banach–Saks theorem [23], [392], pages 78–81, which we now state, is
much finer in that instead of rather arbitrary linear combinations we can use
arithmetic means.

Theorem 6.5.8. Banach–Saks theorem
Let (X,A, μ) be a measure space, and let {fn, f : n = 1, . . .} ⊆ Lpμ(X),
1 ≤ p < ∞. Assume fn → f weakly. Then, there is a subsequence {fnk

: k =
1, . . .} whose arithmetic means (1/m)

∑m
k=1 fnk

converge in the Lpμ(X)-norm
topology to f .

Banach and Saks proved Theorem 6.5.8 for only the 1 < p < ∞ cases.
The result was proved for L1

μ(X) in 1965 by Wieslaw Szlenk. Otto

Schreier (1930) showed that C([0, 1]) does not have the property of the
Banach–Saks theorem.

Because of Problem 3.26d we see that if ‖fn − f‖1 → 0 then fnk
→ f

μ-a.e., for some subsequence {fnk
: k = 1, . . .}. We then ask whether fn → f

weakly yields the same result. Generally the answer is negative, as we have
seen in Theorem 3.3.14, Example 3.3.15, Example 3.6.5, Problem 3.33, and
Problem 3.34. Note that if we take {fn : n = 1, . . .} as in Theorem 3.3.14
then fn → α weakly, where α =

∫ 1

0 f ; cf. [519], pages 87–88.
We close this section by noting that L1

μ(X) and Mb(X) are weakly sequen-
tially complete. This is proved using Schur’s lemma (Theorem 6.2.1) and the
results of Sections 6.1 and 6.2; see, e.g., [137]. On the other hand, these spaces
are never weakly complete as uniform spaces. In fact, no infinite-dimensional
normed space is weakly complete.
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6.6 Potpourri and titillation

1. Giuseppe Vitali (August 26, 1875–February 29, 1932), the oldest of five
children, was born in Ravenna. After graduating from the “liceo” in Ravenna,
he studied mathematics at the University of Bologna in 1895. He then received
a scholarship to the Scuola Normale Superiore; cf. Section 3.8.1. Dini and
Luigi Bianchi were there at the time. He graduated in 1899 and in his thesis
he extended a theorem of Gösta Mittag-Leffler to Riemann surfaces. His
next work was devoted to Abelian integrals. In 1901 he was Dini’s assistant,
and then he began his teaching career in a “liceo”. After two brief appoint-
ments in Sassari and Voghera he taught at the Liceo Colombo in Genova from
1904 to 1922. This, of course, does not match Dedekind’s record of under-
undergraduate teaching. Also, Weierstrass’ “defenders” would point out
that his (Weierstrass) service in teaching penmanship and gymnastics,
besides mathematics, should count for something extra. Finally, in 1923,
Vitali received a position at the University of Modena (a weak counter-
example to one of the fundamental theorems of life that “you can keep a good
person down”). In 1924 he went to the University of Padova, where, at the
end of 1926, he was struck with hemiplegia, a paralysis resulting from injury
to the motor center of the brain. His intellectual powers were unaffected.
He left Padova in 1930 for the University of Bologna. For more, see Vitali’s
obituary [474].

2. The Arzelà–Ascoli theorem (Theorem A.4.3) provides criteria for char-
acterizing compact subsets of the Banach space C([0, 1]); the Dunford–Pettis
theorem (Theorem 6.3.8) gives criteria for characterizing weakly compact
subsets of the Banach space L1

μ(X); and the Banach–Alaoglu theorem (Theo-
rem A.9.5) asserts that the closed unit ball of the dual of a normed vector
space is weak* compact.

It is natural to ask whether there are workable criteria for characterizing
compact subsets of L1

μ(X). In fact, the relatively compact sets of Lp
md(Rd),

p ≥ 1, are characterized in the following result, whose proof uses the Arzelà–
Ascoli theorem.

Theorem 6.6.1. Kolmogorov compactness theorem
Let p ≥ 1. A subset K ⊆ Lp

md(Rd) is relatively compact in the Lp-norm
topology if and only if the following conditions hold:

i. supf∈K ‖f‖p < ∞;
ii. limT→∞

∫
|x|≥T |f(x)|p dx = 0 uniformly for f ∈ K;

iii. ∀ ε > 0, ∃ r = r(ε) > 0 such that ∀ y ∈ B(0, r) and ∀ f ∈ K,
∫

Rd

|f(x+ y) − f(x)|p dx < ε.

Here B(0, r) ⊆ R
d is the closed Euclidean ball centered at 0 ∈ R

d with
radius r.
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The conditions i, ii, iii are norm boundedness of K, uniform “small tails”
at infinity, and uniform translation continuity, respectively. Kolmogorov

[290], [291] (1931) proved the result for Lpm([a, b]), p > 1, and with the f(x+y)
in condition iii replaced by

fy(x) =
1
2y

∫ x+y

x−y
f, y > 0. (6.85)

In fact, he proved that, for each y > 0, the set {fy : f ∈ K} is equicontinuous.
His proof required p > 1. A. N. Tulaikov [476] (1933) dealt with the case
p = 1. Marcel Riesz [397] (1933) introduced condition iii. Accessible proofs
of the Kolmogorov compactness theorem can be found in [356], pages 212–
216, [326], pages 41–44, [275], pages 292–299, and [517], pages 274–277. The
statement for R

d can be generalized to any locally compact group using the
same proof.

With either iii as written or using the mean (6.85), we are reminded of
the FTC.

An ingenious application of Theorem 6.6.1 to the Heisenberg uncertainty
principle for classes of functions is due to Harold Shapiro [432] (1991).
For example, he used Theorem 6.6.1 to prove that if {fn} ⊆ L2

m(R) is an
orthonormal sequence, then it is not possible that all four of the sequences
{tn}, {γn}, {σ2fn}, and {σ2f̂n} are bounded, where the expected values tn
and γn are

tn =
∫

R

t|fn(t)|2 dt and γn =
∫

�R
γ|f̂n(γ)|2 dγ,

where the variances σ2fn and σ2f̂n are

σ2fn =
∫

R

(t− tn)2|fn(t)|2 dt and σ2f̂n =
∫

�R
(γ − γn)2|f̂n(γ)|2 dγ,

and where the Fourier transform f̂n defined on R̂ = R is defined in
Appendix B. See [45], Chapter 7, [227], Chapter 5, [116], [240], and [181]
for perspective on the Heisenberg uncertainty principle. This definition of
expected value can be formulated in terms of the probabilistic definition
given in Section 3.9.2.

3. Let (X,A, u) be a measure space, and let p ≥ 2 be fixed. The Clarkson
inequality is the following:

∀ f, g ∈ Lpμ(X),
∥∥∥∥
f + g

2

∥∥∥∥
p

p

+
∥∥∥∥
f − g

2

∥∥∥∥
p

p

≤ 1
2

‖f‖pp +
1
2

‖g‖pp .

For 1 < p < 2 this inequality holds in the reverse sense. James A. Clarkson

also proved several other related inequalities; see [106].



318 6 Weak Convergence of Measures

The Clarkson inequality can be used to prove that if F ∈ (Lpμ(X))′, as a
continuous linear functional, then

∃ f ∈ Lpμ(X) such that ‖f‖p = 1 and F (f) = sup
‖g‖p≤1

|F (g)|.

This, in turn, can be used to give an alternative proof of the necessary con-
dition in Theorem 5.5.5 in order that F ∈ (Lpμ(X))′.

Irving L. Glicksberg used the Clarkson inequality to give a short proof
of the Radon–Riesz theorem (Theorem 6.5.3), e.g., [235], page 233.

One of our reasons for recording the Clarkson inequality is to advertise the
ingenious approach due to Sadahiro Saeki (1991, personal communication)
based on establishing the inequality on a two-point probability space with
probability measure ν weighted 1/2 at each point. In this case, for p ≥ 2, we
have

∫ (∣∣∣∣
f + g

2

∣∣∣∣
p

+
∣∣∣∣
f − g

2

∣∣∣∣
p)p/p

dν ≤
∫ (∣∣∣∣

f + g

2

∣∣∣∣
2

+
∣∣∣∣
f − g

2

∣∣∣∣
2
)p/2

dν

=
∫ ( |f |2 + |g|2

2

)p/2
dν ≤

∫ |f |p + |g|p
2

dν.

4. In “The Scottish Book”, Steinhaus asked the following question; see
[344] Problem 126: Does there exist a family F of measurable functions on a
measure space X such that

i. ∀ f ∈ F , |f | = 1, and
ii. ∀ {fn : n = 1, . . .} ⊆ F , the sequence

1
m

m∑

k=1

fk(x)

is divergent for a.e. x ∈ X?
Related to this problem, János Komlós [294] showed that every bounded

sequence of integrable random variables {ξn : n = 1, . . .} has a subsequence
{ξnk

: k = 1, . . .} such that there exists an integrable random variable η for
which

ξn1 + · · · + ξnm

m

converges to η with probability 1. In the language of analysis, we can restate
a stronger version of this result as follows.

Theorem 6.6.2. Komlós theorem
Let (X,A, μ) be a finite measure space and let {fn : n = 1, . . .} ⊆ L1

μ(X) be
a bounded sequence of integrable functions fn : X → R. Then there exist a
subsequence {fnk

: k = 1, . . .} and a function f ∈ L1
μ(X) such that
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1
m

m∑

l=1

fnkl
→ f μ-a.e., (6.86)

for each subsequence {fnkl
: l = 1, . . .}.

The convergence of arithmetic means in (6.86) is also called Cesàro sum-
mability or Cesàro convergence. The theorem, both hypotheses and conclu-
sion, should be compared with the Banach–Saks theorem (Theorem 6.5.8).

The theorem of Komlós has many generalizations and applications;
see, e.g., [134] or [409] for characterizations of weak compactness by means
of Komlós’ theorem. In other developments, a recent paper of Heinrich

von Weizsäcker [493] studies the question of necessity of the integrabil-
ity assumption in Theorem 6.6.2 for sequences of nonnegative functions that
are allowed to assume the value +∞. In this case, the following converse to
Komlós’ theorem holds.

Theorem 6.6.3. Converse Komlós theorem
Let (X,A, μ) be a finite measure space and let {fn : n = 1, . . .} be a sequence
of measurable functions fn : X → R

+ ∪ {+∞}. If there exists a function
f ∈ L∞

μ (X) such that
1
m

m∑

l=1

fn → f μ-a.e., (6.87)

then there exist a subsequence {fnk
: l = 1, . . .} and an equivalent measure ν

such that {fnk
: l = 1, . . .} is bounded in L1

ν(X).

5. Let M+
1 (Rd) = {μ ∈ Mb(Rd) : μ ≥ 0 and μ(Rd) = 1}. This space

is defined equivalently, but in slightly different terms, in the proof of Theo-
rem B.9.2.

We have proved fundamental properties of weak sequential convergence
of measures in Section 6.4. We now compare these ideas with the following
notion for {μn, μ : n = 1, . . .} ⊆ M+

1 (Rd): {μn : n = 1, . . .} converges to μ in
the sense of Bernoulli if

∀ f ∈ Cb(Rd), lim
n→∞μn(f) = μ(f).

When dealing with random variables in a probabilistic setting this is also
referred to as convergence in distribution. It is not difficult to prove the
following result; cf. with Theorems 6.4.1 and 6.4.2 and the final comment
in Section 6.1 concerning “probabilistic weak sequential convergence”.

Theorem 6.6.4. Bernoulli convergence theorem
Let {μn, μ : n = 1, . . .} ⊆ M+

1 (Rd). The following are equivalent.
a. {μn : n = 1, . . .} converges to μ in the sense of Bernoulli.
b. ∀ U ⊆ R

d, open, limn→∞ μn(U) ≥ μ(U).
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c. ∀ A ∈ B(Rd), for which μ(A) = μ(intA),

lim
n→∞μn(A) = μ(A).

Proof. The implication c =⇒ a is the most interesting. Let f ∈ Cb(Rd) be
real-valued, and assume −M ≤ f(x) ≤ M on R

d. Given ε > 0, clearly
D = {y ∈ R : μ({x : f(x) = y}) > 0} is countable; and, in fact, {x ∈ R

d :
{f(x) = y : y ∈ R}} is a disjoint union of closed sets. Choose {yj : j =
0, . . . , J} ⊆ R \ D such that y0 < −M < y1 < · · · < yJ−1 < M < yJ and
each yj−yj−1 < ε. Define Aj = {x : yj−1 < f(x) ≤ yj} and g =

∑J
j=1 yj�Aj .

We have μ(Aj) = μ(intAj) since

0 ≤ μ(Aj) − μ(intAj)

= μ(Aj \ intAj)
≤ μ({x : f(x) = yj−1}) + μ({x : f(x) = yj}) = 0.

Therefore, by part c,

∃ Nε such that ∀ n > Nε, |μn(g) − μ(g)| < ε

3
.

On the other hand, by our definition of {Aj}, ‖f−g‖∞ < ε/3, and so |μn(f)−
μn(g)| < ε/3 and |μ(f) − μ(g)| < ε/3. Thus, for n > Nε, |μn(f) − μ(f)| < ε.
��

A sequence {μn : n = 1, . . .} ⊆ M+
1 (Rd) is tight if

∀ ε > 0, ∃ Kε ⊆ R
d, compact, such that ∀ n = 1, . . . , μn(Kε) > 1 − ε.

Theorem 6.6.5. Prohorov theorem
Given {μn : n = 1, . . .} ⊆ M+

1 (Rd).
a. If {μn : n = 1, . . .} converges to μ ∈ M+

1 (Rd) in the sense of Bernoulli,
then {μn : n = 1, . . .} is tight.

b. If {μn : n = 1, . . .} is tight, then there are μ ∈ M+
1 (Rd) and a subse-

quence {μnk
: k = 1, . . .} ⊆ {μn : n = 1, . . .} such that {μnk

: k = 1, . . .}
converges to μ in the sense of Bernoulli.

Part a is a consequence of the first two equivalences of Theorem 6.6.4
and the regularity of the measures. Part b depends on the Helly selection
principle described in the Remark after Problem 4.39; also, see Section 5.6.1.
Clearly, especially in light of Theorem 6.6.5b, the Helly selection principle
can be viewed as a form of the Banach–Alaoglu theorem (Theorem A.9.5 and
Theorem A.9.9).

These ideas are the basis of significant development in probability theory,
e.g., [61], [51], [335], [342], [461]. In this regard, see Example B.10.4.



7 Riesz Representation Theorem

7.1 Original Riesz representation theorem

Let C([a, b]) be the real Banach space of continuous functions f : [a, b] → R

with norm
∀ f ∈ C([a, b]), ‖f‖∞ = sup

x∈[a,b]

|f(x)|,

e.g., Definition 2.5.9. From the theory of Riemann–Stieltjes integration we
know that if g ∈ BV ([a, b]), then Lg : C([a, b]) → R, defined by

Lg(f) =
∫ b

a

f dg,

is an element of (C([a, b]))′. In fact,

|Lg(f)| ≤ ‖f‖∞V (g, [a, b]).

The converse is F. Riesz’ representation theorem [389]; cf. (4.7) and Propo-
sition 4.1.10. In order to state and prove this result, we define the norm of a
continuous linear functional L ∈ (C([a, b]))′ as follows:

‖L‖ = sup{|L(f)| : f ∈ C([a, b]) and ‖f‖∞ ≤ 1};

see equation (A.7) and Example A.8.9.

Theorem 7.1.1. Riesz representation theorem (F. Riesz, 1909)
If L ∈ (C([a, b]))′ then there is g ∈ BV ([a, b]) such that ‖L‖ = V (g, [a, b])
and

∀ f ∈ C([a, b]), L(f) =
∫
f dg. (7.1)

Proof. For the sake of simple subscripts let [a, b] = [0, 1]. Since L ∈ (C([0, 1]))′

we use the Hahn–Banach theorem (Theorem A.8.3) to conclude the existence
of K ∈ (L∞

m ([0, 1]))′ such that L = K on C([0, 1]) and ‖L‖ = ‖K‖. Let
�x = �[0,x] and write

g(x) = K(�x). (7.2)
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We shall verify (7.3), thereby proving that g ∈ BV ([0, 1]). Consider a
partition,

0 = x0 ≤ x1 ≤ · · · ≤ xn = 1,

and set ti = sgn [g(xi) − g(xi−1)], i = 1, . . . , n. Thus,
n∑

i=1

|g(xi) − g(xi−1)| =
n∑

i=1

ti(g(xi) − g(xi−1))

= K

(
n∑

i=1

ti(�xi − �xi−1)

)
= K

(
n∑

i=1

ti�(xi−1,xi]

)
.

Note that |ti| is 0 or 1, so that
∥∥∥∥∥

n∑

i=1

ti�(xi−1,xi]

∥∥∥∥∥
∞

≤ 1.

Hence,
V (g, [0, 1]) ≤ ‖K‖ = ‖L‖. (7.3)

Now, for f ∈ C([0, 1]), define

fn(x) =
n∑

j=1

f

(
j

n

)(
�j/n(x) − �(j−1)/n(x)

)
.

Therefore, if j = 1, . . . , n, then

∀ x ∈
(
j − 1
n

,
j

n

)
, fn(x) = f

(
j

n

)
.

Since f is continuous, ‖f − fn‖∞ → 0. Thus,

lim
n→∞K(fn) = K(f) = L(f). (7.4)

Using (7.2) we see that

K(fn) =
n∑

j=1

f

(
j

n

)(
g

(
j

n

)
− g

(
j − 1
n

))
,

from which we conclude

lim
n→∞K(fn) =

∫ 1

0

f dg. (7.5)

Equations (7.4) and (7.5) yield (7.1).
Fix ε > 0, and, letting ‖L‖ ≤ |L(f)| + ε for some f ∈ C([0, 1]) that

satisfies ‖f‖∞ ≤ 1, we apply (7.1) and compute

‖L‖ ≤ V (g, [0, 1]) + ε.

Since ε is arbitrary we have ‖L‖ ≤ V (g, [0, 1]), which, when combined with
(7.3), yields ‖L‖ = V (g, [0, 1]). ��
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Part of the motivation that led to Theorem 7.1.1 came from the moment
problem: Let {an : n = 1, . . .} ⊆ C be a sequence of moments of a distribution
of electric charges and let {fn : n = 1, . . .} ⊆ C([a, b]) be a sequence of
functions; the problem is to find μ ∈ Mb([a, b]) such that

∀ n = 1, . . . ,
∫
fn dμ = an.

It is interesting that what is sometimes known as the Riesz representation
theorem for L2([a, b]) was discovered independently by Fréchet; and both
F. Riesz’ and Fréchet’s L2([a, b]) results appeared in the same issue of
the Comptes Rendus; see [395] and [184]. Of course, the L2 result, dealt
with in Chapter 5, has limited impact in measure theory, as opposed to the
extraordinary importance of Theorem 7.1.1, as seen in the remaining sections
of this chapter.

7.2 Riesz representation theorem (RRT)

Let X be a locally compact Hausdorff space and let C0(X) be the complex
vector space of continuous functions f : X → C with the property that

∀ ε > 0, ∃ Kf,ε ⊆ X, compact, such that ∀ x /∈ Kf,ε, |f(x)| < ε,

i.e., f “vanishes at infinity”. Then C0(X) is a Banach space with norm
‖f‖∞ = supx∈X |f(x)|.

Let Cc(X) denote the space of continuous functions with compact sup-
port, i.e., all continuous functions f : X → C for which

∃ K, compact, such that ∀ x /∈ K, f(x) = 0.

Cc(X) is a normed vector space with norm ‖ . . . ‖∞, and it is not a Banach
space. In fact, Cc(X) = C0(X).

By C+
0 (X) and C+

c (X) we denote the subsets of C0(X) and Cc(X),
respectively, consisting of functions with range contained in R

+.
In this section, when we refer to L : Cc(X) → C as a continuous func-

tional, we are taking the ‖ . . . ‖∞-norm topology on Cc(X). If L : Cc(X) → C

is a linear functional for which L(f) ≥ 0, whenever f ∈ C+
c (X), then L is a

positive linear functional.
Let us introduce the following notation:

φ ∧ ψ(x) = min(φ(x), ψ(x)) and φ ∨ ψ(x) = max(φ(x), ψ(x)).

We shall say that a family Φ of functions in C+
c (X) is directed if, for any

two functions φ, ψ ∈ Φ, there exists a function η ∈ Φ such that φ ∨ ψ ≤ η.
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Proposition 7.2.1. Let X be a locally compact Hausdorff space. Let φ ∈
C+
c (X), let {φα : α ∈ A} ⊆ C+

c (X) be directed, and let L be a positive linear
functional on Cc(X). If φ ≤ supα∈A φα, then L(φ) ≤ supα∈A L(φα).

Proof. It is enough to consider the case φ = supα∈A φα. In fact, if φ ≤
supα∈A φα then φ = supα∈A φ ∧ φα. Let ψα = φ ∧ φα ∈ C+

c (X), and observe
that, since ψα ∨ψβ = φ∧ (φα ∨ φβ), {ψα : α ∈ A} is a directed family. Thus,
if the statement of our proposition is true for φ and the family {ψα : α ∈ A},
which we shall prove, then the positivity of L implies that

L(φ) ≤ sup
α∈A

L(φ ∧ φα) ≤ sup
α∈A

L(φα).

Fix ε > 0. For any x ∈ X there exists α = α(x, ε) such that φ(x) <
ψα(x)+ε. Since φ and ψα are continuous, this inequality holds on some open
neighborhood Uα(x) of x. Thus, for all x ∈ X , φ(y) < ψα(y) + ε for all
y ∈ Uα(x).

Since supp φ is compact, there exist α1, . . . , αm such that

∀ x ∈ supp φ, φ(x) < ψα1 ∨ · · · ∨ ψαm(x) + ε.

Because we have assumed that the family Φ is directed, there exists β ∈ A
for which

∀ x ∈ supp φ, φ(x) < ψβ(x) + ε.

This, in turn, implies that

‖φ− ψβ‖∞ < ε.

By Urysohn’s lemma (Theorem A.1.3), there is u ∈ C+
c (X) with the

property that u = 1 on supp φ. For any ψ ∈ C+
c (X) satisfying supp ψ ⊆

supp φ, we have 0 ≤ ψ ≤ ‖ψ‖∞u, and hence

0 ≤ L(ψ) ≤ ‖ψ‖∞L(u)

by the positivity of L. Thus, since φ − ψβ ∈ C+
c (X) and supp (φ − ψβ) ⊆

supp φ, there exists C = L(u) such that

|L(φ− ψβ)| < C‖φ− ψβ‖∞ < Cε.

In particular,
L(φ) < L(ψβ) + Cε.

Consequently,
L(φ) < sup

α∈A
L(ψα) + Cε.

Since this inequality is valid for all ε > 0, our result is proved. ��
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Now consider the family

S(X) = {f : X → R
+ ∪ {∞} such that f = sup

φ∈Φ
φ,

for some directed family Φ = Φf ⊆ C+
c (X)}.

The elements of S(X) need not be continuous. In fact, they are lower semi-
continuous. This means that the real-valued elements f ∈ S(X) have the
property that {x : f(x) > r} is open for each r ∈ R; see the Remark after
Theorem 7.3.8. Note that for any f ∈ C+

0 (X), the family {φ : φ ≤ f, φ ∈
C+
c (X)} ⊆ C+

c (X) is directed, and thus C+
0 (X) ⊆ S(X).

Let L be a positive linear functional on Cc(X). For f ∈ S(X), we define
the extension L̃ of L:

L̃(f) = sup
φ∈Φ

L(φ), (7.6)

where f, Φ ⊆ C+
c (X), and φ ∈ Φ are related as in the definition of S(X).

In order to verify that this extension is well defined, let Φ and Ψ be two
directed families for which

f = sup
φ∈Φ

φ = sup
ψ∈Ψ

ψ.

Thus, for any φ ∈ Φ, φ ≤ f = supψ∈Ψ ψ, and Proposition 7.2.1 implies that
L(φ) ≤ supψ∈Ψ L(ψ). Then, taking the supremum over all φ ∈ Φ, we obtain

sup
φ∈Φ

L(φ) ≤ sup
ψ∈Ψ

L(ψ).

The opposite inequality follows analogously, and so we have

sup
φ∈Φ

L(φ) = sup
ψ∈Ψ

L(ψ).

If f ∈ S(X) is bounded on X , it is possible that L̃(f) = ∞.

Proposition 7.2.2. Let X be a locally compact Hausdorff space, let L be a
positive linear functional on Cc(X), and let L̃ be the extension of L to S(X)
defined in (7.6). Then L̃ has the following properties:

a. ∀ φ ∈ C+
c (X), L̃(φ) = L(φ);

b. ∀ f, g ∈ S(X), f ≤ g =⇒ L̃(f) ≤ L̃(g);
c. ∀ f ∈ S(X) and ∀ α ≥ 0, L̃(αf) = αL̃(f);
d. ∀ f, g ∈ S(X), L̃(f + g) = L̃(f) + L̃(g);
e. ∀ {fn : n = 1, . . .} ⊆ S(X),

f =
∞∑

n=1

fn ∈ S(X) and L̃(f) =
∞∑

n=1

L̃(fn);

f. ∀ {gn : n = 1, . . .} ⊆ S(X), such that g1 ≤ g2 ≤ · · · ,

L̃
(

lim
n→∞ gn

)
= lim

n→∞ L̃(gn).
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Proof. In this proof we shall use the convention that f = supφ∈Φ φ and
g = supψ∈Ψ ψ.

a. Take Φ = {φ}, a one-element directed family.
b. Property b follows since f ≤ g implies φ ≤ supψ∈Ψ ψ, and we use

Proposition 7.2.1 to conclude that L(φ) ≤ supψ∈Ψ L(ψ) = L̃(g). In particular,
it implies that L̃(f) = supφ∈Φ L(φ) ≤ L̃(g).

c. Part c follows from definition.
d. In order to prove property d we note that if Φ and Ψ are directed

families, then Φ + Ψ = {φ + ψ : φ ∈ Φ,ψ ∈ Ψ} is also a directed family.
Therefore, if f, g ∈ S(X), then f + g ∈ S(X). Moreover,

L̃(f + g) = sup
φ+ψ∈Φ+Ψ

L(φ+ ψ) = sup
φ∈Φ,ψ∈Ψ

(L(φ) + L(ψ))

= sup
φ∈Φ

L(φ) + sup
ψ∈Ψ

L(ψ).

e. For part e we first need to show that f =
∑∞
n=1 fn ∈ S(X). We can

assume without loss of generality that 0 ∈ Φn, n = 1, . . . . Further, let fn =
supφ∈Φn

φ. Let Ψm = Φ1 + · · · + Φm and let Φ =
⋃∞
m=1 Ψm. Each Ψm is a

directed family and {Ψm} is increasing since 0 ∈ Ψm; hence, Φ is a directed
family. Moreover, since each fn ≥ 0,

f = sup
m∈N

m∑

n=1

fn = sup
m∈N

sup
φ∈Ψm

φ = sup
φ∈Φ

φ.

Therefore, we can use part d to write

L̃(f) = sup
φ∈Φ

L(φ) = sup
m∈N

sup
φ∈Ψm

L(φ) = sup
m∈N

L̃

(
m∑

n=1

fn

)

= sup
m∈N

m∑

n=1

L̃(fn) =
∞∑

n=1

L̃(fn).

f. Since {gn : n = 1, . . .} is a monotone family, we can deal with a
supremum instead of a limit. Let Ψn be a directed family associated with gn,
n = 1, . . . . This means that there is a directed family Ψn ⊆ C+

c (X) such that
gn = supφ∈Ψn

φ. Define Φn = {max{φ1, . . . , φn} : φi ∈ Ψi, i = 1, . . . , n}. Each
Φn is a directed family, and, since we can assume without loss of generality
that 0 ∈ Ψn for all n, we have that {Φn} is increasing. Thus, Ψ =

⋃∞
n=1 Φn is

also a directed family. Moreover,

lim
n→∞ gn = sup

n∈N

sup
ψ∈Ψn

ψ = sup
n∈N

(
max

j=1,...,n
sup
ψ∈Ψj

ψ

)
= sup
n∈N

sup
φ∈Φn

φ = sup
ψ∈Ψ

ψ.

Therefore,

L̃
(

lim
n→∞ gn

)
= sup
ψ∈Ψ

L(ψ) = sup
n∈N

sup
ψ∈Φn

L(ψ) = sup
n∈N

L̃(gn). ��
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We now introduce one more extension of a positive linear functional L on
Cc(X). For any function F : X → R

+ ∪ {∞} we define

L∗(F ) = inf
f≥F,f∈S(X)

L̃(f). (7.7)

The set of functions f ≥ F is a directed family, possibly consisting of a single
element identically equal to ∞. The functional L∗ has properties analogous
to those of L̃.

Proposition 7.2.3. Let X be a locally compact Hausdorff space and let L be
a positive linear functional on Cc(X). Then L∗, defined by (7.7), is a well-
defined extension of L to all nonnegative bounded functions on X, and L∗

has the following properties:
a. ∀ f ∈ S(X), L∗(f) = L̃(f);
b. ∀ F,G, nonnegative, F ≤ G =⇒ L∗(F ) ≤ L∗(G);
c. ∀ F , nonnegative, and ∀ α ≥ 0, L∗(αF ) = αL∗(F );
d. ∀ F,G, nonnegative, L∗(F +G) ≤ L∗(F ) + L∗(G);
e. ∀ {Fn : n = 1, . . .}, where each Fn is nonnegative,

F =
∞∑

n=1

Fn =⇒ L∗(F ) ≤
∞∑

n=1

L∗(Fn);

f. ∀ {Fn : n = 1, . . .}, where each Fn is nonnegative and where F1 ≤
F2 ≤ · · · ,

L∗
(

lim
n→∞Fn

)
= lim

n→∞L∗(Fn).

Proof. a. By definition, L∗(f) = inf{L̃(g) : g ∈ S(X), g ≥ f}. In view of
Proposition 7.2.2b we have L̃(f) ≤ L̃(g) for all g ∈ S(X) for which g ≥ f .
Thus, the infimum equals L̃(f).

b. Part b follows from Proposition 7.2.2b.
c. Part c follows from definition.
d. We first assume that both L∗(F ) and L∗(G) are finite. Fix ε > 0, and

take f ≥ F and g ≥ G such that L̃(f) < L∗(F ) + ε and L̃(g) < L∗(G) + ε.
Then F +G ≤ f + g implies

L∗(F +G) ≤ L̃(f + g) = L̃(f) + L̃(g) < L∗(F ) + L∗(G) + 2ε.

Since this inequality is valid for all ε > 0, our result is proved.
In the case that either L∗(F ) or L∗(G) is infinite, the result is immediate.
e. As we have done in the proof of part d, we can assume without loss

of generality that all functions Fn satisfy L∗(Fn) < ∞. Hence, for each n,
we can choose fn such that Fn ≤ fn and L̃(fn) ≤ L∗(Fn) + ε/2n. Then
F ≤

∑∞
n=1 fn ∈ S(X). Thus it follows from Proposition 7.2.2e that

L∗(F ) ≤ L̃

( ∞∑

n=1

fn

)
=

∞∑

n=1

L̃(fn) ≤
∞∑

n=1

L∗(fn) + ε.

Since this inequality is valid for all ε > 0, our result is proved.
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f. From part b we have limn→∞ L∗(Fn) ≤ L∗ (limn→∞ Fn). Therefore,
we need to prove only the opposite inequality. Without loss of generality
we can assume that L∗(Fn) < ∞ for all n. Let ε > 0. Choose functions
fn ∈ S(X) such that fn ≥ Fn and L̃(fn) < L∗(Fn) + ε/2n. We define the
functions gn = max(f1, . . . , fn), n = 1, . . . . Clearly, {gn : n = 1, . . .} forms
an increasing sequence in S(X). Thus, we may apply Proposition 7.2.2f and
parts a,b to obtain

lim
n→∞ L̃(gn) = L̃

(
lim
n→∞ gn

)
= L∗

(
lim
n→∞ gn

)

= L∗
(

sup
n∈N

fn

)
≥ L∗

(
lim
n→∞Fn

)
.

(7.8)

Observe now that

gn+1 + gn ∧ fn+1 = gn + fn+1.

All of the functions in this expression are in S(X), and so

L̃(gn+1) + L̃(gn ∧ fn+1) = L̃(gn) + L̃(fn+1).

Moreover, since {Fn} is increasing, gn ∧ fn+1 ≥ Fn implies L̃(gn ∧ fn+1) ≥
L∗(Fn). Thus,

L̃(gn+1) ≤ L̃(gn) + L̃(fn+1) −L∗(Fn) < L̃(gn) +L∗(Fn+1) +
ε

2n+1
−L∗(Fn).

Summing this inequality from 1 to m and using the cancellation property of
telescoping sums, we have

L̃(gm+1) < L̃(f1) + L∗(Fm+1) − L∗(F1) +
ε

2
< L∗(Fm+1) + ε.

Since these inequalities are valid for all ε > 0, we obtain

lim
n→∞L∗(Fn) ≥ lim

n→∞ L̃(gn). (7.9)

Now (7.8) and (7.9) prove part f. ��

We now extend Theorem 7.1.1 to the case of positive linear functionals.
Our proof may appear lengthy, but, because of the importance of the result,
we have included many details that are not transparent. We begin the proof
with an outline of the steps we take.

Theorem 7.2.4. RRT for positive linear functionals
Let X be a locally compact Hausdorff space and let L be a positive linear
functional on Cc(X). There exists a (nonnegative) regular Borel measure μ
on X such that

∀ f ∈ Cc(X), L(f) =
∫

X

f dμ. (7.10)
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Proof. In part i we define an outer measure μ∗ corresponding to L. In part ii
we invoke Theorem 2.4.19 to obtain a measure μ associated with μ∗. Part iii
shows that μ∗ is finite on compact sets. Two technical properties of μ∗ are
proved in part iv; and these are used to prove that μ is a Borel measure
in part v. In part vi we prove that μ is regular, and we verify the integral
representation (7.10) in part vii.

i. The first step is to define an appropriate outer measure μ∗. This is done
by considering the extension L∗ of the functional L, and defining

∀ A ⊆ X, μ∗(A) = L∗(�A).

We shall verify the following properties of μ∗:
a. μ∗(∅) = 0;
b. 0 ≤ μ∗(A) ≤ ∞;
c. A ⊆ B =⇒ μ∗(A) ≤ μ∗(B);
d. μ∗ (

⋃∞
n=1An) ≤

∑∞
n=1 μ

∗(An).
Assertion a follows from Proposition 7.2.3a, and assertion b follows from

the positivity of L. Proposition 7.2.3b implies c; and d is a consequence of
the fact that ��∞

n=1An
≤
∑∞
n=1 �An and Proposition 7.2.3b,e.

ii. Now we invoke Theorem 2.4.19 to conclude that there exist a σ-algebra
M ⊆ P(X) and a nonnegative σ-additive set function μ on M, i.e., μ is a
measure. Further, μ is the restriction of μ∗ to M.

iii. Next, we show that if A ⊆ X is a compact set, then

0 ≤ μ∗(A) < ∞.

We use Urysohn’s lemma (Theorem A.1.3) to find a continuous function
f : X → [0, 1] such that f = 1 on A and f = 0 on U∼ for some open set U
containing A for which U is compact. Thus, �A ≤ f ∈ C+

c (X), and so

μ∗(A) ≤ L∗(f) = L(f) < ∞.

iv. In order to prove that μ is a Borel measure we shall need the following
two statements:

∀ U ⊆ X, open, μ∗(U) = sup{μ∗(V ) : V ⊆ V ⊆ U, V open, V compact},
(7.11)

and
∀ A ⊆ X, μ∗(A) = inf{L̃(�U ) : A ⊆ U, U open}. (7.12)

To verify (7.11), for an open set U ⊆ X , we first note that

μ∗(U) = sup{L(φ) : φ ∈ C+
c (X), φ ≤ �U}. (7.13)

Equation (7.13) is a consequence of the fact that �U ∈ S(X), which itself
follows since �U = sup{φ : φ ∈ C+

c (X), φ ≤ �U} and {φ : φ ∈ C+
c (X),

φ ≤ �U} is a directed family, and of the definitions of μ∗ and L∗. Also, for
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any φ ∈ C+
c (X) for which φ ≤ �U , let Vφ,0 = φ−1 ((0,∞)), and let Vφ,δ =

φ−1 ((δ,∞)), for δ > 0. Fix ε > 0 and let φ ∈ C+
c (X) satisfy L(φ) ≥ μ∗(U)−ε;

such a φ exists because of (7.13). Since φ ≤ �Vφ,0 , we have

L(φ) ≤ μ∗(Vφ,0).

On the other hand, by Proposition 7.2.3f,

μ∗ (Vφ,0) = L∗ (
�Vφ,0

)
= L∗

(
lim
δ→0

�Vφ,δ

)
= lim

δ→0
L∗ (

�Vφ,δ

)
.

These observations together yield the inequality,

∀ ε > 0, ∃ δ > 0 such that μ∗(U) − ε ≤ μ∗ (Vφ,δ) .

This, in turn, implies that

μ∗(U) ≤ sup
δ>0

μ∗ (Vφ,δ) . (7.14)

Combining (7.13) and (7.14) with the facts that each Vφ,δ is open, Vφ,δ ⊆ Vφ,δ,
Vφ,δ is closed, and Vφ,δ ⊆ Vφ,0 ⊆ U , we compute

μ∗(U) ≤ sup{L(φ) : φ ∈ C+
c (X), φ ≤ �U} ≤ μ∗ (Vφ,δ)

≤ sup{μ∗(V ) : V ⊆ V ⊆ U, V open, V compact}.

The opposite inequality follows from Proposition 7.2.3b, and so (7.11) is
verified.

To verify (7.12) we write by definition that

μ∗(A) = inf{L̃(f) : f ∈ S(X), f ≥ �A}.

Since, as we noted in the verification of (7.11), �U ∈ S(X) for any open
set U , we need to show only that μ∗(A) ≥ inf{L̃(�U ) : A ⊆ U,U open}.
Clearly, the opposite inequality is true, and so we can assume without loss
of generality that μ∗(A) < ∞. Fix ε > 0, and let f ∈ S(X) satisfy f ≥ �A

and L̃(f) < μ∗(A) + δ, for some δ > 0 for which δ < ε/(1 + ε + μ∗(A)). Let
U = {x : f(x) > 1 − δ}. The set U is open, since f is lower semicontinuous
as an element of S(X), and A ⊆ U . We can write f > (1 − δ)�U . Therefore,
we have

L̃(�U ) ≤ L̃

(
1

1 − δ
f

)
≤ 1

1 − δ
(μ∗(A) + δ) < μ∗(A) + ε.

Since these inequalities are valid for all ε > 0, we obtain

μ∗(A) = inf{L̃(�U ) : A ⊆ U,U open},

and so (7.12) is verified.
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v. We can now prove that μ is a Borel measure. In order to check that
M contains all Borel subsets of X , it is enough to show that M contains
all open sets U ⊆ X , since M is a σ-algebra. In view of the Carathéodory
criterion for the construction of M and μ, we need to verify the following for
any open set U :

∀ E ⊆ X, μ∗(E) = μ∗(E ∩ U) + μ∗(E ∩ U∼).

Clearly, μ∗(E) ≤ μ∗(E ∩ U) + μ∗(E ∩ U∼).
It remains to prove the opposite inequality. Fix ε > 0 and use (7.12) to

choose an open set V1 ⊆ X , E ⊆ V1, such that μ∗(V1) < μ∗(E) + ε, and
an open set V2 ⊆ X , V1 ∩ U∼ ⊆ V2, such that μ∗(V2) < μ∗(V1 ∩ U∼) + ε.
Moreover, we use (7.11) to find an open set V3 ⊆ X for which V 3 is compact,
V3 ⊆ V3 ⊆ V1 ∩U , and μ∗(V1 ∩U) < μ∗(V3)+ε. Let W = V1 ∩V2 ∩V ∼

3 . Then
W and V3 are open disjoint sets. Thus, we have

V1 ∩ U∼ ⊆ W ⊆ V2,

and so

|(μ∗(V3) + μ∗(W )) − (μ∗(V1 ∩ U) + μ∗(V1 ∩ U∼))|
≤ |μ∗(W ) − μ∗(V1 ∩ U∼)| + |μ∗(V3) − μ∗(V1 ∩ U)|
≤ (μ∗(V2) − μ∗(V1 ∩ U∼)) + ε ≤ 2ε.

(7.15)

Therefore,

μ∗(E ∩ U) + μ∗(E ∩ U∼) ≤ μ∗(V1 ∩ U) + μ∗(V1 ∩ U∼)

≤ μ∗(V3) + μ∗(W ) + 2ε = μ∗(V3 ∪W ) + 2ε

≤ μ∗(V1) + 2ε ≤ μ∗(E) + 3ε.

The first and last inequalities are a consequence of the choice of V1. The
second inequality is a consequence of (7.15). The equality follows from
Proposition 7.2.2d and the disjointness of V3 and W , since μ∗(V3 ∪ W ) =
L̃(�V3∪W ) = L̃(�V3 + �W ), and since �V3 ,�W ∈ S(X) (as was noted earlier)
because they are characteristic functions of open sets. The penultimate
inequality is clear since V3,W ⊆ V ; and the last inequality follows by our
choice of V1.

Thus, all Borel sets are μ-measurable, and so μ is a Borel measure.
vi. We are now ready to prove that μ is regular. We have already shown

in part iii that μ is finite on compact sets and in part iv that

∀ A ⊆ X, μ(A) = inf{μ(U) : A ⊆ U, U open},

i.e., (7.12). It remains to prove that

∀ U ⊆ X, open, μ∗(U) = sup{μ∗(F ) : F ⊆ U,F compact} (7.16)
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and

∀ A ∈ M, μ(A) < ∞, μ∗(A) = sup{μ∗(F ) : F ⊆ A,F compact}. (7.17)

To prove (7.16), we begin with (7.13),

μ∗(U) = sup{L(φ) : φ ∈ C+
c (X), φ ≤ �U}.

For any φ ∈ C+
c (X), such that φ ≤ �U , we have φ ≤ �suppφ ≤ �U , and so,

since suppφ is compact,

L∗(φ) ≤ μ∗(suppφ) ≤ sup{μ∗(F ) : F ⊆ U,F compact}.

To prove the opposite inequality, we use Urysohn’s lemma (Theorem A.1.3),
and so, for any compact set F ⊆ U , we find φ ∈ C+

c (X) for which �F ≤
φ ≤ �U .

For the proof of (7.17), we begin by noting that we need to prove only
the inequality μ∗(A) ≤ sup{μ∗(F ) : F ⊆ A,F compact}. To do this we
proceed as follows. Fix ε > 0. Use (7.12) to find an open set U ⊇ A such that
μ∗(U \A) < ε. Moreover, using (7.12) again, choose open V ⊇ U \A such that
μ∗(V ) < ε. Let W = U ∩ V . Next, use (7.16) to find K ⊆ U , compact and
such that μ∗(U \K) < ε. Define F = K \W = K ∩W∼. Thus, F is compact,
F ⊆ A, and μ∗(A \F ) = μ∗ ((A \K) ∩ (A ∩W )) ≤ μ∗(U \F ) + μ∗(K) < 2ε.

Thus, μ is regular.
vii. Last to prove, but certainly not least, is that (7.10) holds. Let f ∈

C+
c (X). Recall from Theorem 2.5.5 that any measurable function may be

represented as a pointwise limit of a sequence of simple functions sn, n =
1, . . . . In the case that the function f is nonnegative, we can take {sn} to be
increasing and such that each sn is nonnegative. Proposition 7.2.3f implies
that

L∗(f) = L∗
(

lim
n→∞ sn

)
= lim

n→∞L∗(sn). (7.18)

We shall now prove that L∗ is linear on the vector space of simple measur-
able functions. Let F = a�A + b�B, where A and B are disjoint measurable
sets and a, b > 0. Clearly, because of Proposition 7.2.3d, we need to show
only that

L∗(F ) ≥ aμ∗(A) + bμ∗(B). (7.19)

Assume without loss of generality that L∗(F ) < ∞ and thatA andB are com-
pact. (We can make this assumption, since we have proved that μ is regular,
and so, for any measurable set A, μ(A) = sup{μ(K) : K ⊆ A,K compact}
and hence the standard approximation arguments work.) There are open
sets U and V such that A ⊆ U , B ⊆ V , and U ∩ V = ∅. Fix ε > 0. Let
f ∈ S(X) satisfy the conditions that f ≥ F and L̃(f) < L∗(F ) + ε. Define
U ′ = U ∩ {x : f(x) > a − ε} and V ′ = V ∩ {x : f(x) > b − ε}. The sets U ′

and V ′ are open (since f is lower semicontinuous), disjoint, A ⊆ U ′, B ⊆ V ′,
and f > (a− ε)�U ′ + (b− ε)�V ′ . Thus,
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L∗(F ) + ε > L̃(f) ≥ L̃((a− ε)�U ′ + (b− ε)�V ′)

= (a− ε)L̃(�U ′ ) + (b− ε)L̃(�V ′)

≥ aμ∗(A) + bμ∗(B) − ε(L̃(�U ) + L̃(�V )),

where the equality follows from Proposition 7.2.2d. We obtain (7.19) since
these inequalities are valid for all ε > 0.

As a consequence of this “restricted linearity” of L∗, we obtain, for a
simple nonnegative measurable function s =

∑n
j=1 aj�Aj , that

L∗(s) =
n∑

j=1

ajμ(Aj) =
∫

X

s dμ. (7.20)

Then (7.18), (7.20), and Theorem 3.3.6 yield (7.10) for nonnegative func-
tions f ∈ C+

c (X). Since L and the integral with respect to μ are both linear,
we have (7.10) for all f ∈ Cc(X). ��

Theorem 7.2.5. RRT for positive continuous linear functionals
Let X be a locally compact Hausdorff space and let L be a positive continuous
linear functional on Cc(X) with norm ‖ . . . ‖∞. There exists a (nonnegative)
bounded regular Borel measure μ on X such that (7.10) holds.

Proof. The existence of a regular Borel measure μ that satisfies (7.10) follows
from Theorem 7.2.4. We need to show only that the measure μ is bounded,
provided that L is continuous on Cc(X). Indeed, �X ∈ S(X) since �X =
supφ∈Φ φ for the directed family Φ = {φ ∈ C+

c (X) : φ ≤ 1}. Thus,

L∗(�X) = L̃(�X) = sup
φ∈Φ

L(φ)

≤ sup{|L(ψ)| : ψ ∈ Cc(X) and ‖ψ‖∞ ≤ 1} = ‖L‖,

and ‖L‖ is finite since L is continuous; see Appendix A.8. ��

Since Cc(X) is dense in C0(X) in the sup-norm topology and since L is
assumed to be continuous on Cc(X) in Theorem 7.2.5, we could have taken
C0(X) instead of Cc(X) in its statement.

Combining the fact that simple functions are dense in Lpμ(X)
(Theorem 5.5.3) with the Vitali–Luzin theorem (Theorem 2.5.13), we obtain
the following result.

Theorem 7.2.6. Cc(X) = Lpμ(X)Cc(X) = Lpμ(X)Cc(X) = Lpμ(X), 1 ≤ p < ∞1 ≤ p < ∞1 ≤ p < ∞
Let X be a locally compact Hausdorff space and let μ be a regular Borel
measure on X. Then Cc(X) is dense in Lpμ(X), 1 ≤ p < ∞.

In the caseX = R
d and μ = md, we haveC∞

c (Rd) = Lp
md(Rd), 1 ≤ p < ∞.

This follows from Theorem 7.2.6 and a convolution argument.
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Recall that for locally compact Hausdorff spaces X , Mb(X) denotes the
space of complex regular Borel measures on X ; see Definitions 2.5.12 and
5.1.13. We know from Problem 5.22 that Mb(X) is a Banach space with
norm ‖μ‖1 = |μ|(X). Another extension of Theorem 7.1.1 is the following
result.

Theorem 7.2.7. RRT for complex measures
Let X be a locally compact Hausdorff space. Then Mb(X) and (C0(X))′ are
isometrically isomorphic. In fact, for each L ∈ (C0(X))′ there exists a unique
μ ∈ Mb(X) such that

∀ f ∈ C0(X), L(f) =
∫

X

f dμ. (7.21)

Proof. i. We start by showing that for each μ ∈ Mb(X), Lμ(f) =
∫
X f dμ

defines a continuous linear functional on C0(X), where ‖Lμ‖ = ‖μ‖1 (see
Appendix A.8 for the norm of a functional). It is clear that Lμ is a linear
functional, e.g., Theorem 5.1.14. Also,

|Lμ(f)| ≤
∫

X

|f | d|μ| ≤ ‖f‖∞|μ|(X) = ‖f‖∞‖μ‖1.

Hence, Lμ is continuous, i.e.,

‖Lμ‖ ≤ ‖μ‖1. (7.22)

By Theorem 5.3.5, let h be a |μ|-integrable function for which |h| = 1 and
such that

∀ f ∈ L1
|μ|(X),

∫

X

f dμ =
∫

X

fh d|μ|.

Thus, we can write

‖μ‖1 = |μ|(X) =
∫

X

|h|2 d|μ| =
∫

X

hh d|μ| =
∫

X

h dμ. (7.23)

By Theorem 7.2.6,

∀ ε > 0, ∃ g ∈ Cc(X) such that ‖g‖∞ ≤ ‖h‖∞ and
∫

X

|h− g| d|μ| < ε.

(7.24)
Now (7.23) and (7.24) yield

‖μ‖1 ≤
∣∣∣∣
∫

X

g dμ

∣∣∣∣+
∣∣∣∣
∫

X

(h− g) dμ
∣∣∣∣ ≤ |Lμ(g)|+ε ≤ ‖Lμ‖‖g‖∞+ε ≤ ‖Lμ‖+ε.

Since these inequalities are valid for all ε > 0 we have ‖μ‖1 ≤ ‖Lμ‖.
Combining this inequality with (7.22) gives ‖Lμ‖ = ‖μ‖1.
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ii. Let L be a continuous linear functional on C0(X) as defined in the
statement of the theorem. We introduce an induced mapping on C+

0 (X):

∀ f ∈ C+
0 (X), L+(f) = sup{|L(g)| : g ∈ C0(X), |g| ≤ f}.

It is not difficult to see that L+ is a positive additive mapping on C+
0 (X)

such that L+(αf) = αL+(f) for α ≥ 0. We can extend L+ to all of C0(X)
by setting

L+(f) = L+((Re f)+) − L+((Re f)−) + iL+((Im f)+) − iL+((Im f)−).

An elementary calculation shows that such an extended mapping L+ is linear
over C on C0(X). By definition it is also positive. Thus, by definition (see
Appendix A.8), we have

‖L+‖ = sup{|L+(f)| : f ∈ C0(X), ‖f‖∞ ≤ 1}
≤ sup{L+(|f |) : f ∈ C0(X), ‖f‖∞ ≤ 1}
= sup{|L(f)| : f ∈ C+

0 (X), ‖f‖∞ ≤ 1} ≤ ‖L‖,
(7.25)

where the second inequality follows since L is a continuous linear functional
on C0(X). On the other hand, for any ε > 0 there exists g ∈ C0(X) such
that ‖g‖∞ ≤ 1 and ‖L‖ ≤ |L(g)| + ε. Therefore,

‖L‖ ≤ |L(g)| + ε ≤ L+(|g|) + ε ≤ ‖L+‖ + ε. (7.26)

Hence, ‖L‖ ≤ ‖L+‖ since (7.26) is valid for all ε > 0. Combining this with
(7.25) yields ‖L+‖ = ‖L‖.

iii. Part ii was the first step in proving the surjectivity of the mapping
Mb(X) → (C0(X))′. To complete the proof of surjectivity, we proceed in the
following way. We invoke Theorem 7.2.5 for the positive continuous linear
functional L+ to obtain a (nonnegative) bounded regular Borel measure μ
such that

∀ f ∈ Cc(X), L+(f) =
∫

X

f dμ.

Clearly, ‖μ‖1 is bounded by ‖L‖:

‖μ‖1 = μ(X) = sup{L+(f) : f ∈ C+
c (X), f ≤ 1} ≤ ‖L+‖ = ‖L‖.

Since Cc(X) is a dense subset of L1
μ(X), and since L is bounded on Cc(X)

with respect to the L1
μ(X)-norm, there is an extension of L to a bounded

linear functional L on L1
μ(X). We can apply Theorem 5.5.5 to find a function

g ∈ L∞
μ (X) such that ‖g‖∞ = ‖L‖ and L(f) =

∫
X
fg dμ for any f ∈ L1

μ(X).
Then we use Theorem 5.3.3 to associate with this function g a complex mea-
sure μg that is absolutely continuous with respect to μ:

∀ A ∈ A, μg(A) =
∫

A

g dμ,



336 7 Riesz Representation Theorem

where A is the σ-algebra of μ-measurable sets. Thus, since the elements of
C0(X) are integrable with respect to μ and μg, we have

∀ f ∈ C0(X),
∫

X

f dμg =
∫

X

fg dμ = L(f); (7.27)

see Problem 5.37.
We need to verify that the measure μg is regular, knowing that μ is

regular. By definition of μg, μg is bounded on compact sets since ‖g‖∞ < ∞
and μ is a bounded measure. Fix ε > 0 and let A ∈ A. There exist a compact
set F and an open set U such that F ⊆ A ⊆ U and μ(U \ F ) < ε. Using
Theorem 5.1.12c we can write

|μg|(U \ F ) ≤ 4 sup{|μ(B)| : B ∈ A, B ⊆ U \ F}

≤ 4 sup
{∣∣∣∣
∫

B

g dμ

∣∣∣∣ : B ∈ A, B ⊆ U \ F
}

≤ 4 sup{‖g‖∞μ(B) : B ∈ A, B ⊆ U \ F}
≤ 4‖g‖∞μ(U \ F ) ≤ 4ε‖g‖∞,

which proves the regularity of |μg| and so also of μg.
Since L = L on Cc(X), and since L and L are continuous in L1

μ(X)-norm
on C0(X), we obtain

∀ f ∈ C0(X), L(f) = L(f). (7.28)

Now (7.27) and (7.28) yield (7.21).
iv. Part i showed that the mapping μ �→ Lμ is a linear isometry of Mb(X)

into (C0(X))′. Part ii proved that if L ∈ (C0(X))′ then ‖L‖ = ‖L+‖. Using
part ii, part iii showed that the mapping μ → Lμ is in fact onto. Thus,
μ �→ Lμ must be one-to-one, which yields the uniqueness in the statement of
Theorem 7.2.7. ��

7.3 Radon measures

RRT (Theorem 7.2.7) gives a spectacular identity between the dual space
(C0(X))′ and the spaceMb(X) of complex regular Borel measures on a locally
compact Hausdorff space X . As such we shall write Mb(X) = (C0(X))′, and
we deal with measures as set functions or functionals, depending on what is
more convenient, either theoretically or computationally. At the moment our
euphoria is tempered by the fact that the elements of Mb(X) are bounded
and, in particular, m /∈ Mb(R). In this section we solve this dilemma by
defining Radon measures, which also serve as a natural way to introduce
(Schwartz) distribution theory.
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Proposition 7.3.1. Let X be a locally compact Hausdorff space that has a
countable basis. For every open set U ⊆ X there exists a sequence {Kn : n =
1, . . .} ⊆ X of compact sets such that

U =
∞⋃

n=1

Kn, where Kn ⊆ intKn+1.

Proof. The fact that a topological space X has a countable basis is called the
second countability of X . For a locally compact Hausdorff topological space
X , second countability is equivalent to the fact that there exist a metric ρ on
X and a sequence of compact sets Fn such that X =

⋃∞
n=1 Fn, Fn ⊆ intFn+1;

see [278], Theorem I.5.3.
Fix U ⊆ X , an open set. Let En = {x ∈ X : ρ(x, U∼) ≥ 1/n}. Each such

En is closed. Let Kn = En ∩ Fn. Thus, Kn is compact for n = 1, . . . , and

Kn = En ∩ Fn ⊆ (intEn+1) ∩ (intFn+1) ⊆ intKn+1.

Clearly,

U =
∞⋃

n=1

Kn. ��

Proposition 7.3.2. Let (X,B(X), μ) be a measure space, where X is a
locally compact Hausdorff space that has a countable basis and where μ is
a (nonnegative) measure that is finite for all compact sets in X. Then μ is a
regular Borel measure.

Proof. From the fact that second countability of X implies that there exists
a sequence {Fn : n = 1, . . .} of compact sets such that X =

⋃∞
n=1 Fn, Fn ⊆

Fn+1, and from Theorem 2.4.3d, it follows that

sup{μ(F ) : F ⊆ A, F compact} = sup{μ(F ) : F ⊆ A, F closed}

for any Borel set A ⊆ X . Consider the collection A of all the Borel sets
A ⊆ X for which

μ(A) = sup{μ(F ) : F ⊆ A, F closed} (7.29)

and
μ(A) = inf{μ(U) : A ⊆ U, U open}. (7.30)

From Proposition 7.3.1 and Theorem 2.4.3d, (7.29) is satisfied by all open
sets A. Since (7.30) is naturally satisfied by any open set, we conclude that
A contains all open sets.

It is also not difficult to see that A is closed under completions and under
countable unions, and so A = B(X). Regularity follows from this fact and
from the assumption that μ is finite on compact sets. ��
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Theorem 7.3.3. Uniqueness for RRT
Let (X,B(X)) be a measurable space, where X is a locally compact Hausdorff

space. Let μ and ν be two regular measures on X such that

∀ f ∈ Cc(X),
∫

X

f dμ =
∫

X

f dν.

Then μ = ν on B(X).

Proof. i. Fix a compact set K ⊆ X . By the regularity of μ and ν, there
exist collections {Uμn : n = 1, . . .} and {Uνn : n = 1, . . .} of open sets such that
μ(Uμ1 ), ν(Uν1 ) < ∞, K ⊆ Uμn , K ⊆ Uνn , n = 1, . . . , and μ(K) = limn→∞
μ(Uμn ) and ν(K) = limn→∞ ν(Uνn ). Define sets Un =

⋂n
j=1(Uμj ∩ Uνj ),

n = 1, . . . . Then, U1 ⊇ U2 ⊇ · · · ⊇ K, and μ(K) = limn→∞ μ(Un) and
ν(K) = limn→∞ ν(Un). By Urysohn’s lemma, for each n, let fn be a con-
tinuous nonnegative function supported in Un and equal to 1 on K such
that fn(x) ≤ 1 for all x ∈ X . We define a monotone sequence {gn}, where
gn = min(f1, . . . , fn), and observe that gn → �K pointwise μ-a.e. as n → ∞.
From the Levi–Lebesgue theorem (Theorem 3.3.6) and from our assumptions
on μ and ν, it follows that

μ(K) =
∫

X

�K dμ = lim
n→∞

∫

X

gn dμ = lim
n→∞

∫

X

gn dν =
∫

X

�K dν = ν(K).

ii. Since μ(K) = ν(K) for all compact sets, we also have that μ(U) = ν(U)
for all open sets in X , because of the regularity of μ and ν. Consequently, by
regularity again, we obtain μ(B) = ν(B) for all Borel sets. ��

Theorem 7.3.4. Equivalence of positive functionals and measures
Let (X,B(X)) be a measurable space, where X is a locally compact Hausdorff
space that has a countable basis. There is a bijection between positive linear
functionals on Cc(X) and (nonnegative) Borel measures that are finite on
compact subsets of X.

Proof. From Theorem 7.2.4 and Theorem 7.3.3 it follows that on any locally
compact Hausdorff space X there is a bijection between positive linear func-
tionals on Cc(X) and regular Borel measures on X .

If we assume additionally that X is second countable, then it follows from
Proposition 7.3.2 that any Borel measure that is finite on compact subsets of
X is regular, and the proof is complete. ��

Let X be a locally compact Hausdorff space. There is a Hausdorff locally
convex topology T on Cc(X) such that sequential convergence fn → f ,
{fn, f : n = 1, . . .} ⊆ Cc(X), is defined by the following properties:

i. ∃ K ⊆ X , compact, such that ∀ n = 1, . . . , supp fn ⊆ K,
ii. limn→∞ ‖fn − f‖∞ = 0;

e.g., [69], [242], [428]; cf. Example A.6.5. Further, for each compact setK ⊆ X
let Cc(K) = {f ∈ Cc(X) : supp f ⊆ K}. It turns out that T is characterized



7.3 Radon measures 339

by the property that a linear functional μ : Cc(X) → C is continuous if and
only if μ is continuous on each sup-normed space Cc(K). We shall not write
out the elements of T nor prove its characterization in terms of the spaces
Cc(K), K compact (but see [69], [242], [428]).

Definition 7.3.5. Radon measures
Let X be a locally compact Hausdorff space. Let T be the topology on Cc(X)
just described for sequential convergence. The space of continuous linear func-
tionals μ : Cc(X) → C is the space of Radon measures, and it is denoted by
C′(X). This notation indicates that the Radon measures form a special subset
of D′(X), the space of Schwartz distributions on X , e.g., [428] and Defini-
tion 7.5.2. We say that μ ∈ C′(X) is a positive Radon measure if μ(f) ≥ 0
whenever f ∈ C+

c (X).

Example 7.3.6. The sup norm and TTT topologies on Cc(R)Cc(R)Cc(R)
Let fn ∈ Cc(R) be defined by

fn(x) =

{
1
n , if |x| ≤ n,

0, if |x| > n+ 1,

and assume that for all x ∈ R, |f(x)| ≤ 1/n. Thus, ‖fn‖∞ → 0, whereas
fn �→ 0 in the topology of Cc(R).

Clearly, then, T is a finer topology than the usual sup norm topology on
Cc(X), and so Mb(X) ⊆ C′(X) since Cc(X) = C0(X), where the closure is
taken in the sup norm; cf. Appendix A.11. Since Mb(X) ⊆ C′(X), we refer
to Mb(X) as the space of bounded Radon measures. If we define a functional
μm by

∀ f ∈ Cc(R), μm(f) =
∫

R

f dm,

we see that μm ∈ C′(R) \Mb(R). Consequently, Lebesgue measure m is an
unbounded Radon measure. The following are other examples of unbounded
Radon measures.

Example 7.3.7. Unbounded Radon measures
a. Define

μ =
∞∑

n=−∞
anδn, (7.31)

where {an : n = 1, . . .} ⊆ C. δx was defined as a Borel measure in Exam-
ple 2.4.2; see Section 7.6.3. Clearly, μ ∈ C′(R). If we put a0 = 0 and an = 1/n
for n �= 0, and if we interpret the sum in (7.31) as

μ =
∞∑

n=1

1
n

(δn − δ−n),
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then μ ∈ C′(R) \Mb(R). To prove this, let fk have the form of the function
in Figure 7.1, where each triangle has height 1/ log(k). Then ‖fk‖∞ → 0,
whereas

μ(fk) ∼ 2, k → ∞.

Fig. 7.1. Unbounded Radon measures.

b. Note that if X is a compact Hausdorff space, then C′(X) = Mb(X).
On the other hand, if X = (−π, π), so that X is compact, we have C′(X) \
Mb(X) �= ∅. For example, define

∀ A ∈ B((−π, π)), μ(A) = m(tan(A)).

For positive linear functionals on Cc(X) we have the following theorem,
which does not require the functionals to be continuous, e.g., [69],
Chapitre III.1.5.

Theorem 7.3.8. Positive linear functionals are Radon measures
Let X be a locally compact Hausdorff space.

a. Let L : Cc(X) → C be a positive linear functional. Then, L is a positive
Radon measure μ, and, in particular, μ ∈ C′(X).

b. Let μ ∈ C′(X). There exist positive linear functionals {μi : i = 1, . . . , 4}
such that

μ = μ1 − μ2 + iμ3 − iμ4.

Proof. To prove part a, let K ⊆ X be compact and let g ∈ Cc(X) be a real-
valued function for which supp g ⊆ K. By Urysohn’s lemma (Theorem A.1.3),
let f ∈ Cc(X) have the properties that f(X) ⊆ [0, 1] and f = 1 on K. Thus,

−‖g‖∞f ≤ g ≤ ‖g‖∞f
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on X . By hypothesis,

−‖g‖∞L(f) ≤ L(g) ≤ ‖g‖∞L(f).

Hence
|L(g)| ≤ CK‖g‖∞ (CK = μ(f))

independent of g ∈ Cc(X) for which supp g ⊆ K. Consequently, L ∈ C′(X).
The proof of part b is more involved. In fact, part b is the Jordan decom-

position theorem; cf. Theorem 5.1.8. ��

Remark. Let us come back to the proof of Theorem 7.2.4 and discuss its
meaning in view of the following extension problem. Let μ ∈ C′(X). We wish
to find a large superspace Y ⊇ Cc(X) such that μ is defined on Y and the
canonical properties of integration theory hold. The extension from Cc(X) to
Y is the Lebesgue extension. This extension is closely related to the extension
of measures that has been described in Chapter 2.

Lebesgue’s approach is based on the following notions: f : X → R
∗ is

lower semicontinuous at x0 ∈ X if f(x0) = −∞ or

∀ ε > 0, ∃ V ⊆ X, an open set containing x0, such that ∀ x ∈ V,

f(x) > f(x0) − ε;

cf. the definition of a directed family. The notions of upper semicontinuity at
x0 ∈ X and lower and upper semicontinuity on X are defined in analogous
ways. Clearly, f : X → R is continuous at x if and only if it is both lower
and upper semicontinuous at x. Also, f : X → R

∗ is lower semicontinuous
on X if and only if

f = sup{g : real-valued g ≤ f, g ∈ Cc(X)}.

We let J+(X) denote the nonnegative elements of the class of lower semi-
continuous functions. Thus, a nonnegative function f : X → R

∗ has the
form

f = sup{g : g ≤ f, g ∈ C+
c (X)} (7.32)

if and only if f ∈ J+(X); cf. the definition of S(X) in Section 7.2.
The fundamental idea of Lebesgue, in terms of functional analysis, was

to complete Cc(X) in terms of a given μ ∈ C′(X), considered as a positive
linear functional on Cc(X), when the space Cc(X) has a suitable topology.
This completion is the Lebesgue extension, and we wish to compare it with
the method of proof of Theorem 7.2.4. In order to describe intuitively this
“suitable topology” (which turns out to be T ) on Cc(X), we note that

‖f‖μ = μ(|f |) (7.33)

defines a seminorm on Cc(X). (A seminorm has all the properties of a norm
except that ‖x‖ can be 0 for some nonzero x.) Because of (7.32) we define
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∀ f ∈ J+(X), μ∗(f) = sup{μ(g) : g ≤ f, g ∈ C+
c (X)}; (7.34)

cf. the definition of L̃ for a given positive linear functional L on Cc(X). Then,
for any nonnegative R

∗-valued function f on X , we set

μ∗(f) = inf{μ∗(g) : g ≥ f, g ∈ J+(X)}; (7.35)

cf. the definition of L∗ in Section 7.2. Equation (7.35) is well defined since
g = +∞ on X is in J+(X), and (7.34) and (7.35) are compatible for f ∈
J+(X). Thus, with an eye to (7.33), we let Fμ(X) be the set of R

∗-valued
functions f on X for which

‖f‖μ = μ∗(|f |) < ∞. (7.36)

Then Fμ(X) is a seminormed space and L1
μ(X), as defined in Definition 3.2.5,

is the closure of Cc(X) in Fμ(X). We note that μ has a unique continuous
linear extension to L1

μ(X), which we again designate by μ, and μ(f) is the
integral of f ∈ L1

μ(X).
We call L1

μ(X) the Lebesgue extension of μ ∈ C′(X). This process was
first accomplished by Lebesgue, when he extended integration theory from
the Riemann integrable functions on [a, b] to L1

m([a, b]).

7.4 Support and the approximation theorem

Let X be a locally compact Hausdorff space and let μ ∈ C′(X). We shall
define the support of μ, denoted by supp μ. Naturally we want the notion of
supp μ to extend that of supp f , where f ∈ Cc(X). To make this definition it
is necessary to use the following partition of unity result [69], Chapitre III.2.1.

Theorem 7.4.1. Construction of measures in terms of “local mea-
sures”
Let {Vα : α ∈ I} be an open covering of X and let μα ∈ C′(Vα), noting
that Vα is also locally compact. Assume that for each α and β and for each
f ∈ Cc(X), for which supp f ⊆ Vα ∩ Vβ, we have

μα(f) = μβ(f).

Then there is a unique μ ∈ C′(X) such that

∀ α ∈ I and ∀ f ∈ Cc(Vα), μ(f) = μα(f).

The following result is a consequence of Theorem 7.4.1; cf. Problem 3.41.

Corollary 7.4.2. Let {Vα : α ∈ I} be a family of open sets in X and let
μ ∈ C′(X). Assume that

∀ α ∈ I and ∀ f ∈ Cc(Vα), μ(f) = 0.
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Then

∀ f ∈ Cc

(
⋃

α∈I
Vα

)
, μ(f) = 0.

Definition 7.4.3. Support of μ ∈ C′(X)μ ∈ C′(X)μ ∈ C′(X)
a. Let X be a locally compact Hausdorff space. A Radon measure μ ∈ C′(X)
is zero on an open set V ⊆ X if

∀ f ∈ Cc(V ), μ(f) = 0.

(Cc(V ) = {f ∈ Cc(X) : supp f ⊆ V }.)
For a given μ ∈ C′(X), let V be the family of open sets Vα ⊆ X such that

μ is zero on Vα. Thus, if V =
⋃

{Vα : Vα ∈ V}, then, by Corollary 7.4.2, μ is
zero on V .

b. Hence we can define the support of μ ∈ C′(X), denoted by supp μ, as
the complement of the union of the open sets V ⊆ X for which μ is zero on
V . The set supp μ is the smallest closed set outside of which μ is zero, or,
equivalently, considering μ as a set function, supp μ is the smallest closed set
on which μ is concentrated.

Note that if supp f ∩ supp μ = ∅, where f ∈ Cc(X) and μ ∈ C′(X), then
μ(f) = 0. In fact, just take an open set V ⊇ supp f with V ⊆ (supp μ)∼, so
that μ is zero on V and hence μ(f) = 0. This does not tell us that if f = 0
on supp μ then μ(f) = 0. Nevertheless, such a result is true, as the following
theorem shows.

Theorem 7.4.4. Continuous f = 0f = 0f = 0 on supp μμμ implies μ(f) = 0μ(f) = 0μ(f) = 0
Let X be a locally compact Hausdorff space and let μ ∈ C ′(X). Assume that
f ∈ Cc(X) vanishes on supp μ. Then μ(f) = 0.

Proof. Let K = supp f , E = supp μ. By definition of the topology T on
Cc(X), there is MK > 0 such that for each g ∈ Cc(X) with supp g ⊆ K we
have

|μ(g)| < MK‖g‖∞.
Fix ε > 0. We shall show that |μ(f)| < ε. Let V = {x ∈ X : |f(x)| <
ε/(2MK)}. Then V is open since f is continuous, and E ⊆ V . Clearly, E∼

is an open set containing the closed set V ∼. By Urysohn’s lemma (Theo-
rem A.1.3), there is a continuous function h : X → [0, 1] such that h = 1 on
V ∼ and supp h ⊆ E∼. Note that E ∩ supp (fh) = ∅, and hence μ(fh) = 0.
Furthermore, f = fh on K ∩ V ∼ and |fh| ≤ |f | on X . Consequently, since
f = 0 on K∼,

‖f − fh‖∞ = sup
x∈V∩K

|f(x)(1 − h(x))| ≤ 2 sup
x∈V

|f(x)| ≤ ε

MK
.

Therefore, noting that supp (f − fh) ⊆ K,

|μ(f)| = |μ(f − fh)| < MK‖f − fh‖∞ < ε. ��
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Theorem 7.4.4 and the Hahn–Banach theorem are used to prove the
following approximation theorem.

Theorem 7.4.5. The density of finitely supported measures in C′(X)C′(X)C′(X)
Let X be a locally compact Hausdorff space and let μ ∈ C′(X). Set

Vμ = span {δx : x ∈ supp μ}.

Then μ is a weak* limit point of Vμ. (In terms of nets, mentioned but not
fully developed in the Remark after Theorem 3.3.7, this means that there is
a net {μα} ⊆ Vμ such that

∀ f ∈ Cc(X), lim
α

μα(f) = μ(f),

where each μα is a finite sum,

μα =
∑

x∈Fα

cx(α)δx, x ∈ supp μ and cx(α) ∈ C.)

Proof. We begin by noting that the dual of C′(X), taken with the weak*
topology σ(C′(X), Cc(X)), is Cc(X). See Theorem A.9.3, which is stated for
normed vector spaces but is true for any Hausdorff locally convex topological
vector space (LCTVS), of which Cc(X) with the topology T is an example.

Suppose μ does not belong to the weak* closure of Vμ. Then, by the
Hahn–Banach theorem (Appendix A.8) formulated for Hausdorff LCVTSs,
there is f ∈ Cc(X) such that μ(f) �= 0 and

∀ν ∈ Vμ, ν(f) = 0. (7.37)

However, (7.37) implies f = 0 on supp μ. Thus, μ(f) = 0 by Theorem 7.4.4.
This is the desired contradiction, and we can conclude that μ is a weak* limit
point of Vμ. ��

Remark. Clearly, Theorem 7.4.5 can be formulated for the pair C0(X),
Mb(X) instead of Cc(X), C′(X), respectively. In this case, Theorem A.9.3
is applied directly to the normed vector space C0(X). More important, the
elements of the net {μα} in the statement of Theorem 7.4.5 can be chosen to
have the property that

∀ α, ‖μα‖1 = ‖μ‖1;

see [69], Chapitre III, Section 2, number 4, pages 71–72.

Example 7.4.6. Finitely supported measures converging to μμμ
Consider the measurable space (R,B(R)) and take real-valued f ∈ BV (R).
Assume that f increases from 0 to 1 and define the corresponding measure
μf as in (5.24). In particular, μf (R) = 1. We write

fn(x) =
1
n

[nf(x)],
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where [y] is the largest integer less than or equal to y. Then fn is a monotone
step function. The measure μn, which corresponds to fn as in (5.24), has
finite support contained in supp μ and μn(f) → μ(f) for each f ∈ C0(R).

Also, for perspective, take

μ =
∑

γ∈D
aγδγ ,

∑

γ∈D
|aγ | < ∞,

where D is a countable dense subset of the Cantor set C ⊆ [0, 1]. Then μ is
concentrated on both C and D, whereas supp μ = C.

7.5 Distribution theory

The purpose of the theory of distributions is to provide a unified setting and
calculus for many of the objects arising in analysis. These objects include
the customary functions, viz., the elements of the space L1

loc(R) of locally
integrable functions. They also include impulses (Dirac measures), dipoles,
and other notions from the sciences whose role and mathematical identity
could not be assimilated by the “ordinary” calculus. A key feature of the
theory of distributions is that all of these objects can be differentiated in a
natural way inspired by the integration by parts formula. Further, some of
the important results from real analysis, allowing for switching of operations,
such as summation and differentiation, are true without hypotheses in the
case of distributions. At the same time we shall see the close connection of
distributions with the theory we have developed so far, especially with RRT.

Let C∞(R) be the vector space of infinitely differentiable functions f :
R → C, and let

C∞
c (R) = {f : f ∈ Cc(R) ∩ C∞(R)}.

Clearly, C∞
c (R) is a vector space. At this time it is also convenient to define

the space Cn(R) of n-times continuously differentiable functions f : R → C.

Example 7.5.1. C∞
c (R)C∞
c (R)C∞
c (R)

The space C∞
c (R) is not the trivial space {0}. This statement is not so absurd,

since there are no analytic functions in C∞
c (R). In fact, C∞

c (R) is an infinite-
dimensional space, so let us write down at least one element.

a. Let

φ(t) =

{
e1/t, if t < 0,
0, if t ≥ 0,

and define f(t) = cφ(|t|2 − 1). Clearly, f(t) = 0 if |t| ≥ 1, so that
supp f ⊆ [−1, 1]. The constant c is chosen so that

∫
f(t) dt = 1, and it

is a straightforward calculation to show that f is infinitely differentiable.
b. To generate other examples of elements of C∞

c (R), take any g ∈ L1
m(R)

having compact support. Then f ∗g ∈ C∞
c (R). To see this we must verify that
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supp f ∗ g is compact and that f ∗ g is infinitely differentiable. The first fact
is routine to prove, and the second involves checking conditions to switch the
operations of differentiation and integration; see, for example, Theorem 3.6.3
for conditions and [173], pages 72 and 93, for motivation.

Definition 7.5.2. Distributions on RRR

A linear functional,
T : C∞

c (R) → C,

f �→ T (f),

is a distribution or generalized function if limn→∞ T (fn) = 0 for every
sequence {fn : n = 1, . . .} ⊆ C∞

c (R) satisfying the following properties:
i. ∃ K ⊆ R, compact, such that ∀ n = 1, . . . , supp fn ⊆ K,
ii. ∀ k ≥ 0, limn→∞ ‖f (k)

n ‖∞ = 0.

The space of all distributions on R is denoted by D′(R), and it is clearly
a vector space over C. We denote the evaluation of T ∈ D′(R) at f ∈ C∞

c (R)
by T (f). If T1, T2 ∈ D′(R), we say that T1 equals T2 if

∀ f ∈ C∞
c (R), T1(f) = T2(f).

In particular, T = 0 if T (f) = 0 for all f ∈ C∞
c (R).

This notion of equality can be explained in functional-analytic terms.
Intuitively, however, the idea is clear: T (f) = 0 for all f in the domain
C∞
c (R) of T implies that T is the 0-distribution, just as g(t) = 0 for all t ∈ R

implies g is the 0-function.

Example 7.5.3. L1
loc(R) ⊆ D′(R)L1
loc(R) ⊆ D′(R)L1
loc(R) ⊆ D′(R)

a. Let g ∈ L1
loc(R) and let the functional Tg : C∞

c (R) → C be defined by

∀ f ∈ C∞
c (R), Tg(f) =

∫
f(x)g(x) dx.

If there is no confusion we sometimes write g(f) instead of Tg(f). It is easy
to check that Tg ∈ D′(R), and the mapping,

L1
loc(R) → D′(R),

g �→ Tg,

allows us to identify L1
loc(R) with a subspace of D′(R).

To see this, we must show that this mapping is injective, i.e., that if Tg = 0
in D′(R), then g = 0 m-a.e., where g ∈ L1

loc(R). By defnition, Tg = 0 implies
that Tg(f) = 0 for all f ∈ C∞

c (R). This, in turn, implies that Tg(f) = 0 for
all bounded, measurable, compactly supported functions f . Next, fix R > 0
and set f(x) = 0 if |x| > R or if g(x) = 0. Otherwise, set f(x) = eiθ(x), where
g(x) = |g(x)|e−iθ(x). This yields



7.5 Distribution theory 347

∫

R

fg dm =
∫ R

−R
|g| dm = 0,

and, consequently, g = 0 m-a.e. on [−R,R]. Since R is arbitrary, g = 0 m-a.e.
b. The Dirac measure δ, also called the Dirac δ function, is a mapping

from C∞
c (R) to C defined as

δ(f) = f(0).

It is also a distribution, and we hasten to point out that it is not an element of
L1

loc(R) in the sense of part a. In light of the previous sections in this chapter
and Example 2.4.2b, note that δ is a Borel measure on (R,A), B(R) ⊆ A,
defined by δ(A) = 0 if 0 /∈ A and δ(A) = 1 if 0 ∈ A, A ∈ A.

Remark. Laurent Schwartz received the Fields medal in 1950 for
developing the theory of distributions. His classic book is Théorie des Distri-
butions [426], [428]. The first edition was published in two volumes in 1950
and 1951. These volumes are a compendium of diverse accomplishments, a
unification of technologies, an original formulation of ideas both new and old,
and a research manual leading to new mathematics and applications.

Two other monumental contributions are Israel M. Gelfand and
Shilov’s Generalized Functions [191], and Lars V. Hörmander’s The
Analysis of Linear Partial Differential Equations [241]. Schwartz himself
wrote an exquisite chapter on distributions and partial differential equations
in [427].

The origins of distribution theory are based in the operational calcu-
lus from engineering and the concepts of “turbulent” and “weak” solutions
of partial differential equations from physics. Schwartz’ Introduction and
Gelfand and Shilov’s bibliographic notes give a significant scientific
overview. For an overview that is personal, expository, nontechnical, historical,
and authoritative, one can do no better than Schwartz’ autobiography [429],
Chapter VI; cf. the obituary in the Notices of the Amer. Math. Soc., 50 (2003),
1072–1084.

A great number of books have been written on the theory of distributions,
with a panorama from presentations of pure topological vector spaces [242]
to applications in optics and supersonic wing theory [131]; see [39], Chap-
ter 2, [426], and [457] for workaday theoretically sound presentations at three
different levels.

The duality between the small space C∞
c (R) and the large space D′(R),

allowing us to define so many objects T ∈ D′(R), can be coupled with the
integration by parts formula, see Theorem 4.6.3, to provide a definition of
the distributional derivative of T . Let f ∈ C∞

c (R) and let g be sufficiently
smooth, e.g., let g ∈ C1(R), the space of continuously differentiable functions
on R. Then ∫

R

g′(x)f(x) dx = −
∫

R

g(x)f ′(x) dx. (7.38)
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By Theorem 4.6.3, we could even have taken g to be locally absolutely con-
tinuous on R. The integration by parts formula in (7.38) is the distributional
“duality formula”,

∀ f ∈ C∞
c (R), g′(f) = −g(f ′). (7.39)

Since the right side of (7.39) is well defined when g is replaced by T ∈ D′(R),
we are motivated to make the following definition.

Definition 7.5.4. Differentiation of distributions
The distributional derivative D(T ) of T ∈ D′(R) is defined by the formula,

∀ f ∈ C∞
c (R), D(T )(f) = −T (f ′). (7.40)

To establish the viability of (7.40) as an effective definition of the notion of
derivative we must prove that for any T ∈ D′(R) we also have D(T ) ∈ D′(R)
and, moreover, that

∀ g, locally absolutely continuous on R, D(Tg) = Tg′ , (7.41)

where g′ denotes the ordinary pointwise derivative of g. The verification of
(7.41) and the fact that D(T ) ∈ D′(R) are routine calculations.

For each T ∈ D′(R) we define Dn(T ), the nth distributional derivative of
T , as the distribution defined by the formula,

∀ f ∈ C∞
c (R), Dn(T )(f) = (−1)nT (f (n)).

In general, we cannot expect (7.41) to hold for arbitrary elements g ∈
L1

loc(R), even though Tg is a well-defined distribution. In fact, if g is infi-
nitely differentiable on R \ {x0} in the ordinary pointwise sense and if g′ is
the ordinary pointwise derivative of g defined everywhere except at x0, then,
in general, D(Tg) and Tg′ are distributions, but D(Tg) �= Tg′ , e.g., Exam-
ple 7.5.5.

Example 7.5.5. H ′ = δH ′ = δH ′ = δ
H = �[0,∞) is the Heaviside function. The ordinary pointwise derivative H ′

of H exists and takes the value 0 on R \ {0}. Thus, H ′ ∈ L1
loc(R) and H ′ is

the 0 distribution.
On the other hand, the distributional derivative D(H) is evaluated as

follows. Choose f ∈ C∞
c (R) and compute

D(H)(f) = −H(f ′) = −
∫ ∞

0

f ′(x) dx = f(0) = δ(f).

Since D(H)(f) = δ(f) for all f ∈ C∞
c (R), we can conclude that

D(H) = δ �= 0.
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It turns out that the space of distributions D′(R) is sometimes too large
to define naturally the Fourier transform of each of its elements. As such, we
shall introduce an important subspace of D′(R) in Definition 7.5.7.

Definition 7.5.6. The Schwartz space
a. An infinitely differentiable function f : R → C is an element of the
Schwartz space S(R) if

∀ n ∈ N, ‖f‖(n) = sup
0≤j≤n

sup
x∈R

(1 + |x|2)n
∣∣∣f (j)(x)

∣∣∣ < ∞.

b. An important example of a Schwartz function is a Gaussian, g(x) =
e−x

2
. We also note that

C∞
c (R) ⊆ S(R) ⊆ L1(R) ∩ L2(R).

c. The space S(R) is given a metrizable topology (see Example 7.5.9),
where convergence of a sequence {fn : n = 1, . . .} ⊆ S(R) to 0 ∈ S(R) is
defined as follows:

∀ k,m ≥ 0, lim
n→∞ ‖xmf (k)

n (x)‖∞ = 0. (7.42)

Definition 7.5.7. Tempered distributions
A linear functional,

T : S(R) → C,

f �→ T (f),

is a tempered distribution if limn→∞ T (fn) = 0 for every sequence {fn : n =
1, . . .} ⊆ S(R) converging to 0 in the sense of Definition 7.5.6c.

The space of all tempered distributions on R is denoted by S′(R).

Example 7.5.8. C∞
c (R)C∞
c (R)C∞
c (R) and S(R)S(R)S(R)

a. We observe that if {fn : n = 1, . . .} ⊆ C∞
c (R) and “fn → 0” in the

sense of Definition 7.5.2, then “fn → 0” in the sense of (7.42). In fact, from
Definition 7.5.2i, there exists a compact set K ⊆ R such that for all n and
k, supp f

(k)
n ⊆ K; and so there exists 0 ≤ C < ∞ such that for all x ∈ K,

|xm| ≤ Cm. Thus, we need to show only that limn→∞ ‖f (k)
n (x)‖∞ = 0, which,

in turn, follows from Definition 7.5.2ii. Therefore, the mapping

C∞
c (R) → S(R),

f �→ f,

is continuous.
b. Moreover,

C∞
c (R) = S(R). (7.43)

To prove (7.43), for any function f ∈ S(R), we need to find a sequence {fn :
n = 1, . . .} ⊆ C∞

c (R) such that “fn − f → 0” in the sense of (7.42). To this
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end, let g ∈ C∞
c (R) be a function for which g(x) = g(−x), supp g = [−1, 1],

and g(0) = 1. Then, for any n = 1, . . . , let fn be defined as

fn(x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

f(x), if x ∈ [−n, n],
0, if x ∈ (−∞,−n− 1] ∪ [n+ 1,∞),
f(x)g(x− n), if x ∈ [n, n+ 1],
f(x)g(x+ n), if x ∈ [−n− 1,−n].

Clearly, fn ∈ C∞
c (R), and the verification that “fn − f → 0” in the sense of

(7.42) follows with the help of the Leibniz formula.

Combining Example 7.5.8 with the embedding theorem (Theorem A.11.2)
in Appendix A.11, we obtain

S′(R) ⊆ D′(R).

Example 7.5.9. Metrizability of S(R)S(R)S(R)
Let ρ : S(R) × S(R) → R

+ be the function defined as

∀ f, g ∈ S(R), ρ(f, g) =
∞∑

n=0

1
2n

‖f − g‖(n)

1 + ‖f − g‖(n)
.

It is not difficult to verify that “fn → 0” in the sense of (7.42) if and only if

lim
n→∞ ρ(fn, 0) = 0.

We shall now combine the notions introduced in Section 3.5 and Section 4.1
with distributions to reformulate RRT in a tantalizing manner, especially as
regards generalization.

Remark. As a preliminary motivation we let F ∈ BVloc(R) be real-valued
and right continuous, and we define two distributions, TF and SF , associated
with F as follows:

∀ f ∈ C∞
c (R), TF (f) =

∫

R

f(x)F (x) dx, (7.44)

and
∀ f ∈ C∞

c (R), SF (f) =
∫

R

f(x) dF (x). (7.45)

Since BVloc(R) ⊆ L1
loc(R), TF is a distribution as defined in Example 7.5.3.

On the other hand, in view of Theorem 5.4.1, the real-valued right-
continuous elements of BVloc(R) define signed Lebesgue–Stieltjes measures,
which, in fact, are signed regular Borel measures on R. Clearly, the functions
in C∞

c (R) are integrable with respect to all such measures, and so (7.45) is
well defined.
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Next, we use the integration by parts formula for Lebesgue–Stieltjes
integrals, e.g., Problem 4.51, to derive the connection between SF and TF in
(7.46). Indeed,

∀ f ∈ C∞
c (R),

∫

R

f(x) dF (x) = −
∫

R

f ′(x)F (x) dx,

can be rewritten as
SF = D(TF ) = D(F ). (7.46)

Theorem 7.5.10. RRT in terms of distributions
(C0(R))′ = {D(F ) ∈ D′(R) : F ∈ BV (R) and F is right continuous},
i.e., Mb(R) is the space of all distributions T for which there exists right-
continuous F ∈ BV (R) such that D(F ) = T .

Proof. The RRT, Theorem 7.2.7, tells us that (C0(R))′ and Mb(R) are iso-
metrically isomorphic.

Let F ∈ BV (R) be right continuous. In order to prove that D(F ) ∈
(C0(R))′, we begin by writing F = Fr + iFi, where Fr, Fi ∈ BV (R) are
real-valued. We apply Theorem 5.4.1, which was formulated for real-valued
functions (Fr and Fi), and we combine real and imaginary parts of the conclu-
sion to form a complex regular Borel measure μF corresponding to F . From
the discussion preceding the statement of Theorem 7.5.10, we can identify
D(F ) with a Lebesgue–Stieltjes integral. Moreover, the functional defined by
this integral is bounded in sup norm, since |μF |(R) < ∞; see Theorem 5.1.12
and Problem 5.24. Because of this and the density of Cc(R) in C0(R), we can
extend the functional, and hence D(F ), to a bounded linear functional on
C0(R), i.e., D(F ) ∈ (C0(R))′.

Conversely, to show that each μ ∈ Mb(R) can be represented by the
distributional derivative of a function F ∈ BV (R), we take the Jordan
decomposition of μ ∈ Mb(R), which we write as μ = μ1 − μ2 + iμ3 − iμ4.
From Theorem 5.1.12 and Problem 5.24 we deduce that μ ∈ Mb(R) if and
only if μi ∈ Mb(R), i = 1, . . . , 4. Moreover, μ is a complex measure if and
only if each μi, i = 1, . . . , 4, is a bounded measure. By Theorem 4.1.9, for
each μi we can associate a right-continuous increasing function Fi ∈ BV (R).
It follows from Theorem 4.1.2a that F = F1 − F2 + iF3 − iF4 ∈ BV (R), and
it is right continuous. Furthermore, μ = μF in the notation of (5.24).

Then, on the one hand, we have

∀ f ∈ Cc(R), D(F )(f) =
∫
f dμF ,

and, on the other, we have

∀ f ∈ C0(R), μF (f) =
∫
f dμF .

Thus, these two functionals agree on Cc(R), and since they are both contin-
uous in sup norm, D(F ) extends to μF on C0(R). ��
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Remark. From Theorem 7.5.10 we see how RRT has evolved from a theo-
rem (Theorem 7.1.1), associating certain linear functionals with elements
of BV (R) by means of the Riemann–Stieltjes integral, to the definition of
integral in terms of such functionals, e.g., [69].

For perspective with Theorem 7.5.10 we record the following d-dimensional
result due to Horváth [243].

Theorem 7.5.11. μ = D1D2 · · ·Dd(f)μ = D1D2 · · ·Dd(f)μ = D1D2 · · ·Dd(f)
Let μ ∈ Mb(Rd), d > 1. Then there is f ∈ L∞

loc(R
d) such that μ =

D1D2 · · ·Dd(f), where Dj is the distributional derivative in the direction of
the jth coordinate.

This result is not fine enough to relate bounded variation in R
d with

μ ∈ Mb(Rd); see Chapter 8.
We say that T ∈ D′(R) is a positive distribution if T (f) ≥ 0 whenever

f ∈ C∞
c (R) is nonnegative on R. Besides the fact that there is a natural

embedding C′(R) ⊆ D′(R), the following result establishes a fundamental
property of positive distributions.

Theorem 7.5.12. Positive distributions as positive Radon measures
If T ∈ D′(R) is a positive distribution, then T is a positive Radon measure.

Proof. i. We first prove that T ∈ C′(R). Let K ⊆ R be compact and let
{fn} ⊆ C∞

c (R) have the property that supp fn ⊆ K and ‖fn‖∞ → 0. It is
sufficient to show that T (fn) → 0.

Let f ∈ C∞
c (R) be nonnegative on R and assume f ≥ 1 on K. Then there

is a positive sequence {εn} such that εn → 0 and

∀ x ∈ R and ∀ n = 1, . . . , |fn(x)| < εnf(x).

We write fn = gn + ihn, where gn, hn ∈ C∞
c (R) are real-valued. Further,

∀ x ∈ R and ∀ n = 1, . . . , −εnf(x) ≤ gn(x) ≤ εnf(x)

and − εnf(x) ≤ hn(x) ≤ εnf(x).

Since T is a positive distribution, we have

∀ n = 1, . . . , −εnT (f) ≤ T (gn) ≤ εnT (f)

and − εnT (f) ≤ T (hn) ≤ εnT (f).

Consequently, |T (fn)| ≤ 2εnT (f) for each n, and so T ∈ C′(R).
ii. Now we must prove that T ∈ C′(R) is a positive Radon measure know-

ing that T (f) ≥ 0 for every nonnegative f ∈ C∞
c (R). Let g ∈ C+

c (R). We can
choose {gn} ⊆ C∞

c (R) such that each gn ≥ 0, each supp gn ⊆ [−1, 1], and
‖g∗gn−g‖∞ → 0; see Example 7.5.1 and Definition B.3.2; cf. [428], Chapitre I,
Théorème I. Noting that each g ∗ gn ∈ C∞

c (R), each g ∗ gn is nonnegative on
R, and supp g ∗ gn is contained in a fixed compact set independent of n, we
obtain T (g ∗ gn) ≥ 0 and T (g ∗ gn) → T (g). Thus, T (g) ≥ 0, and so T is a
positive Radon measure. ��
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7.6 Potpourri and titillation

1. The first distributional derivative of δ, D(δ), is the dipole at the origin,
and the distributions Dn(δ), n ≥ 1, are the multipoles that arise in several
important applications. For example, in fluid mechanics, a dipole is the limi-
ting case in fluid flow of a source and a sink of equal strength approaching
each other under the constraint that the product of the distance between
them and their strength is constant.

To quantify the fact that multipoles arise in applications, let us con-
sider the case of electromagnetism and the potential due to point charges
q1, . . . , qn at v1, . . . , vn ∈ R

3. Then the electric field F : R
3 → R

3 due to
these charges can be formulated in terms of Charles A. Coulomb’s law
and linear superposition. For conservative fields there is a potential function
V : R

3 → R whose gradient is F . In the case the charges are close to the
origin and r = |x| is much larger than any |vj |, then V (x) is of the form

V (x) = c

⎧
⎨

⎩
1
r

n∑

j=1

qj +
1
r2

⎡

⎣x1

r

n∑

j=1

qjv
1
j +

x2

r

n∑

j=1

qjv
2
j +

x3

r

n∑

j=1

qjv
3
j

⎤

⎦+ . . .

⎫
⎬

⎭ ,

where x = (x1, x2, x3) and vj = (v1
j , v

2
j , v

3
j ). Here the first sum,

∑n
j=1 qj , is the

total charge or monopole moment of the charge distribution. The next three
sums are components of the dipole moment, and we have omitted writing the
remaining multipole moments.

Consider the particular example of two charges on the x-axis, viz., q at
ε/2 and −q at −ε/2. The monopole moment vanishes, and the dipole moment
is q(ε). If q = q(ε) = −1/ε, then it is natural to formulate the notion of the
dipole of moment 1 at the origin to be

− lim
ε→0

1
ε

(δε/2 − δ−ε/2),

which, in turn, is D(δ).
It should be pointed out that Schwartz chose the name “distribution”

because “if μ is a measure, i.e., a particular kind of distribution, it can be
considered as a distribution of electric charges in the universe” [429], page 238.
So, besides being a generalization of the notion of function, it is also “a
generalization of the notion of the distribution of electric charges”, e.g., the
aforementioned multipoles. The total charge of a distribution is T (1), and so
the charge of a dipole is zero.

The classical notions of potential and moments that guided Schwartz

have twenty-first-century progeny including fast multipole methods in scien-
tific computation [205], [245], [207], applications dealing with the Schrödinger
equation and function spaces, e.g., [359], and frame potentials [44], which have
a variety of applications including modeling for Internet erasure problems.
Frame potentials are used to characterize finite unit norm tight frames; see
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Appendix A.14. This concept was inspired by examples of Zimmermann [522]
and Götz Pfander (oral communication).

2. The spectral synthesis problem for L1 was an important force in
harmonic analysis in the middle half of the twentieth-century. It leaves a
legacy of deep, open, creative problems awaiting new technologies. We shall
describe a facet of the spectral synthesis problem appropriate to the setting of
Theorem 7.4.4 and to a distributional calculation; see [33], [271], [269], [276].

The space A(R̂) of absolutely convergent Fourier transforms F = f̂ ,
developed in Appendix B, is a Banach algebra under pointwise multiplication
with Banach space norm ‖F‖A = ‖f‖1. The dual space A′(R̂) of A(R̂) is the
space of pseudomeasures. We have the inclusions

Mb(R̂) ⊆ A′(R̂) ⊆ S′(R̂).

The Banach space A′(R̂) is a Banach algebra under convolution, and
Mb(R̂) is a proper subalgebra. For each closed set E ⊆ R̂, let A′(E) be those
elements T ∈ A′(R̂) with support contained in E, and let A′

S(E) be those
elements T ∈ A′(E) such that T (F ) = 0 for all F ∈ A(R̂) vanishing on E.
We call E a spectral synthesis set, or S-set, if A′(E) = A′

S(E).
The goal is to characterize all S-sets. By Theorem 7.4.4, we know that

if T ∈ A′(E) is an element of Mb(R̂) and if F ∈ A(R̂) vanishes on E, then
T (F ) = 0; cf. [242], pages 342–343, for the annihilation property T (F ) = 0
for various test functions and subspaces of distributions. Question: Can some
elements of A′(R̂) \ Mb(R̂) have nonannihilation properties, i.e., are there
non-S-sets? Answer: Yes!

Arne Beurling originally explicitly posed the spectral synthesis prob-
lem, but one could argue that it was “in the air”, whether because of
Wiener’s work in harmonic analysis or potential theory. In fact, Wiener’s
Tauberian theorem (1930), which preceded Beurling, can be interpreted as
the assertion that the empty set is an S-set. This result was extended sig-
nificantly by Vitalii A. Ditkin, Shilov, Irving Kaplansky, Segal, and
Henry Helson, and their general Wiener theorem tells us, in particular,
that if E is closed and has a countable boundary then E is an S-set. Using
a different idea, Carl Herz (1958) proved that the Cantor set is an S-set.
See Problem 5.8 for one version of Wiener’s Tauberian theorem.

In the other direction, Schwartz (1948) showed that the surface Sd−1

of the unit sphere in R
d, d ≥ 3, is a non-S-set; and Paul Malliavin (1959)

proved that every nondiscrete locally compact abelian group has non-S-sets.
Schwartz’ proof that Sd−1 ⊆ R

d is a non-S-set fits in naturally with
the material of Section 7.4 in the following way. Let μ ∈ Mb(Rd) be the unit
mass, uniformly distributed over Sd−1, i.e., let μ be surface measure on Sd−1.
(Surface measures are defined in Chapters 8 and 9.) Schwartz considered
T = D1(μ), the distributional derivative of μ in the “x-direction”. He proved
that T ∈ A′(Sd−1), which comes down to proving that the Fourier transform
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of T is an element of L∞
md(Rd). This conclusion is valid only for d ≥ 3. He then

constructed F ∈ A(R̂d), vanishing on Sd−1, for which T (F ) �= 0; cf. Theo-
rem 7.4.4. Thus, T /∈ A′

S(Sd−1), and Schwartz’ result follows. Schwartz’
proof is eminently readable [425]. Details are also provided in many places,
e.g., [33], pages 185–186, [233], volume II, pages 533–537, [404], pages 165–
166. One of the interesting consequences of Schwartz’ counterexample is
Nicholas Varopoulos’ observation [481] (1967–1968) that primary ideals
are not necessarily maximal ideals in the Banach algebra of radial functions
on R

d, d ≥ 3; cf. [384], as well as Warner’s result [496] for the fascinating
union problem.

The spectral synthesis problem is inspiring, and we refer to [33] for
extensive perspective and “relevance”, ranging from the most profound
notions of harmonic analysis to the Nullstellensatz in algebraic geometry,
to number theory and geometry and applicable mathematics.

3. In the Remark after Example 5.5.6, we mentioned the notion of a
causal system. We shall examine causality further in the context of saying
more about convolution.

Formally, motivated by the definition of convolution in L1
m(R), we define

the convolution S ∗ T of S, T ∈ D′(R) by

∀ f ∈ C∞
c (R), (S ∗ T )(f) = T (u) (S(v)(f(u + v))) , (7.47)

where, although T is not necessarily a point function on R, we write T (u)
to indicate its dependence on the u variable. Statement (7.47) is not well
defined for all S, T ∈ D′(R), and we refer to [428], Chapitre VI, and [242],
pages 382–388, for the most useful criteria for the existence of distributional
convolution. If we define the Dirac measure δx at x ∈ R by

∀ f ∈ C∞
c (R), δx(f) = f(x),

which is compatible with Example 2.4.2b, then it is natural to define the
translation of T ∈ D′(R) by x ∈ R as

τx(T ) = δx ∗ T.

Let X be a linear subspace of S′(R) with the properties that δ ∈ X
and τx(T ) ∈ X for each T ∈ X and x ∈ R. A linear translation-invariant
(LTI) system is a linear function L : X → X . The impulse response of L
is L(δ) = h ∈ X . The filter (or frequency response or transfer function)
corresponding to L is ĥ. An LTI system L is causal if, whenever x0 ∈ R

and T ∈ X vanishes on (−∞, x0), then L(T ) vanishes on (−∞, x0). We first
discussed causal systems in the Remark after Example 5.5.6.

Adjusting the previous setup, let L : C∞
c (R) → D′(R) be a causal LTI

system, without necessarily assuming continuity of L. Then there is a unique
distribution (impulse response) h ∈ D′(R) such that L(f) = h ∗ f for all
f ∈ C∞

c (R), e.g., [4] and [428], pages 197–198.
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4. The most celebrated problem in analytic number theory is to settle the
question of the validity of the Riemann hypothesis.

The Riemann zeta function ζ(s) is defined as

ζ(s) =
∞∑

n=1

1
ns
, Re (s) > 1,

and it has an analytic continuation, whereby it is analytic on C\{1} and has
a simple pole at s = 1. The Riemann hypothesis is the statement that the
complex zeros of ζ(s) all have real part equal to 1/2, e.g., [154], [470], [251].

The Weil distribution W ∈ D′(R) is defined as

∀ f ∈ C∞
c (R), W (f) =

∑

ρ

Φf (ρ),

where ζ(ρ) = 0 for 0 ≤ Re (ρ) ≤ 1, and where

Φf (s) =
∫

R

f(t)e(s−
1
2 )t dt.

This integral is the bilateral Laplace transform of f(t)e−t/2. Tempered distri-
butions arise in the following result: The Riemann hypothesis is valid if and
only if W ∈ S′(R) [34], [265], page 6.

The Riemann hypothesis can be considered a strong form of the prime
number theorem; and Wiener’s Tauberian theorem, already mentioned with
regard to spectral synthesis, is an indispensable tool in this type of analysis,
e.g., [33], Section 2.3.

5. Let (R,B(R), p) be a probability space. The function F : R → [0, 1]
defined by

∀ x ∈ R, F (x) = p ({t ∈ R : −∞ < t ≤ x}) (7.48)

is the distribution function of p. It is easy to see that F satisfies the following
conditions:

i. F is increasing on R;
ii. F is right continuous on R;
iii. limx→−∞ F (x) = 0 and limx→∞ F (x) = 1.
Conversely, it is straightforward to prove that if a function F : R → [0, 1]

satisfies conditions i, ii, iii, then there exists a unique probability measure
p : B(R) → R

+ related to F by (7.48). In fact, to construct p we first define
the algebra consisting of all finite unions of half-open intervals (a, b], −∞ ≤
a < b ≤ ∞, and set

p((a, b]) = F (b) − F (a).

The remainder of the proof is routine; cf. Example 2.3.10 and Section 3.5.
The wonderful fact is that probability spaces (R,B(R), p) and correspond-

ing distribution functions are characterized by the Schwartz distributional
formula,
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D(F ) = p; (7.49)

for example, let p be the Cantor–Lebesgue continuous measure μE and let
F be the associated Cantor function CE , for a given perfect symmetric
set E ⊆ [0, 1] (Example 4.2.4). Equation (7.49) is a special case of Theo-
rem 7.5.10. (Unfortunately, the words “distribution” and “distributional”
have two different meanings in this description.)

Notwithstanding the spectacular structural beauty of Theorem 7.5.10, we
note again, as we did in the Preface, that there are inherent limitations.
In fact, in order to formulate probability theory at the level of Brownian
motion and measures on infinite-dimensional spaces such as C([0, 1]), Radon
measure theory for locally compact Hausdorff spaces is inadequate; see [429],
pages 163–165.

6. To complete our appetizer on probability theory, suppose we are given
a probability space (R,B(R), p) and a random variable f : (R,B(R), p) → R.
The cumulative distribution function Ff defined on f(R) is given by

∀ t ∈ R, Ff (t) =
∫
�S(t)(x) dp(x),

where integration is over the probability space (R,B(R), p) and

S(t) = {x ∈ R : p(x) ≤ t};

Ff : R → [0, 1] is increasing. We have Figure 7.2, where D(F ) = p.

R
F−−−−−→ [0, 1]

f

�
�
�

R
Ff−−−−−→ [0, 1]

Fig. 7.2. Distribution functions.

We note that D(Ff ) is a probability measure on R containing the range of
f . We say that f has a probability density function gf if D(Ff ) = gf ∈ L1

m(R),
i.e., g is the probability density function of a random variable f if g ≥ 0,∫

R
f = 1, and Ff can be written as

Ff (t) =
∫ t

−∞
g.





8 Lebesgue Differentiation Theorem on R
dR
d

R
d

8.1 Introduction

In Chapter 4, we saw that FTC–I (Theorem 4.4.3) depends essentially on the
Lebesgue differentiation theorem (Theorem 4.3.2), which gives the existence
and integrability of f ′ for f ∈ BV ([a, b]). Because of this dependence, and
because of the setting in this chapter, we shall use the appellation Lebesgue
differentiation theorem to designate expressions of the form,

lim
j→∞

1
μ(Aj)

∫

Aj

f dμ = f(x),

where {Aj} decreases to x in some prescribed way. In Definition 5.3.4, we
saw that R–N can be viewed as a generalization of FTC. We now unfold more
deeply the intimate relationship between FTC, R–N, and the Lebesgue differ-
entiation theorem. This process, although natural at the level of comparing
the ideas that are at the heart of these theorems, requires some sophisticated
technology.

Our setting for this chapter is usually that of a Borel measure space on
R
d, although some of the results can be extended to general measure spaces.

We first prove the Lebesgue differentiation theorem on R
d (Theorem 8.2.4)

by means of an elementary generalization to R
d (Theorem 8.2.1) of the Vitali

covering lemma for R (Theorem 4.3.1), combined with the Hardy–Littlewood
lemma (Theorem 8.2.3). We then extend and refine Vitali’s covering ideas to
give a conceptually different proof of the Lebesgue differentiation theorem on
R
d (Theorems 8.4.6 and 8.4.7) by means of the Besicovitch covering theorem

(Theorems 8.3.2 and 8.3.3). It is this latter approach that establishes the
connection with R–N and allows us to differentiate one measure with respect
to another (Theorem 8.4.4).

Generalizations of FTC–II (Theorem 4.5.5) to R
d, e.g., Theorem 8.5.6,

as related to Euclidean notions of bounded variation (Section 8.5) originally
arising in the Lebesgue differentiation theorem on R, are based on classical
FTC formulas on R

d. These FTC formulas equate the integral of a derivative
of a function defined on a region A with the integral of the function itself over
the boundary of A. They are rooted in the analysis of physical phenomena.

Example 8.1.1 gives some FTC formulas on R
3 from the nineteenth cen-

tury. Hypotheses for the validity of the formulas are not given.
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Example 8.1.1. FTC formulas on R
3R
3

R
3

a. Green–Ostrogradsky formula:
∫∫∫

A

UΔ(V ) dx dy dz +
∫∫

S

U
∂V

∂n
dσ

=
∫∫∫

A

V Δ(U) dx dy dz +
∫∫

S

V
∂U

∂n
dσ,

(8.1)

where A ⊆ R
3 and S = ∂(A) is the boundary of A, where U, V : R

3 → R,
where

Δ(V ) =
∂2V

∂x2
+
∂2V

∂y2
+
∂2V

∂z2

is the Laplacian of V , where σ represents surface measure (Section 8.7), and
where n denotes the normal to S.

b. Gauss–Ostrogradsky formula:
∫∫∫

A

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dx dy dz

=
∫∫

S

(P cos(λ) +Q cos(μ) +R cos(ν)) dσ,
(8.2)

where P,Q,R : R
3 → R. If F = (P,Q,R) : R

3 → R
3 is the corresponding

vector field, then the vector formulation of (8.2) is
∫∫∫

A

∇ · F dxdy dz =
∫∫∫

A

div (F ) dx dy dz =
∫∫

S

F · n dσ, (8.3)

where ∇ is the gradient operator and div(F ) denotes F · ∇.
c. Stokes formula:
∫∫

S

(
λ

(
∂R

∂y
− ∂Q

∂z

)
+ μ

(
∂P

∂z
− ∂R

∂x

)
+ ν

(
∂Q

∂x
− ∂P

∂y

))
dσ

=
∫

C

(
P
∂x

∂s
+Q

∂y

∂s
+R

∂z

∂s

)
ds,

(8.4)

where C = ∂(S) is the curve bounding the surface S and where the notation
for the parametrization r : R → R

3 of C is s �→ (x(s), y(s), z(s)). The vector
formulation of (8.4) is

∫∫

S

curl (F ) · n dσ =
∫

C

F · dr, (8.5)

where

curl (F ) = ∇ × F =
(
∂R

∂y
− ∂Q

∂z

)
i+
(
∂P

∂z
− ∂R

∂x

)
j +

(
∂Q

∂x
− ∂P

∂y

)
k,

where “×” is the cross product, and where i, j, k are the unit vectors on the
x, y, z-axes.
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Remark. George F. Green was a baker and a self taught scientist.
In 1828, at the age of 35, he published “An Essay on the Application of
Mathematical Analysis to the Theories of Electricity and Magnetism” [204].
In Section 3 of this paper he proved the integration by parts formula (8.1).

Equation (8.1) allowed Green to justify calculations of Laplace and
Denis Poisson. It was proved independently by Mikhail V.

Ostrogradsky in 1831. The potential equation Δ(V ) = 0 arises naturally
in this context; and it was Green who introduced the term potential in its
current usage.

If V (x, y, z, t) denotes the temperature at a point (x, y, z) ∈ R
3 within a

solid A at time t, then

kΔ(V ) =
∂

∂t
V

is an elementary form of the heat or diffusion equation and k is the so-called
thermal diffusivity of the material A. In order to analyze the heat equation,
Ostrogradsky (1831) made use of (8.2). Equations (8.2) and (8.3) are the
classical divergence theorem. Ostrogradsky announced his version (8.2) as
early as 1826. See Theorem 8.5.6 for a twentieth-century update.

Sir George Gabriel Stokes’ formula (8.4) was first stated by Sir

William Thomson (Lord Kelvin) in 1850 in a letter to Stokes. In fact,
(8.4) was “published” by Stokes as an examination question for the Smith
Prize at Cambridge in 1854; and by the time of Stokes’ death it was widely
known as Stokes’ formula.

Stokes’ formula on R
2, stated at the end of Section 4.5, is usually

called Green’s theorem. Stokes’ formula is naturally generalized to compact
d-dimensional C2-manifolds with smooth boundaries; see [95], [327], [447].

8.2 Maximal function and Lebesgue differentiation
theorem

Let X ⊆ R
d. Then C ⊆ P(Rd) is a covering of X if

∀ x ∈ X, ∃ C ∈ C such that x ∈ C.

An open cube Q ⊆ R
d, of side 2δ > 0 and center x = (x1, . . . , xd) ∈ R

d,
is the set Q = Q(x) = {y ∈ R

d : |yi − xi| < δ, i = 1, . . . , d}. By adjusting the
inequality with δ we refer to such sets as cubes.

Theorem 8.2.1. Elementary Vitali covering lemma
Let (Rd,M(Rd),md) be the Lebesgue measure space, and let A ∈ M(Rd)
satisfy md(A) < ∞. For any covering of A by a family of cubes with sides
parallel to the axes, there exists a finite disjoint subfamily {Q1, . . . , Qn} such
that

md(A) ≤ 3d
n∑

j=1

md(Qj).
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Proof. Without loss of generality we assume that the cubes are open and
that A is compact. Thus, using the Heine–Borel theorem we deduce that
there exists a finite cover of A: Q̃1, . . . , Q̃N . We define Q1 to be the element
of {Q̃j : j = 1, . . . , N} with largest diameter. We define Q2 to be the cube
with largest diameter of all those elements in {Q̃j : j = 1, . . . , N} that are
disjoint from Q1. We proceed inductively until we exhaust all the Q̃js. Thus,
we have defined a family of disjoint cubes Q1, . . . , Qn, n ≤ N . Let Q∗

j be the
cube that is concentric with Qj and that has diameter 3 times that of Qj .
We observe that

A ⊆
N⋃

j=1

Q̃j ⊆
n⋃

j=1

Q∗
j ,

and so

md(A) ≤
n∑

j=1

md(Q∗
j ) = 3d

n∑

j=1

md(Qj). ��

Remark. Theorem 8.2.1 is also valid for rotated cubes as well as balls. The
proof is essentially the same.

Definition 8.2.2. Hardy–Littlewood maximal function
Let f ∈ L1

loc(R
d). The Hardy–Littlewood maximal function M(f) of f is

defined as

∀ x ∈ R
d, M(f)(x) = sup

Q(x)

1
md(Q(x))

∫

Q(x)

|f | dmd, (8.6)

where the supremum is taken over all open cubes Q(x) centered at x. The
function M was introduced by Hardy and Littlewood in 1930 [219].
Maximal functions had a profound influence on the development of classi-
cal harmonic analysis in the twentieth-century; e.g., see [448], [202].

Theorem 8.2.3. Hardy–Littlewood lemma
Let (Rd,M(Rd),md) be the Lebesgue measure space. Then, for any f ∈
L1

loc(R
d),

∀ α > 0, md
(
{x ∈ R

d : M(f)(x) > α}
)
≤ 3d

α

∫

Rd

|f | dmd.

Proof. Because of the regularity of Lebesgue measure it is enough to
investigate the boundedness of measures of compact subsets K of {x ∈ R

d :
M(f)(x) > α}. Fix α > 0. For each x ∈ K there exists a cube Q(x) such
that

1
md(Q(x))

∫

Q(x)

|f | dmd > α.

The collection of all such cubes forms a cover of K, and so, by Theo-
rem 8.2.1, there exists a finite family of disjoint cubes Q1, . . . , Qn such that
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md(K) ≤ 3d
∑n

j=1m
d(Qj). Therefore, because of the disjointness of the Qjs,

we have

md(K) ≤ 3d
n∑

j=1

1
α

∫

Qj

|f | dmd ≤ 3d

α

∫

Rd

|f | dmd.

Thus, by regularity of Lebesgue measure, we obtain

md
(
{x ∈ R

d : M(f)(x) > α}
)
≤ 3d

α

∫

Rd

|f | dmd. ��

If g ∈ L1
md(Rd) and g is continuous on R

d, then

∀ x ∈ R
d, lim

δ→0

∫

Q(x)

g dmd = g(x), (8.7)

since

∀ ε > 0, ∃ Q(x) > 0 such that ∀ y ∈ Q(x), |g(y) − g(x)| < ε.

This raises the question as to what extent (8.7) is valid for every f ∈ L1
md(Rd).

The question is answered by the Lebesgue differentiation theorem.

Theorem 8.2.4. Lebesgue differentiation theorem on (Rd,M(Rd),md)(Rd,M(Rd),md)(Rd,M(Rd),md)
Let (Rd,M(Rd),md) be the Lebesgue measure space, and let f ∈ L1

md(Rd).
Then

lim
δ→0

1
md(Q(x))

∫

Q(x)

f dmd = f(x), md-a.e. x ∈ R
d,

where Q(x) = {y ∈ R
d : |yi − xi| < δ, i = 1, . . . , d} is an open cube of side

2δ > 0, centered at x.

Proof. Fix ε > 0 and let g ∈ L1
md(Rd) be a continuous function for which

∫

Rd

|f − g| dmd < ε;

cf. Problem 3.14a. Since g is continuous, we have

∀ x ∈ R
d, lim

δ→0

1
md(Q(x))

∫

Q(x)

g dmd = g(x)
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by (8.7). We choose α > 0 and write

lim
δ→0

∣∣∣∣∣
1

md(Q(x))

∫

Q(x)

(f(y) − f(x)) dmd(y)

∣∣∣∣∣

= lim
δ→0

∣∣∣∣∣
1

md(Q(x))

(∫

Q(x)

(f(y) − g(y) + g(y) − g(x)) dmd(y)

)
+ g(x) −f(x)

∣∣∣∣∣

≤ M(f − g)(x) + |f(x) − g(x)|.

From this inequality it follows that

Aα =

{
x ∈ R

d : lim
δ→0

∣∣∣∣∣
1

md(Q(x))

∫

Q(x)

(f(y) − f(x)) dmd(y)

∣∣∣∣∣ > α

}

⊆
{
x ∈ R

d : M(f − g)(x) > α/2
}

∪
{
x ∈ R

d : |f(x) − g(x)| > α/2
}
.

Using the Chebyshev inequality (Problem 3.13), we have

α

2
md
({
x ∈ R

d : |f(x) − g(x)| > α/2
})
< ε.

On the other hand, by the Hardy–Littlewood lemma (Theorem 8.2.3),

md
(
{x ∈ R

d : M(f − g)(x) > α/2}
)
≤ 3d

α/2

∫

Rd

|f − g| dmd <
2ε3d

α
.

Hence,

md(Aα) ≤ 2ε
α

+
2ε3d

α
.

Thus, for every fixed α > 0, we have md(Aα) = 0, since ε > 0 is arbitrary. Let
{αn > 0} decrease to 0. Then {Aαn} is increasing, and md(

⋃
Aαn) = 0 by

Theorem 2.4.3d. Consequently, by the definition of Aα, we obtain the result.
��

It is possible to generalize Theorem 8.2.4 to general measure spaces;
see, e.g., [232]. In Section 8.4 we provide another approach to generalizing
Theorem 8.2.4 to other measure spaces.

8.3 Coverings

Following the definition of a Vitali covering in R, from Section 4.3, we
say that a collection Q of closed balls in R

d is a Vitali covering of a set
X ⊆ R

d if

∀ ε > 0 and ∀ x ∈ X, ∃ B ∈ Q, such that x ∈ B and diam (B) < ε.
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Remark. We could define Vitali coverings for cubes instead of balls.
We choose to deal with balls, instead of cubes, in Sections 8.3, 8.4, 8.5,

because of some interesting connections that arise between the Besicovitch
covering theorem (Theorems 8.3.2 and 8.3.3) stated in terms of balls and
sphere-packing problems.

The following theorem, which depends on Theorem 8.2.1 and generalizes
Theorem 4.3.1, is not used in the sequel, but it is included to round out our
coverage of Vitali’s important ideas in this area.

Theorem 8.3.1. Vitali covering lemma
Let (Rd,M(Rd),md) be the Lebesgue measure space, and let A ∈ M(Rd)
satisfy 0 < md(A) < ∞. If Q is a Vitali covering of A then, for each ε > 0,
there exists a sequence {Bj : j = 1, . . . } ⊆ Q of disjoint balls such that

md

⎛

⎝A \
∞⋃

j=1

Bj

⎞

⎠ = 0 and

∞∑

j=1

md(Bj) < (1 + ε)md(A). (8.8)

Proof. Let ε > 0. By the regularity of Lebesgue measure, we can choose an
open set U1 such that A ⊆ U1 and md(U1) < (1 + ε)md(A). Let Q1 ⊆ Q
consist of the balls in Q that are contained in U1. Note that Q1 is a Vitali
covering of A. We shall construct a disjoint sequence {Bj} ⊆ Q1 satisfying
(8.8). In fact, the second assertion of (8.8) is clear for any disjoint sequence
{Bj} ⊆ Q1. We shall construct such a sequence that also satisfies the first
assertion.

From Theorem 8.2.1 we know that there exist a finite disjoint collection
{B1, . . . , BN1} ⊆ Q1 and a constant 0 < β < 1 (β = 3−d) such that

N1∑

j=1

md(Bj) ≥ βmd(A).

Therefore,

md

⎛

⎝A \
N1⋃

j=1

Bj

⎞

⎠ ≤ md

⎛

⎝U1 \
N1⋃

j=1

Bj

⎞

⎠

= md(U1) −
N1∑

j=1

md(Bj)

< (1 + ε− β)md(A).

We assume without loss of generality that ε < β/2, and so we have

md

⎛

⎝A \
N1⋃

j=1

Bj

⎞

⎠ <

(
1 − β

2

)
md(A).
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We now apply Theorem 8.2.1 to the subset of A that is not covered by
{B1, . . . , BN1}. Choose an open set U2 ⊆ U1 that contains A \

⋃N1
j=1 Bj and

such that

md(U2) ≤ (1 + ε)md

⎛

⎝A \
N1⋃

j=1

Bj

⎞

⎠ . (8.9)

Let Q2 ⊆ Q1 consist of the balls in Q1 that are contained in U2. Note that
Q2 is a Vitali covering of A \

⋃N1
j=1 Bj . Thus, there exists a disjoint collection

{BN1+1, . . . , BN2} ⊆ Q2 such that

N2∑

j=N1+1

md(Bj) ≥ βmd

⎛

⎝A \
N1⋃

j=1

Bj

⎞

⎠ . (8.10)

Therefore, proceeding as above, but using (8.9) and (8.10), we obtain

md

⎛

⎝A \
N2⋃

j=1

Bj

⎞

⎠ = md

⎛

⎝

⎛

⎝A \
N1⋃

j=1

Bj

⎞

⎠ \
N2⋃

j=N1+1

Bj

⎞

⎠

≤ md(U2) −
N2∑

j=N1+1

md(Bj)

< md

⎛

⎝A \
N1⋃

j=1

Bj

⎞

⎠
(

1 − β

2

)

<

(
1 − β

2

)2

md(A).

Repeating this process we obtain a disjoint sequence {Bj : j = 1, . . . } ⊆ Q
that satisfies the first assertion in (8.8) because (1 − β/2)k → 0 as k → ∞.
Of course, the process could stop after a finite number of steps, in which case
the first assertion is immediate. ��

Theorem 8.3.1 is valid for cubes as well as for balls.
As with Theorem 8.2.1, Theorem 8.3.1 can be used in the analysis

of Lebesgue measure on R
d. The next theorem is useful in the analy-

sis of arbitrary Borel measures. The version with closed balls is due to
Besicovitch, [57], [58]. A reformulation of Theorem 8.3.2 for open balls
is straightforward; see, e.g., [252]. There is also a version of this result, due to
Anthony P. Morse [349], where balls are replaced with cubes whose sides
are parallel to the axes.
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Theorem 8.3.2. Besicovitch covering theorem
Let Q be a collection of closed balls in R

d with the property that

ρ = sup
B∈Q

diam (B) < ∞.

If A denotes the set of centers of balls in Q, then there exist countable disjoint
subcollections Q1, . . . , QN(d) ⊆ Q such that

A ⊆
N(d)⋃

k=1

⋃

B∈Qk

B.

The number N(d) of subcollections of disjoint balls depends only on the
dimension d.

Proof. i. We shall assume first that the set A is bounded. Our immediate
task is to construct a countable subset of Q that covers A. The first ball
B1 = B(a1, r1) is chosen so that r1 > (3/8)ρ (here B(a, r) denotes a closed
ball centered at a ∈ R

d and of radius r > 0). The next balls are chosen
inductively. Let Ak = A \

(⋃k−1
j=1 Bj

)
. If Ak �= ∅ then let Bk = B(ak, rk)

be a ball such that ak ∈ Ak and rk ≥ (3/4) sup{r : B(a, r) ∈ Q, a ∈ Ak}.
If the process stops at some point we have a finite cover of A. Otherwise, we
proceed letting k → ∞.

For any such k and for j < k we have

rk ≤ sup{r : B(a, r) ∈ Q, a ∈ Aj} ≤ 4
3
rj . (8.11)

We use (8.11) to deduce that the collection {B(aj , rj/3) : j = 1, . . . } of balls
is mutually disjoint. Indeed, for j < k, ak /∈ Bj . Moreover,

|aj − ak| > rj =
rj
3

+
2rj
3

≥ rj
3

+
2
3

3
4
rk >

rj
3

+
rk
3
.

To see that the collection {Bj : j = 1, . . . } of balls is a covering of the

set A, consider any a ∈ A \
(⋃∞

j=1 Bj

)
. By definition of the set A there

exists B = B(a, r) ∈ Q. Because A is assumed to be bounded it is not
difficult to deduce from the disjointness of balls {B(aj , rj/3) : j = 1, . . . }
that limj→∞ rj = 0. Thus, there exists k such that

rk <
3
4
r.

This yields the contradiction with the definition of the ball Bk, since we
require that

rk ≥ 3
4

sup

⎧
⎨

⎩r : B(a, r) ∈ Q, a ∈

⎛

⎝
k−1⋃

j=1

Bj

⎞

⎠
∼⎫⎬

⎭ ≥ 3
4
r.
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Therefore, we have constructed a countable collection of balls from Q that
covers the bounded set A.

ii. We continue to assume that A is bounded.
Given k ≥ 1, the next step is to estimate the number of the sets Bj ,

j < k, that have a nonempty intersection with Bk. The estimate is completed
in (8.16), and the number is, as claimed in the statement of the theorem,
independent of the covering and depends only on the dimension d.

Let Rk denote the set of indices of all balls Bj , 1 ≤ j < k, such that
Bj ∩Bk �= ∅ and rj ≤ 3rk. If x ∈ B(aj , rj/3) then

|x− ak| ≤ |x− aj | + |aj − ak| ≤
rj
3

+ rj + rk ≤ 5rk.

Thus, for each such j, B(aj , rj/3) ⊆ B(ak, 5rk). Since the balls {B(aj , rj/3) :
j = 1, . . . } are disjoint, we use (8.11) to obtain

md(B(ak, 5rk)) ≥
∑

j∈Rk

md(B(aj , rj/3)) ≥
∑

j∈Rk

md(B(aj , rk/4)).

Therefore, we conclude that

card Rk ≤ 20d. (8.12)

Similarly, for any k, let Sk denote the set of indices of balls Bj , 1 ≤ j < k,
such that Bj ∩ Bk �= ∅ and rj > 3rk. To estimate the cardinality of Sk we
consider i, j ∈ Sk, i �= j, and we let αi,j denote the angle between ai − ak
and aj − ak. We shall show that there exists α0 > 0 such that for each such
pair i, j ∈ Sk, αi,j > α0 > 0, i.e., (8.15).

To obtain (8.15) we start with two elementary observations: since i, j < k,
we have that ak /∈ Bi ∪Bj and so ri < |ai− ak| and rj < |aj − ak|; and, since
Bi∩Bk �= ∅ and Bj∩Bk �= ∅, we have |ai−ak| ≤ ri+rk and |aj−ak| ≤ rj+rk.
We may also assume without loss of generality that |ai − ak| ≤ |aj − ak|.

Next, we prove that if cos(αi,j) ≥ 5/6 then ai ∈ Bj . First, if |ai − aj| ≤
|ai − ak| and ai /∈ Bj , then, by the law of cosines and the fact that rj <
|ai − aj |, we compute

cos(αi,j) =
|ai − ak|2 + |aj − ak|2 − |ai − aj |2

2|ai − ak||aj − ak|

=
|ai − ak|

2|aj − ak|
+

(|aj − ak| + |ai − aj|)(|aj − ak| − |ai − aj |)
2|ai − ak||aj − ak|

≤ 1
2

+
2(|aj − ak| − |ai − aj |)|aj − ak|

2|ai − ak||aj − ak|

≤ 1
2

+
(rj + rk) − rj

ri
=

1
2

+
rk
ri
<

5
6
.
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Second, if, |ai − aj | > |ai − ak| and ai /∈ Bj , then

cos(αi,j) ≤ |ai − ak|2
2|ai − ak||aj − ak|

≤ 1
2
<

5
6
.

Thus, as asserted above, if cos(αi,j) ≥ 5/6 then ai ∈ Bj .
We shall now show that even when cos(αi,j) ≥ 5/6 it cannot get too

close to 1. Since ai ∈ Bj , we have i < j and so aj /∈ Bi, which implies that
|ai − aj | > ri. Then

|ai − aj | + |ai − ak| − |aj − ak|
|aj − ak|

≤ |ai − aj |2 − (|aj − ak| − |ai − ak|)2
|aj − ak||ai − aj |

=
2|ai − ak|(1 − cos(αi,j))

|ai − aj |

≤ 2(ri + rk)(1 − cos(αi,j))
ri

≤ 8(1 − cos(αi,j))
3

.

(8.13)
Also, remembering that |ai − aj | > ri and rj ≤ (4/3)ri,

|ai − aj | + |ai − ak| − |aj − ak| ≥ ri + ri − (rj + rk)

≥ 3
2
rj − (rj + rk) ≥ 1

6
rj

≥ 1
8

(rj + rk) ≥ 1
8
|aj − ak|.

(8.14)

Combining (8.13) and (8.14) yields
1
8

≤ 8
3

(1 − cos(αi,j)),

which implies that cos(αi,j) ≤ 61/64, or, equivalently, that

αi,j > α0 = arccos(61/64) > 0. (8.15)

We shall now use this fact to complete our estimate of the cardinality
of the set Sk. The essential point is that we have given a lower bound for
the possible angles between any two vectors with indices in Sk. We use this
estimate to show that there is an upper bound on the number of such vectors.
In fact, let Cj denote the cone with vertex at ak in the direction of aj − ak
and with angle α0/2. If i �= j for i, j ∈ Sk, then

(
Cj ∩B(ak, 1)

)
∩
(
Ci ∩B(ak, 1)

)
= ∅.

Since the volume of Cj ∩B(ak, 1) is independent of j, it is not difficult to see
that there exists Kd > 0 such that the number of such cones, and hence the
cardinality of Sk, cannot exceed Kd, i.e.,

card Sk ≤ Kd.
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Combining this fact with (8.12) we obtain

card {Bj : 1 ≤ j < k, Bj ∩Bk �= ∅} = card Rk+card Sk ≤ 20d+Kd. (8.16)

iii. We let N(d) = 20d +Kd + 1, and we shall now define the collections
Q1, . . . ,QN(d) as follows. For k = 1, . . . , N(d), let Bk ∈ Qk. For k > N(d) we
proceed by induction, assigning Bk to the collection Ql, where l is chosen so
that Bk ∩Bj = ∅ for all Bj ∈ Ql, j < k. This is possible since we know that
Bk can intersect at most N(d) − 1 sets Bj with j < k.

The method of construction guarantees that the families Qj , j = 1, . . . ,
N(d), consist of disjoint balls.

iv. If A is an unbounded set we decompose it into a union of bounded
sets Ak = A ∩ {x ∈ R

d : 3ρ(l − 1) ≤ |x| < 3ρl}, l = 1, . . . . For each of these
sets there exist families Ql

1, . . . ,Ql
N(d) with the properties described in parts

i, ii, iii. We let

Qk =
∞⋃

l=1

Q2l−1
k

and

Qk+N(d) =
∞⋃

l=1

Q2l
k ,

for k = 1, . . . , N(d). Thus,

A ⊆
2N(d)⋃

k=1

⋃

B∈Qk

B. ��

We now reformulate Theorem 8.3.2 as a measure-theoretic covering result
in R

d. This particular result we give is due to John M. Sullivan [462]. It was
obtained as a corollary of his work on estimating the optimal constant in the
Besicovitch covering theorem. Sullivan showed that the optimal constant
is connected to a sphere-packing problem; cf. Problem 2.12 and the Remark
following it.

Theorem 8.3.3. Measure-theoretic Besicovitch covering theorem
Let (Rd,A, μ) be a Borel measure space. Let Q be a collection of closed balls
in R

d and let A denote the set of centers of balls in Q. Assume that A ∈ A,
μ(A) < ∞, and that, for each a ∈ A,

inf
B(a,r)∈Q

r = 0.

If U ⊆ R
d is an open set, then there exists a countable collection Q0 ⊆ Q of

disjoint balls such that ⋃

B∈Q0

B ⊆ U
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and

μ

(
(A ∩ U) \

(
⋃

B∈Q0

B

))
= 0.

Proof. i. We start by showing that for any ε ∈ (0, 1/N(d)) there exists a
family {Bi : i = 1, . . . , n1} ⊆ U of balls such that

μ

(
(A ∩ U) \

(
n1⋃

i=1

Bi

))
≤ (1 − ε)μ(A ∩ U). (8.17)

Indeed, let Q1 = {B ∈ Q : diam (B) ≤ 1, B ⊆ U}. Since U is open, A∩U
coincides with the set of centers of balls in Q1. By Theorem 8.3.2, since the
supremum of the set of diameters of balls in Q1 is finite, there exist families
Q1, . . . ,QN(d), consisting of disjoint balls in Q1, such that

A ∩ U ⊆
N(d)⋃

k=1

⋃

B∈Qk

B.

Consequently,

μ(A ∩ U) ≤
N(d)∑

k=1

μ

(
A ∩ U ∩

⋃

B∈Qk

B

)
,

and so there exists k0 such that

1
N(d)

μ(A ∩ U) ≤ μ

⎛

⎝A ∩ U ∩
⋃

B∈Qk0

B

⎞

⎠ .

It follows from Theorem 2.4.3d that there exists a subset {Bi : i =
1, . . . , n1} ⊆ Qk0 for which

εμ(A ∩ U) ≤ μ

(
A ∩ U ∩

n1⋃

i=1

Bi

)
. (8.18)

On the other hand, the Carathéodory definition of measurability implies that

μ(A ∩ U) = μ

(
A ∩ U ∩

n1⋃

i=1

Bi

)
+ μ

(
(A ∩ U) \

(
n1⋃

i=1

Bi

))
,

which, combined with (8.18), yields (8.17):

μ

(
(A ∩ U) \

(
n1⋃

i=1

Bi

))
≤ μ(A ∩ U) − εμ(A ∩ U).
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ii. Now that we have proved (8.17), let U2 = U \ (
⋃n1
i=1Bi) and let Q2 =

{B ∈ Q : diam (B) ≤ 1, B ⊆ U2}. Clearly, U2 is open. From part i of the
proof, it follows that there exists a sequence {Bi : i = n1 + 1, . . . , n2} ⊆ Q2

of balls for which

μ

(
(A ∩ U) \

(
n2⋃

i=1

Bi

))
= μ

(
(A ∩ U2) \

(
n2⋃

i=n1+1

Bi

))

≤ (1 − ε)μ(A ∩ U2) ≤ (1 − ε)2μ(A ∩ U).

We finish the proof by continuing this process and noting that (1 − ε)j → 0
as j → ∞. ��

We note that Theorem 8.3.3 is true not only for a measure μ on a σ-algebra
A, but also for the outer measure μ∗ associated with μ.

Corollary 8.3.4. Let (Rd,A, μ) be a regular Borel measure space. Let μ∗ be
the outer measure associated with μ, let Q be a collection of closed balls in
R
d, and let A denote the set of centers of balls in Q. Assume that μ∗(A) < ∞

and that, for each a ∈ A,
inf

B(a,r)∈Q
r = 0.

There exists a countable collection Q0 of disjoint balls in Q such that

μ∗
(
A \

⋃

B∈Q0

B

)
= 0.

8.4 Differentiation of measures

Let f : R → R be an increasing right-continuous function. In Chapter 3 we
considered a set function μf defined by

μf ((a, b]) = f(b) − f(a),

which extends to a measure called the Lebesgue–Stieltjes measure associated
with the function f . Using this notation, we see that the derivative of f at x
can be defined as

f ′(x) = lim
(x,x+h]→{x}

μf ((x, x + h])
m((x, x + h])

, (8.19)

whenever the limit exists. Similarly, if f ∈ L1
loc(R), the Lebesgue differentia-

tion theorem (Theorem 4.3.2) and FTC–I allow us to assert that

lim
(x,x+h]→{x}

σf ((x, x + h])
m((x, x+ h])

= f(x), m-a.e., (8.20)
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where σf (A) =
∫
A
f dm, A ∈ M(R). Thus, if F (x) =

∫ x
a
f dm, then F ′ = f

m-a.e. (FTC–I).
These observations motivate us to generalize the notion of derivative in

this section. Our setting will be R
d, but the differentiation of measures and

integrals, such as in (8.19) and (8.20), is a well-established theory in abstract
measure spaces going back to the 1930s; see [170] and [133].

We begin by defining a notion of convergence of a sequence of sets to a
point in R

d. This is meant to generalize the convergence “(x, x + h] → {x}”
in R. Our choice is certainly not the simplest possible generalization. However,
it has the advantage of allowing us to prove substantial results about the
differentiation of measures in R

d, as well as the most natural generalization
of the Lebesgue differentiation theorem to R

d.

Definition 8.4.1. Measure-metrizable convergence of sets to a point
Let (Rd,A, ν) be a Borel measure space. Let x ∈ R

d. A sequence {Aj :
j = 1, . . . } ⊆ A of sets converges measure-metrizably to x if the following
conditions hold:

i. ∀ j = 1, . . . , ∃ rj such that Aj ⊆ B(x, rj),
ii. limj→∞ rj = 0,
iii. ∃ α ∈ (0, 1] such that ∀ j = 1, . . . , ν(Aj) ≥ αν(B(x, rj )).

We note here that x need not belong to any of the sets Aj . The definition
states only that the sequence {Aj : j = 1, . . . } is comparable, in terms of the
measure ν, with a sequence of balls converging to x.

It follows from the definition that the sequence {B(x, rj) : j = 1, . . . }
converges measure-metrizably to x ∈ R

d if and only if limj→∞ rj = 0.

Definition 8.4.2. Differentiation of measures
Let (Rd,A), B(Rd) ⊆ A, be a measurable space. Let μ ∈ Mb(Rd), let ν be a
measure on R

d, and let x ∈ R
d. If there exists z ∈ C such that

lim
j→∞

μ(Aj)
ν(Aj)

= z,

for each sequence {Aj : j = 1, . . . } convergent measure-metrizably to x with
respect to ν, then z is the derivative of μ with respect to ν at x. We denote
this derivative by

Dν(μ)(x).

The following restricted version of the notion of differentiation of measures
is often considered. Let μ and ν be as in Definition 8.4.2. If the limit

lim
r→0

μ(B(x, r))
ν(B(x, r))

exists, it is the symmetric derivative of μ with respect to ν at x ∈ R
d. We shall

use this notion in the proof of the next lemma.
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Lemma 8.4.3. Let (Rd,A), B(Rd) ⊆ A, be a measurable space. Let μ and ν
be regular Borel measures. If μ(A) = 0, A ∈ A, then there exists a set B ⊆ A,
B ∈ A, such that

ν(A \B) = 0

and
∀ x ∈ B, Dν(μ)(x) = 0.

Proof. i.Without loss of generality we can assume that A ⊆ O, where O ⊆ R
d

is open and bounded. Indeed, let R
d =

⋃∞
n=1On, where On is open and

bounded for n = 1, . . . , and let Bn be the set obtained by applying Lemma
8.4.3 for A ∩ On with open and bounded On, n = 1, . . . . Since each On
is open, it follows from the construction in part ii that the sets Bi and
Oi ∩ Bn, i ≤ n, coincide modulo a set of measure zero. Therefore, we set
B = B1 ∪

⋃∞
n=2(Bn \On−1).

ii. Define B′ to be the set of all points x ∈ A for which the symmetric
derivative of μ with respect to ν exists and equals 0, i.e.,

lim
r→0

μ(B(x, r))
ν(B(x, r))

= 0.

Let B′
j , j = 1, . . . , be the set of all points x ∈ A \B′ for which

lim
r→0

μ(B(x, r))
ν(B(x, r))

>
1
j
.

Fix j > 0 and let ε > 0. Since μ is regular and μ(A) = 0, there exists an
open set U ⊆ R

d such that A ⊆ U and μ(U) < ε. By definition, each point
x ∈ B′

j can be considered as a center of an open ball B(x, rx) ⊆ U for which

ν(B(x, rx)) < jμ(B(x, rx)).

In fact, each x ∈ B′
j is a center of infinitely many such balls.

Using the version of the Besicovitch covering theorem formulated in
Corollary 8.3.4 (here we use the assumption that A is contained in a bounded
open set to guarantee that ν∗(A) < ∞), and writing rk = rxk

, we see that
there exists a countable collection {B(xk, rk) : k = 1, . . . } of disjoint balls
that satisfies the above properties and such that

ν∗
(
B′
j \
( ∞⋃

k=1

B(xk, rk)

))
= 0.

Here, ν∗ denotes the outer measure associated with the measure ν. Thus,

ν∗(B′
j) ≤

∞∑

k=1

ν(B(xk, rk)) ≤
∞∑

k=1

jμ(B(xk, rk))

≤ jμ

( ∞⋃

k=1

B(xk, rk)

)
≤ jμ(U) ≤ jε.

(8.21)
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Since (8.21) is true for each ε > 0, we have

ν∗(B′
j) = 0.

Thus, by the regularity of the measure ν there exists a Borel set Bj such that
B′
j ⊆ Bj and ν(Bj) = 0; cf. Problems 2.4 and 2.5.

Let B ∈ A be defined as

B = A \
∞⋃

j=1

Bj .

Then

ν(A \B) ≤ ν

⎛

⎝
∞⋃

j=1

Bj

⎞

⎠ = 0,

and this completes the proof of the first assertion of the lemma.
iii. In order to prove the second assertion, we fix x ∈ B and consider a

sequence {Aj : j = 1, . . . } ⊆ R
d of Borel sets convergent measure-metrizably

to x with respect to ν. This implies that there exist a sequence {B(x, rj) :
j = 1, . . . } of Euclidean balls and a constant α ∈ (0, 1] such that

∀ j = 1, . . . ,
μ(Aj)
ν(Aj)

≤ 1
α

μ(B(x, rj))
ν(B(x, rj))

. (8.22)

For (8.22) we used the hypothesis that μ ≥ 0. It is clear from the construction
in part ii that B ⊆ B′. Thus, from the definition of the set B′, the terms on
the right-hand side of (8.22) converge to 0. Consequently,

lim
j→∞

μ(Aj)
ν(Aj)

= 0

for each sequence {Aj} convergent measure-metrizably to x with respect to
ν; equivalently,

Dν(μ)(x) = 0. ��

In Chapter 5 we commented on the equivalence of FTC and R–N.
We develop this a bit more now. Indeed, an argument for such an equi-
valence could be made if the generalized notion of differentiation of measures
yielded

μ(A) =
∫

A

Dν(μ) dν.

This is a consequence of the next theorem.

Theorem 8.4.4. FTC and R–N on R
d

R
d

R
d

Let (Rd,A) be a Borel measurable space, let μ ∈ Mb(Rd), and let ν be a
regular Borel measure.
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a. Dν(μ)(x) exists ν-a.e. and

Dν(μ) ∈ L1
ν(Rd).

b. μ can be decomposed as

∀ A ∈ A, μ(A) = μs(A) +
∫

A

Dν(μ) dν,

where μs⊥ν and Dν(μs) = 0 ν-a.e.

Proof. Before we proceed with the proof we shall make two observations.
First, due to the Lebesgue decomposition theorem (Theorem 5.2.6), it is
enough to consider two cases: μ⊥ν and μ � ν. Second, since μ = μr + iμi,
without loss of generality we can assume that μ is a bounded signed regular
Borel measure.

a. We start with the case μ⊥ν. Let μ = μ+ −μ− be the Jordan decompo-
sition of μ. It follows from Problem 5.34 that if μ⊥ν then μ+⊥ν. Thus, if Cν
is the set on which ν is concentrated, then ν(C∼

ν ) = μ+(Cν) = 0. Hence, we
can use Lemma 8.4.3 to obtain that Dν(μ+)(x) = 0 for ν-a.e. x ∈ Cν , and,
consequently, for ν-a.e. x ∈ R

d. Similarly, we obtain that Dν(μ−)(x) = 0 for
ν-a.e. x ∈ R

d, and so Dν(μ)(x) = 0 ν-a.e.
In the case μ � ν, we recall the observation before Theorem 5.3.1 that

allows us to use R–N when μ is a signed measure. This implies that there
exists a unique function f ∈ L1

ν(Rd) such that

∀ A ∈ A, μ(A) =
∫

A

f dν.

Therefore, our assertion will follow if we can prove that

Dν(μ) = f ν-a.e. (8.23)

In order to establish (8.23), we define a countable family of sets parametrized
by r ∈ Q:

Nr = {x ∈ R
d : f(x) < r}, Pr = {x ∈ R

d : f(x) ≥ r}.

We also define associated measures λr, r ∈ Q, defined as

∀ A ∈ A, λr(A) =
∫

A∩Pr

(f(x) − r) dν(x).

Since λr(Nr) = 0, Lemma 8.4.3 implies that for each r ∈ Q there exists
N ′
r ⊆ Nr, Nr ∈ A, such that ν(Nr \N ′

r) = 0 and

∀ x ∈ N ′
r, Dν(λr)(x) = 0. (8.24)
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From the definition of f and λr we obtain

∀ A ∈ A, μ(A) − rν(A) =
∫

A

(f(x) − r) dν(x) ≤ λr(A). (8.25)

Let

E =
⋃

r∈Q

(Nr \N ′
r).

Clearly, E ∈ A and ν(E) = 0.
Take x0 ∈ R

d \E, a rational number r > f(x0), and a sequence {Aj : j =
1, . . . } ⊆ A convergent measure-metrizably to x0 with respect to ν. Since
x0 /∈ E and x0 ∈ Nr, we must have x0 ∈ N ′

r. From (8.25) it follows that

∀ j = 1, . . . ,
μ(Aj)
ν(Aj)

≤ λr(Aj)
ν(Aj)

+ r.

Thus, (8.24) and (8.25) imply that

lim
j→∞

μ(Aj)
ν(Aj)

≤ r.

Since this inequality is true for each r > f(x0), we conclude that

lim
j→∞

μ(Aj)
ν(Aj)

≤ f(x0). (8.26)

Analogously, we prove (taking −μ instead of μ and −f instead of f) that
for each sequence {Aj : j = 1, . . . } ⊆ A, convergent measure-metrizably to
ν-a.e. x0 ∈ R

d with respect to ν, we have

lim
j→∞

μ(Aj)
ν(Aj)

≥ f(x0). (8.27)

Inequalities (8.26) and (8.27) imply (8.23), and thus part a of our theorem
is established.

b. Part b follows immediately from the proof of part a. ��

For expositions on these matters we refer to [79], [129], [405]. Here we
have followed the presentation given in [405].

An interesting result in this area is due to Dietrich Kölzow (1968),
e.g., [79], pages 35–37, who proved that whenever a measure space admits
R–N then the R–N derivative has the form given in Definition 8.4.2.
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Corollary 8.4.5. Let (Rd,A), B(Rd) ⊆ A, be a measurable space, let μ ∈
Mb(Rd), and let ν be a regular Borel measure. Then

a. μ⊥ν if and only if Dν(μ) = 0 ν-a.e.
b. μ � ν if and only if

∀ A ∈ A, μ(A) =
∫

A

Dν(μ) dν.

The following is a consequence of Theorem 8.4.4. Because of Defini-
tion 8.4.1 it is also a generalization of Theorem 8.2.4.

Theorem 8.4.6. Lebesgue differentiation theorem on R
dR
d

R
d

Let (Rd,A, μ) be a regular Borel measure space, and let f ∈ L1
μ(Rd). Then

lim
j→∞

1
μ(Aj)

∫

Aj

f dμ = f(x), μ-a.e. x ∈ R
d, (8.28)

for each sequence {Aj : j = 1, . . . } ⊆ A convergent measure-metrizably to x
with respect to μ.

Proof. Define the complex measure ν by

∀ A ∈ A, ν(A) =
∫

A

f dμ.

By Theorem 5.3.3 and Theorem 5.3.5, ν is a complex regular Borel measure
that is absolutely continuous with respect to μ. We already know from the
proof of Theorem 8.4.4 that, in such cases, Dμ(ν) = f μ-a.e. Thus, by defini-
tion of Dμ(ν), we obtain (8.28). (Note that in order to state (8.28) in terms of
“μ”, we have switched the roles of “μ” and “ν” in applying Theorem 8.4.4.)

��

In the case of R an important way to view FTC, as we have seen in Chapter
4, is Theorem 4.4.5. We now provide an analogue of this latter result in R

d.

Theorem 8.4.7. Strong Lebesgue differentiation theorem on R
dR
d

R
d

Let (Rd,A, μ) be a regular Borel measure space, and let f ∈ L1
μ(Rd). Then

lim
j→∞

1
μ(Aj)

∫

Aj

|f(x) − f(x0)| dμ(x) = 0, μ-a.e. x0 ∈ R
d, (8.29)

for each sequence {Aj : j = 1, . . . } ⊆ A convergent measure-metrizably to x0

with respect to μ.

Proof. Let {rn : n = 1, . . . } ⊆ C be dense in C. Define the following functions
on R

d:
∀ n = 1, . . . , fn = |f − rn|.
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These functions are not integrable with respect μ, but they have the property
that for each compact set K ⊆ R

d, fn ∈ L1
μ(K). Thus, the measures μn,

defined by

∀ A ∈ A, μn(A) =
∫

A

|f − rn| dμ,

are regular Borel measures, absolutely continuous with respect to μ. For each
n, let Ln denote the set of points for which

Dμ(μn)(x) = |f(x) − rn|. (8.30)

In view of Theorem 8.4.4, μ(L∼
n ) = 0 for all n = 1, . . . . Let L =

⋂∞
n=1 Ln.

Clearly, μ(L∼) = 0.
Fix x0 ∈ L and ε > 0. Choose rn such that |f(x0)− rn| < ε/2. Therefore,

for all A ∈ A, μ(A) > 0, we have

1
μ(A)

∫

A

|f − f(x0)| dμ

≤ 1
μ(A)

∫

A

|f − rn| dμ+
1

μ(A)

∫

A

|f(x0) − rn| dμ

<
μn(A)
μ(A)

+
ε

2
.

(8.31)

If {Aj : j = 1, . . . } ⊆ A converges measure-metrizably to x0 with respect to
μ, then, since (8.30) holds, (8.31) implies that, for j sufficiently large,

1
μ(Aj)

∫

Aj

|f − f(x0)| dμ ≤ ε. (8.32)

Since (8.32) is true for μ-a.e. x0 ∈ R
d and for all ε > 0, (8.29) holds. ��

Definition 8.4.8. Lebesgue set and set of differentiability
a. Let (Rd,A, μ) be a regular Borel measure space, and let f be μ-measurable.
The set of points x0 ∈ R

d for which

lim
r→0

1
μ(B(x0, r))

∫

B(x0,r)

f dμ = f(x0)

is the set of differentiability of the function f .
b. Let (Rd,A, μ) be a regular Borel measure space, and let f be

μ-measurable. The set of points x0 ∈ R
d for which

lim
r→0

1
μ(B(x0, r))

∫

B(x0,r)

|f − f(x0)| dμ = 0

is the Lebesgue set of the function f .
Since sequences of balls centered at x0 with radii decreasing to 0 converge

measure-metrizably to x0, and in view of Theorem 8.4.7, we can make the
following assertion: If f ∈ L1

μ(Rd), then μ-a.e. points in R
d belong to the

Lebesgue set of f . It is not difficult to see that the same is true for locally
integrable functions.
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Further, the Lebesgue set is a subset of the set of differentiability of f ,
whereas the converse statement is false.

8.5 Bounded variation and the divergence theorem

In Section 7.5 we showed that distributional derivatives of complex-valued
functions of one variable that are of bounded variation and right continuous
can be identified with the space Mb(R) of all complex regular Borel measures.
Not only is this result an interesting fact for the reasons stated in Chapter 7,
but it serves as a motivation for an extension of the definition of bounded
variation from one to several dimensions. Our treatment is just an outline, and
we refer to [521] for a detailed study of the properties of functions of bounded
variation in R

d. We repeat that the following definition is compatible with our
formulation, Theorem 7.5.10, of the RRT in R in terms of the distributional
derivative of a function of bounded variation.

Definition 8.5.1. Bounded variation
a. Let X ⊆ R

d be an open set and let F ∈ L1
loc(X) be a complex-valued

function whose distributional partial derivatives Di(F ), i = 1, . . . , d, defined
as

∀ i = 1, . . . , d, ∀ f ∈ C∞
c (X), Di(F )(f) = −

∫

X

F (x)
∂f

∂xi
(x) dx,

are complex regular Borel measures on X . In this case we say that F is a
function of bounded variation on X .

The space of functions of bounded variation on X is denoted by BV (X).
If F ∈ BV (X), we shall write ∇(F ) to denote the vector-valued complex
measure

∇(F ) = (D1(F ), . . . , Dd(F )).

b. We say that a function F ∈ L1
loc(X) is a function of locally bounded

variation on X if

∀ U ⊆ X, U open and U compact, F ∈ BV (U).

In this case we write F ∈ BVloc(X).

Remark. For any function F ∈ BV (Rd), we can consider the total variation
|Di(F )| of each associated complex regular Borel measureDi(F ), i = 1, . . . , d.
These total variations, |Di(F )|, are bounded regular Borel measures on R

d,
with total variation norms, ‖Di(F )‖1, defined as

∀ i = 1, . . . , d, ‖Di(F )‖1 = |Di(F )|(Rd).

Then, for F ∈ BV (Rd), we can define the total variation, ‖∇(F )‖1, of the
vector-valued measure ∇(F ) so that
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‖∇(F )‖1 = sup
{∫

Rd

F · div (V ) dx : V ∈
(
C∞
c (Rd)

)d
, ‖V (x)‖ ≤ 1, x ∈ R

d

}

< ∞,

where div (V ) is the divergence of the vector field V = (V1, . . . , Vd), i.e.,

div (V ) =
d∑

i=1

∂Vi
∂xi

;

see, e.g., [521], Section 5.1. This formulation of total variation is compatible
with the functional-analytic equivalence to set-theoretic total variation used
in the proof of Theorem 7.2.7 (RRT for complex measures).

It is interesting to observe that the notion of bounded variation from
Definition 8.5.1 is equivalent to an older, classical definition of bounded
variation as studied by Lamberto Cesari [96] and Tonelli [473], among
others. To introduce this concept, we shall need the notion of approximate
continuity. A measurable function f : U → C, U ⊆ R

d, is approximately
continuous at x ∈ U if there exists A ∈ M(U) such that

lim
r→0

md(A ∩B(x, r))
md(B(x, r))

= 1,

and f is continuous at x relative to A.
For φ : [a, b] → C, define

essV (φ, [a, b]) = sup

⎧
⎨

⎩

n∑

j=1

|φ(xj) − φ(xj−1)| : a ≤ x0 ≤ · · · ≤ xn ≤ b

⎫
⎬

⎭ ,

where x0, . . . , xn are points of approximate continuity of φ. Given f : R
d → C

and 1 ≤ i ≤ d, we write φi(xi) = f(x1, . . . , xd). Clearly, φi depends on
x̃ = (x1, . . . , xi−1, xi+1, . . . , xd).

Theorem 8.5.2. Equivalence of definitions of bounded variation
Let f ∈ L1

loc(R
d). Then f ∈ BVloc(Rd) if and only if

∀ i = 1, . . . , d, ∀ Q ⊆ R
d−1, Q a rectangular cell, and ∀ a < b,

∫

Q

essV (φi, [a, b]) dx̃ < ∞.

The study of measures associated with functions of bounded variation
plays an important role in geometric measure theory. In particular, they are
a useful tool in the generalization of the fundamental theorem of calculus in
the spirit of Section 8.1. We refer the interested reader to [163], [342], [159],
[5], [303], [521].
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Definition 8.5.3. Finite perimeter, reduced boundary, and exterior
normal
a. A Borel set A ⊆ R

d has finite perimeter in an open set U ⊆ R
d if

�A ∈ BV (U).

A set that has a finite perimeter in R
d is called a set of finite perimeter.

b. A Borel set A ⊆ R
d has locally finite perimeter if

∀ U ⊆ R
d, U open and bounded, ‖∇(�A)‖1(U) < ∞.

c. If A ⊆ R
d has locally finite perimeter, then the reduced boundary of A,

∂−(A) ⊆ R
d, is a set such that, for all x ∈ ∂−(A), the following two conditions

are satisfied:

i. ‖∇(�A)‖1(B(x, r)) > 0,

ii. ∃ n−(x,A) = − lim
r→0

∇(�A)(B(x, r))
‖∇(�A)‖1(B(x, r))

∈ R
d with ‖n−(x,A)‖ = 1,

where B(x, r) denotes the Euclidean ball of radius r > 0 centered at x.
The vector n−(x,A) is called the exterior normal to A.

The use of the minus sign in ∂−(A) indicates that the normal vector
is directed “outward” from the set A, i.e., in the direction opposite to the
gradient of �A.

Remark. Using the theory that we developed in Section 8.4, it becomes
clear that the vector-valued function, defined by

∀ x ∈ R
d, n(x) = lim

r→0

∇(�A)(B(x, r))
‖∇(�A)‖1(B(x, r))

,

whenever this limit exists, is the Radon–Nikodym derivative of ∇(�A) with
respect to ‖∇(�A)‖1. Therefore, for all Borel sets E ⊆ R

d, we have

∇(�A)(E) =
∫

E

n d‖∇(�A)‖1.

Consequently, ∫

A

div (V ) dx =
∫

Rd

V · n d‖∇(�A)‖1,

for V ∈ (C∞
c (Rd))d, which implies that ‖n‖ = 1, ‖∇(�A)‖1-a.e. Since

‖∇(�A)‖(Rd \ ∂−(A)) = 0,

we see that n−(x,A) is a multidimensional analogue of the Radon–Nikodym
derivative of ∇(�A) with respect to ‖∇(�A)‖.
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The next result is a preliminary version of a classical generalization
of FTC. For its proof see [163], [521]. We write μd−1 to denote (d − 1)-
dimensional Hausdorff measure, which will be formally defined in Section 9.3,
but see Problem 2.47. For the moment, we think of it as a restriction of the
d-dimensional Lebesgue measure md to sets of Hausdorff dimension d − 1,
which is also defined in Section 9.3. With so many undefined terms the
following theorem, although precise, is really only an impressionistic FTC
driven by a suggestive formula.

Theorem 8.5.4. Generalization of FTC to R
dR
d

R
d

Let A ⊆ R
d be a set of locally finite perimeter and let f ∈ C∞

c (Rd). Then,
for each x ∈ R

d and for m-a.e. r > 0, we have

∀ i = 1, . . . , d,
∫

A∩B(x,r)

Di(f) dmd

= −
∫

B(x,r)

f d(Di(�A)) +
∫

A∩S(x,r)

f(y)n−
i (y,B(x, r)) dμd−1(y),

where S(x, r) denotes the sphere of radius r centered at x, and n−
i (y,B(x, r))

is the ith component of n−(y,B(x, r)).

We shall now generalize the notion of a boundary of a Lebesgue measur-
able set and of a vector normal to the boundary. This new definition utilizes
the notion of a vector being “outside” of a set in the following measure-
theoretic sense.

Definition 8.5.5. Measure-theoretic normal and boundary
a. Let A ∈ M(Rd). A unit vector n is a measure-theoretic normal to A at x
if the following two conditions hold:

lim
r→0

1
rd
md (B(x, r) ∩ {y : (y − x) · n < 0, y /∈ A}) = 0

and
lim
r→0

1
rd
md (B(x, r) ∩ {y : (y − x) · n > 0, y ∈ A}) = 0.

We write n(x,A) to denote the measure-theoretic normal to A at x ∈ R
d.

b. The measure-theoretic boundary of A ∈ M(Rd) is defined to be the set,

∂(A) = {x ∈ R
d : n(x,A) exists}.

Definition 8.5.5 generalizes the notion of reduced boundary, since, for sets
with locally finite perimeter, we have

∂−(A) ⊆ ∂(A);

see, e.g., Theorem 5.6.5 in [521].
We have introduced all the terms needed to state the following generali-

zation of FTC, referred to classically as the divergence theorem.
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Theorem 8.5.6. Gauss–Ostrogradsky theorem
Let A ⊆ R

d be a set with locally finite perimeter. Then

∀ V ∈ (C1
c (Rd))d,

∫

A

div (V ) dmd =
∫

∂(A)

n(x,A) · V (x) dμd−1(x).

It is not difficult to see that in the case d = 1 and A = [a, b], Theorem 8.5.6
reduces to ∫ b

a

f ′(x) dx = f(b) − f(a),

see the Remark at the end of Section 4.5 and Example 8.1.1b.

8.6 Rearrangements and the maximal function theorem

One of the goals of this section is to prove the Hardy–Littlewood maximal
theorem for Lp(Rd) (Theorem 8.6.14). Our presentation is due to the vir-
tuosic Herz [232], who emphasized Hardy–Littlewood rearrangement func-
tions rather than so-called strong- or weak-type Lp-estimates. One of Herz’
points of view was that in most cases there are stronger, explicit inequali-
ties involving rearrangements than exist for weak-type estimates. For us it is
an opportunity to develop some of the technology of rearrangements, which
gives a penetrating measure-theoretic insight and has many applications.

In Section 7.6.5 we defined the distribution function of a probability mea-
sure. We now modify this definition for the setting at hand, but the concept is
the same even though one function is increasing and the other is decreasing.

Definition 8.6.1. Distribution function and decreasing rearrange-
ments
a. Let (X,A, μ) be a σ-finite measure space and let f : X → C be
μ-measurable. The distribution function Df : R

+ → R
+ of f is defined by

∀ s ∈ R
+, Df(s) = μ({x ∈ X : |f(x)| > s}).

The decreasing rearrangement f∗ : R
+ → R

+ is defined by

∀ t ∈ R+, f∗(t) = inf{s ∈ R
+ : Df (s) ≤ t}.

We use the convention inf ∅ = ∞, so that if Df(s) > t for all s ∈ R
+ then

f∗(t) = ∞.
b. Consider the Lebesgue measure space (R+,M(R+),m) and the setting

of part a. Then f and f∗ are equimeasurable, that is, Df = Df∗ on R
+.

Further,
Df∗(s) = sup{t ∈ R

+ : f∗(t) > s}.
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Fig. 8.1. A function f .

Example 8.6.2. Computation of DfDfDf and f∗f∗f∗

a. Let f = a1�A1 + a2�A2 + a3�A3 be defined on (R,M(R),m), where
A1, A2, A3 ∈ M(R) and a1 < a3 < |a2|; see Figure 8.1. A direct applica-
tion of the definitions of Df and f∗ gives the graphs of Df and f∗ illustrated
in Figure 8.2.

b. Let (X,A, μ) be a σ-finite measure space and let f : X → C be
μ-measurable. If Df is a continuous and strictly decreasing surjection Df :
[0,∞) → [0,∞), then f∗ = D−1

f .
c. Let f : R

d → C be radial, i.e., f(x) = f(‖x‖), ‖x‖ = (x2
1 + · · ·+x2

d)
1/2.

If f takes values in R
+ and f(‖x‖) is strictly decreasing on [0,∞), then

Df (s) = md(B(0, f−1(s))),

whereB(0, f−1(s)) ⊆ R
d is the Euclidean ball of radius f−1(s) centered at the

origin; see Example 2.3.11 for the volume of the unit ball Bd = B(0, 1) ⊆ R
d.

Fig. 8.2. Df and f∗.
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Theorem 8.6.3 collects some basic properties of Df and f∗. We are omit-
ting the proof, not because details are not required, but because verification
follows from the definitions of Df and f∗. Some basic references dealing with
this result as well as with finer points about Df and f∗ and their role in
analysis are [524], [450], [220], [50].

Theorem 8.6.3. Elementary properties of DfDfDf and f∗f∗f∗

Let (X,A, μ) be a σ-finite measure space, and assume that all the functions
X → C in the following statements are μ-measurable.

a. Df and f∗ are nonnegative, decreasing, right-continuous functions on
R

+.
b. If |g| ≤ |f | μ-a.e., then Dg ≤ Df and g∗ ≤ f∗ on R

+.
c. If c ∈ C \ {0}, then Dcf(s) = Df(s/|c|) and (cf)∗(t) = |c|f∗(t),

s, t ∈ R
+.

d. Df+g(s1+s2) ≤ Df(s1)+Dg(s2) and (f+g)∗(t1+t2) ≤ f∗(t1)+g∗(t2),
sj , tj ∈ R

+.
e. If {|fn|} increases to f μ-a.e., then {Dfn} increases to Df and {f∗

n}
increases to f∗.

We sketch the proof of the following elementary and useful result for
0 < p < ∞. Note that ‖ . . . ‖p, 0 < p < 1, is not a norm as defined in
Definition A.1.9.

Theorem 8.6.4. ‖f‖p‖f‖p‖f‖p in terms of DfDfDf and f∗f∗f∗

Let (X,A, μ) be a σ-finite measure space, and let f : X → C be μ-measurable.
If 0 < p < ∞, then

‖f‖p = p

∫ ∞

0

sp−1Df(s) ds =
∫ ∞

0

(f∗)p dm, (8.33)

and, if p = ∞, then

‖f‖∞ = inf{s ∈ R
+ : Df (s) = 0} = f∗(0).

Proof. By the Levi–Lebesgue theorem (Theorem 3.3.6) and lim calculations
associated with the verification of Theorem 8.6.3e, it is sufficient to prove
(8.33) for nonnegative simple functions f =

∑n
j=1 aj�Aj , where a1 > a2 >

· · · > an > 0, the sequence {Aj} is pairwise disjoint, and each μ(Aj) < ∞.
The result follows from the following calculations:

‖f‖pp =
n∑

j=1

(apj − apj+1)μj = p

n∑

j=1

μj

∫ aj

aj+1

sp−1 ds = p

∫ ∞

0

sp−1Df(s) ds

and

‖f‖pp =
n∑

j=1

apjμ(Aj) =
n∑

j=1

apj (μj − μj−1) =
∫ ∞

0

(f∗)p dm,

where μj =
∑j
k=1 μ(Ak) and μ0 = 0. ��
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We could continue in the setting of relatively general measure spaces for
some of the following results, but, since our goal here is analysis on R

d, we
shall deal with measure spaces (Rd,A, μ) for the remainder of this section.

Decreasing rearrangementsDf defined in Definition 8.6.1 are not additive.
In fact, they are not even subadditive; cf. Theorem 8.6.3d. We can correct this
problem in Theorem 8.6.7 by introducing the notion of averaged decreasing
rearrangement f∗∗ defined by

∀ t > 0, f∗∗(t) =
1
t

∫ t

0

f∗(u) du.

Remark. a. The averaged decreasing rearrangement has properties analo-
gous to those stated in Theorem 8.6.3. Assume that all functions in this
Remark are μ-measurable functions defined on the measure space (Rd,A, μ).
The following properties are more or less clear:

i. f∗∗ ≥ 0 is either everywhere finite or everywhere infinite on (0,∞),
since f∗ is decreasing;

ii. f∗∗ = 0 on (0,∞) ⇐⇒ f = 0 μ-a.e.;
iii. f∗∗ is continuous on (0,∞).

The following properties follow as in Theorem 8.6.3:
i. |g| ≤ |f | μ-a.e. ⇐⇒ g∗∗ ≤ f∗∗ on (0,∞);
ii. (cf)∗∗ = |c|f∗∗ on (0,∞) for c ∈ C;
iii. {|fn|} increases to f μ-a.e. =⇒ {f∗∗

n } increases to f∗∗ on (0,∞).
b. Note that f∗ ≤ f∗∗ on (0,∞) since f∗ is decreasing. In fact,

f∗(t) = f∗(t)
1
t

∫ t

0

ds ≤ 1
t

∫ t

0

f∗(s) ds = f∗∗(t).

Further, f∗∗ is decreasing on (0,∞) since f∗ is decreasing. In fact, if 0 < t ≤ s,
then

f∗∗(s) ≤ 1
s

∫ s

0

f∗
(
tu

s

)
du = f∗∗(t).

We shall use the following result to prove Theorem 8.6.7.

Theorem 8.6.5. f∗∗f∗∗f∗∗ as a minimizer
Let (Rd,A, μ) be a measure space, and let f be a nonnegative μ-measurable
function on R

d with σ-finite support. We define R(f) to be the set of all
nonnegative functions φ on (0,∞) with the properties that

i. tφ(t) is concave, and
ii. ∀ A ∈ A, such that 0 < μ(A) < ∞,

1
μ(A)

∫

A

f dμ ≤ φ (μ(A)) .

Then f∗∗ is a minimal element of R(f).
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Proof. First, we note that, since f∗ is decreasing, the function tf∗∗(t) is
concave. Indeed, since for any t1 < t2,

∫ t2

(t1+t2)/2

f∗(u) du ≤
∫ (t1+t2)/2

t1

f∗(u) du,

it follows that

1
2

(∫ t1

0

f∗(u) du +
∫ t2

0

f∗(u) du
)

≤
∫ (t1+t2)/2

0

f∗(u) du.

This inequality implies, in turn, the concavity of tf∗∗(t) =
∫ t
0 f

∗(u) du.
Now consider a simple function f =

∑n
j=1 aj�Aj , with a1 > · · · >

an > 0, and with pairwise disjoint sets Aj ∈ A, μ(Aj) < ∞, j = 1, . . . , n.
Let Ak =

⋃k
j=1 Aj and let αk = μ(Ak). Moreover, let α0 = 0 and αn+1 = ∞.

If t ∈ [αk, αk+1) and A ∈ A satisfy μ(A) = t, then

∫

A

f dμ ≤
k∑

j=1

aj(αj − αj−1) + aj+1(t− αj) = tf∗∗(t),

and so f∗∗ ∈ R(f). Also,
∫ αk

0

f∗(u) du =
∫

Ak

f dμ.

Therefore, for any φ ∈ R(f), αkφ(αk) ≥ αkf
∗∗(αk). Since tφ(t) is concave

and greater than or equal to tf∗∗(t) at all points t = αk, we have tφ(t) ≥
tf∗∗(t) for all t ∈ (0,∞); this follows by the linearity of tf∗∗(t) on each
interval (αk, αk+1). A consequence of this inequality is that if f is a simple
function, then f is a minimal element of R(f).

To prove the assertion of the theorem for arbitrary functions f , we con-
sider a sequence {fn : n = 1, . . . } of simple functions such that fn ≤ fn+1

and f = limn→∞ fn μ-a.e. From Theorem 8.6.3e and from the Levi–Lebesgue
theorem (Theorem 3.3.6) it follows that

∀ t > 0, f∗∗(t) = lim
n→∞ f∗∗

n (t).

Thus, for any A ∈ A, the result for simple functions combined with
Theorem 3.3.6 implies that

1
μ(A)

∫

A

f dμ = lim
n→∞

1
μ(A)

∫

A

fn dμ ≤ lim
n→∞ f∗∗

n (μ(A)) = f∗∗(μ(A)),

and so f∗∗ ∈ R(f). Since fn ≤ f , we have R(f) ⊆ R(fn). Thus, for any
φ ∈ R(f), we obtain φ ≥ f∗∗

n for all n = 1, . . . , which, in turn, implies
φ ≥ f∗∗. ��
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The following corollary of Theorem 8.6.5 is used in the proof of
Theorem 8.6.10. Its proof depends on the fact that f∗∗ is decreasing.

Corollary 8.6.6. Let (Rd,A, μ) be a measure space and let f be a nonnega-
tive μ-measurable function on R

d with σ-finite support. Then

∀ t > 0, sup
{

1
μ(A)

∫

A

f dμ : A ∈ A, μ(A) ≥ t

}
≤ f∗∗(t).

We are now ready to verify that the averaged decreasing rearrangements
are subadditive.

Theorem 8.6.7. Subadditivity of f∗∗f∗∗f∗∗

Let (Rd,A, μ) be a measure space and let f, g be nonnegative μ-measurable
functions on R

d with σ-finite supports. Then

∀ t > 0, (f + g)∗∗(t) ≤ f∗∗(t) + g∗∗(t).

Proof. Let φ = f∗∗ + g∗∗. The function tφ(t) is concave as a sum of two
concave functions. Moreover, if A ∈ A satisfies 0 < μ(A) < ∞, then

1
μ(A)

∫

A

(f + g) dμ =
1

μ(A)

∫

A

f dμ+
1

μ(A)

∫

A

g dμ

≤ f∗∗(μ(A)) + g∗∗(μ(A)).

Thus, φ ∈ R(f + g), and we use Theorem 8.6.5 to conclude that

(f + g)∗∗ ≤ f∗∗ + g∗∗. ��

Let (X,A, μ) be a measure space, let 1 ≤ p < ∞, and let f ∈ Lpμ(Rd).
Since f∗ is decreasing, we have f∗ ≤ f∗∗. Thus, by Theorem 8.6.4, we obtain
the following inequality:

‖f‖p ≤
(∫ ∞

0

f∗∗p(t) dt
)1/p

. (8.34)

It is interesting that the opposite inequality holds for some constant
strictly greater than 1.

Theorem 8.6.8. Hardy inequality
Let (Rd,A, μ) be a measure space, and let f be a nonnegative μ-measurable
function on R

d with σ-finite support. Let 1 < p < ∞. Then
(∫ ∞

0

f∗∗p(t) dt
)1/p

≤ p

p− 1
‖f‖p (8.35)

and
sup
t>0

f∗∗(t) ≤ ‖f‖∞. (8.36)
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Proof. i. We first prove (8.35). For this purpose, we consider the multiplica-
tive group (0,∞) equipped with the Haar measure dt/t; see Appendix B.9.
We can define convolution on this group by the formula

g ∗ h(t) =
∫ ∞

0

g(ts−1)h(s)
ds

s
=
∫ ∞

0

g(s)h(s−1t)
ds

s
.

Further, if 1 ≤ p < ∞, then the multiplicative Lp-norm of g is

‖g‖p,× =
∫ ∞

0

|g(t)|p dt
t
.

Using the integral Minkowski inequality (Section 5.6.5) and the properties of
Haar measure, we obtain

‖g ∗ h‖p,× =
(∫ ∞

0

∣∣∣∣
∫ ∞

0

g(s)h(s−1t)
ds

s

∣∣∣∣
p
dt

t

)1/p

≤
∫ ∞

0

(∫ ∞

0

|g(s)|p|h(s−1t)|p dt
t

)1/p
ds

s

=
∫ ∞

0

|g(s)| ds
s

(∫ ∞

0

|h(t)|p dt
t

)1/p

= ‖g‖1,×‖h‖p,×.

(8.37)

Let g(t) = t(1−p)/p for t ≥ 1 and let g(t) = 0 for t < 1, and let h(t) =
t1/pf∗(t). Thus,

g ∗ h(t) =
∫ t

0

t(1−p)/ps(p−1)/pf∗(s)s1/p
ds

s

= t(1−p)/p
∫ t

0

f∗(s) ds = t1/pf∗∗(t).
(8.38)

We now have
(∫ ∞

0

f∗∗p(t) dt
)1/p

= ‖g ∗ h‖p,× ≤ ‖g‖1,×‖h‖p,× =
p

p− 1
‖f‖p,

where the first equality is a consequence of (8.38), the inequality follows from
(8.37), and the second equality is a consequence of Theorem 8.6.4.

ii. Inequality (8.36) follows immediately from the definition of f∗∗. ��

We do not have an analogue of the Hardy inequality in case p = 1.
However, we do note that ‖f‖1 = supt>0 tf

∗∗(t), and that there is a smaller
norm, ‖ . . . ‖∗, which agrees with ‖ . . . ‖1 on spaces of measure not greater
than 1. In fact, we define

‖f‖∗ = f∗∗(1) =
∫ 1

0

f∗(s) ds. (8.39)
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We define L∗(Rd) to be the space of equivalence classes of μ-measurable func-
tions f on R

d with σ-finite support that satisfy the following two properties:

‖f‖∗ < ∞

and
lim
t→∞ f∗(t) = 0.

Proposition 8.6.9. The space L∗(Rd) is a Banach space with norm ‖ . . . ‖∗,
and the set of simple functions with σ-finite support is a dense subset of
L∗(Rd).

We set ‖f‖p,∞ = supt>0 t
1/pf∗∗(t), 1 ≤ p < ∞. It is straightforward to

verify
‖f‖∗ ≤ ‖f‖p,∞.

On the other hand, using the Hölder inequality, we obtain

∫ t

0

f∗(s) ds ≤
(∫ t

0

f∗p(s) ds
)1/p(∫ t

0

1 ds
)(p−1)/p

≤ t(p−1)/p‖f‖p. (8.40)

We can rewrite (8.40) as
‖f‖p,∞ ≤ ‖f‖p. (8.41)

In particular, Lp
md(Rd) ⊆ L∗(Rd) for each 1 ≤ p < ∞.

Theorem 8.6.10. Semimartingale maximal theorem
Let (Rd,A, μ) be a measure space and let f be a nonnegative μ-measurable
function with σ-finite support. Let {An : n ∈ Z} be an increasing family of
subalgebras of A, and let {fn : n ∈ Z} be a sequence of nonnegative functions
with σ-finite supports such that each fn is μ-measurable with respect to An.
Assume that

∀ A ∈ An and ∀ n ∈ Z,

∫

A

fn dμ ≤
∫

A

f dμ.

Define
f̃(x) = sup

n∈Z

fn(x). (8.42)

Then
∀ t > 0, f̃∗(t) ≤ f∗∗(t). (8.43)

Proof. We can write
f̃ = lim

n→−∞ sup
k>n

fk.

In order to prove (8.43) we observe, by Theorem 8.6.3e and the fact that
{supk>n fk} increases to f̃ , that it suffices to show that
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∀ n ∈ Z and ∀ t > 0,
(

sup
k>n

fk

)∗
(t) ≤ f∗∗(t). (8.44)

To verify (8.44) we fix n ∈ Z. Take t > 0 and consider 0 ≤ λ <
(supk>n fk)∗(t). For each k > n+ 1 we define the set

Ak,λ = {x : fk(x) > λ and fl(x) ≤ λ for n < l < k}.

We also let An+1,λ = {x : fn+1(x) > λ}. Then Ak,λ ∈ Ak and, for k �= l,
Ak,λ ∩Al,λ = ∅. Let Aλ =

⋃
k∈Z

Ak,λ. It is not difficult to see that

Aλ = {x :
(

sup
k>n

fk

)
(x) > λ},

and we deduce that μ(Aλ) > t. Thus, from Corollary 8.6.6, we have

f∗∗(t) ≥ 1
μ(Aλ)

∫

Aλ

f dμ. (8.45)

On the other hand,
∫

Aλ

f dμ =
∑

k∈Z

∫

Ak,λ

f dμ ≥
∑

k∈Z

∫

Ak,λ

fk dμ ≥
∑

k∈Z

λμ(Ak,λ) = λμ(Aλ),

or, equivalently,
1

μ(Aλ)

∫

Aλ

f dμ ≥ λ. (8.46)

Combining (8.45) and (8.46), we obtain

∀ 0 ≤ λ <

(
sup
k>n

fk

)∗
(t), f∗∗(t) ≥ λ,

which yields (8.44). ��

Definition 8.6.11. Dyadic cubes in R
dR
d

R
d

A dyadic cube in R
d of side 2−k, k ∈ Z, is a set of the form

{x ∈ R
d : 2−kli < xi ≤ 2−k(li + 1), i = 1, . . . , d}

for l = (l1, . . . , ld) ∈ Z
d. The family of dyadic cubes of side 2−k forms a

partition of R
d. See the Remark after Theorem 2.5.5.

Let Ak be the collection of all the unions (necessarily countable) of dyadic
cubes of side 2−k. For each k ∈ Z, Ak is a σ-algebra. Moreover, Ak ⊆ Ak+1.
For a nonnegative function f ∈ L1

loc(R
d) and for n ∈ Z we define

fn(x) =
1

md(Q)

∫

Q

f dmd, (8.47)
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where Q is the unique dyadic cube of side 2−n that contains x. Such functions
fn satisfy the property,

∀ A ∈ An, m
d(A) < ∞,

∫

A

fn dm
d =

∫

A

f dmd.

Proposition 8.6.12. Let (Rd,M(Rd),md) be the Lebesgue measure space,
and let f ∈ L1

loc(R
d). Let the sequence {fn : n ∈ Z} be defined by (8.47), and

let f̃ be defined as in (8.42). Then

∀ t > 0, (M(f))∗(t) ≤ 4df̃∗(2−dt).

Proof. Let Aλ = {x ∈ R
d : M(f)(x) > λ}. For each x ∈ Aλ there exists a

cube Q(x) (not necessarily dyadic) centered at x with the property that
∫

Q(x)

f dmd > λmd(Q(x)).

If τ is the side of Q(x) then there are 2d dyadic cubes of side s, τ < s ≤ 2τ ,
that cover Q(x). Among these cubes there must exist at least one cube Q
with the following properties:

∫

Q

f dmd ≥ 1
2d

∫

Q(x)

f dmd >
1
2d
λmd(Q(x)) >

1
4d
λmd(Q)

and
Q(x) ∩Q �= ∅.

The second condition implies that x ∈ Q∗, where Q∗ denotes a cube with the
same center as Q and twice the side. If we let

Bλ =
⋃{

Q : Q is a dyadic cube and
∫

Q

f dmd ≥ 4−dλmd(Q)
}
,

then Aλ ⊆ B∗
λ, and so

md(Aλ) ≤ 2dmd(Bλ).

On the other hand, if x ∈ Bλ then f̃(x) > 4−dλ. Thus, for any λ <
(M(f))∗ (t) we must have md(Aλ) > t, which implies md(Bλ) > 2−dt. This,
in turn, implies that

f̃∗(2−dt) > 4−dλ.

These latter assertions are elementary to verify, but do require writing out
the definitions of decreasing rearrangement and distribution functions several
times. ��

Theorem 8.6.13. Maximal function theorem
Let (Rd,M(Rd),md) be the Lebesgue measure space, and let f ∈ L1

loc(R
d).

Then
∀ t > 0, (M(f))∗(t) ≤ 4df∗∗(2−dt).
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Proof. Using Proposition 8.6.12 and Theorem 8.6.10 for the family of algebras
Ak of unions of dyadic cubes of side 2k, k ∈ Z, and functions fk defined by
(8.47), we obtain

(M(f))∗(t) ≤ 4df̃∗(2−dt) ≤ 4df∗∗(2−dt). ��

Theorem 8.6.14. Hardy–Littlewood maximal theorem for Lp(Rd)Lp(Rd)Lp(Rd)
Let (Rd,M(Rd),md) be the Lebesgue measure space, let 1 < p ≤ ∞, and let
f ∈ Lp(Rd). Then M(f) ∈ Lp(Rd),

∀ 1 < p < ∞, ‖M(f)‖p ≤ 8d
p

p− 1
‖f‖p, (8.48)

and
‖M(f)‖∞ ≤ 4d‖f‖∞.

Proof. For 1 < p < ∞, we use Theorem 8.6.13 and Theorem 8.6.8 to write

‖M(f)‖p =
(∫ ∞

0

M(f)∗p(t) dt
)1/p

≤ 4d
(∫ ∞

0

f∗∗p(2−dt) dt
)1/p

= 4d2d/p
(∫ ∞

0

f∗∗p(t) dt
)1/p

≤ 4d2d/p
p

p− 1
‖f‖p.

For p = ∞, we use Theorem 8.6.13 to obtain

‖M(f)‖∞ = sup
t>0

(M(f))∗(t) ≤ 4d sup
t>0

f∗∗(2−dt) = 4d sup
t>0

f∗∗(t)

= 4d sup
t>0

1
t

∫ t

0

f∗(s) ds ≤ 4d sup
t>0

sup
t≥s>0

f∗(s)

= 4d sup
t>0

f∗(t) = 4d‖f‖∞. ��

As a consequence of Theorem 8.6.14 we have the following classical Hardy
inequality: If f ∈ Lpm((0,∞)), 1 < p < ∞, and F (X) = 1

x

∫ x
0 f , then

‖f‖Lp((0,∞)) ≤ p

p− 1
‖f‖Lp((0,∞));

and thus the averaging mapping f �→ F defines a continuous linear function,
L : Lp((0,∞)) → Lp((0,∞)).

The maximal theorem stated in the form of Theorem 8.6.13 allows us to
write the following converse result. For the details of its proof see [232].

Theorem 8.6.15. Converse maximal function theorem
Let (Rd,M(Rd),md) be the Lebesgue measure space, and let f ∈ L1

loc(R
d).

Then
∀ t > 0,

1
2d + 4d

f∗∗(t) ≤ (M(f))∗(t).
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8.7 Change of variables and surface measure

In this section we shall omit or sketch the proofs of the more familiar change
of variables formulas treated in advanced calculus or undergraduate analysis
courses; see [7], [179], [235], [407], [426], [445], [459].

The most elementary change of variables theorem from the calculus is the
following; see Problem 4.26 for this result in the context of L1

m([a, b]).

Theorem 8.7.1. Change of variables on [a, b][a, b][a, b]
Let f : [a, b] → C be continuous and let φ : [c, d] → [a, b] be continuously
differentiable. If φ(c) = a and φ(d) = b then

∫ b

a

f(x) dx =
∫ d

c

f(φ(t))φ′(t) dt. (8.49)

It is a natural question to ask about generalizations of Theorem 8.7.1 in
the context of R

d. First, we consider the special case that φ = A : R
d → R

d

is an invertible linear transformation. The set of invertible linear transforma-
tions on R

d is called the general linear group. It is identified with the set of
d× d invertible matrices with real entries, it is a group under matrix multi-
plication, and it is denoted by GL(d,R). The determinant of A ∈ GL(d,R)
is denoted by det(A).

Proposition 8.7.2. Let φ = A ∈ GL(d,R) and let f ∈ L1
md(Rd). Then

f ◦ φ ∈ L1
md(Rd) and∫

Rd

f dmd = | det(A)|
∫

Rd

f ◦ φ dmd. (8.50)

Proof. Let Φ denote the set of those A ∈ GL(d,R) for which (8.50) is satisfied
for all f ∈ L1

md(Rd). We start by noting that Φ is nonempty. Indeed, the iden-
tity matrix satisfies (8.50). Next, we observe that because of the properties of
the determinant, Φ is closed under matrix multiplication and inversion. This
implies that Φ is a subgroup of GL(d,R). Thus, to complete the proof it is
enough to show that Φ contains the generators of GL(d,R): row additions,
row multiplications, and row-exchange transformations.

The result for row additions is a consequence of Fubini’s theorem. To show
that (8.50) holds for row multiplications and row-exchange transformations,
it is sufficient to prove the result for characteristic functions of arbitrary
rectangles, and then to use this fact to prove it for all integrable functions.

��
Proposition 8.7.2 can be extended to hold for smooth but nonlinear trans-

formations. This result, Theorem 8.7.3, requires the following notation for
smooth transformations φ : R

d → R
d:

D(φ) = (∂iφj)di,j=1,

where φ = (φ1, . . . , φd) and each φj : R
d → R. D(φ) is the Jacobian matrix

of φ.
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Theorem 8.7.3. Change of variables on R
dR
d

R
d

Let U ⊆ R
d be open and let φ : U → R

d be an injective continuously differen-
tiable transformation. Let f ∈ L1

md(Rd). Then f ◦ φ · | detD(φ)| ∈ L1
md(Rd)

and ∫

φ(U)

f dmd =
∫

U

f ◦ φ · | detD(φ)| dmd. (8.51)

The following result can be viewed as a special case of the Lebesgue
differentiation theorem, and it gives insight into the Jacobian matrix.

Proposition 8.7.4. Let φ : R
d → R

d be continuously differentiable at some
point x0 ∈ R

d. Then

lim
r→0

md(φ(B(x0, r)))
md(B(x0, r))

= | detD(φ)(x0)|.

Proof. We consider three cases. The first case is illustrative and it assumes
that D(φ) is the identity matrix. In this case, we can show that for each
ε ∈ (0, 1) there exists r > 0, sufficiently small, such that

B(φ(x0), (1 − ε)r) ⊆ φ(B(x0, r)) ⊆ B(φ(x0), (1 + ε)r).

This implies that

md(φ(B(x0 , r)))
md(B(x0, r))

→ 1 = | det(Id)|, r → 0.

For the next case we assume that D(φ)(x0) is invertible and we consider
the mapping D(φ)(x0)−1 ◦φ, which has the property that D(D(φ)(x0)−1 ◦φ)
is the identity matrix. Thus,

md(φ(B(x0, r)))
md(B(x0, r))

= | det(D(φ)(x0))|m
d((D(φ)(x0)−1 ◦ φ)(B(x0, r)))

md(B(x0, r))
→ | det(D(φ)(x0))|, r → 0.

For the last case, we let D(φ)(x0) be singular, and then change the coor-
dinate system in R

d so that

md(φ(B(x0, r)))
md(B(x0, r))

→ 0, r → 0. ��

Next, we consider an extension of Proposition 8.7.2 to the case that the
integrand is a product of two functions, only one of which is subject to a
change of variables. This is the setting for the duality arising in distribution
theory.
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Theorem 8.7.5. Change of variables on R
dR
d

R
d for two functions

Let f ∈ L1
md(Rd) and let g ∈ L∞

md(Rd). Let φ = A ∈ GL(d,R). Then
(det(A))−1 = det(A−1) �= 0 and

(f ◦A)(g) =
∫

Rd

(f ◦ φ) g dmd = | det(A−1)|
∫

Rd

f
(
g ◦ φ−1

)
dmd.

Let A ∈ GL(d,R). Define the adjoint mapping

A∗ : R
d → R

d

by
∀ x ∈ R

d and ∀ y ∈ R
d, 〈A(x), y〉 = 〈x,A∗(y)〉,

where 〈. . . , . . . 〉 denotes the Euclidean inner product on R
d×R

d. Then A∗ ∈
GL(d,R), det(A∗) = det(A) and

(A∗)−1 = (A−1)∗;

see [185], pages 337–358.
Because of Theorem 8.7.5, if (T, g) ∈ D′(Rd) × C∞

c (Rd) or (T, g) ∈
S′(Rd) × S(Rd) and if A ∈ GL(d,R), then T ◦A is defined by

(T ◦A)(g) = | det(A−1)|T (g ◦A−1). (8.52)

The Fourier transform of T ∈ S′(Rd) is well defined by the Parseval
formula in the following way:

∀ f ∈ S(Rd), T̂ (f̂) = T (f).

Theorem 8.7.6. Change of variables and the Fourier transform
Let A ∈ GL(d,R).

a. If f ∈ L1
md(Rd), then f ◦A ∈ L1

md(Rd) and

̂(f ◦A) = | det(A−1)|
(
f̂ ◦ (A−1)∗

)
.

b. If T ∈ S′(Rd), then T ◦A ∈ S′(Rd) and

̂(T ◦A) = | det(A−1)|
(
T̂ ◦ (A−1)∗

)
.

Proof. a. By Theorem 8.7.5 and the definition of A∗, we have

̂(f ◦A)(ξ) =
∫

Rd

(f ◦A)(x)e−2πi〈x,ξ〉 dmd(x)

= | det(A−1)|
∫

Rd

f(x)e−2πi〈A−1(x),ξ〉 dmd(x)

= | det(A−1)|
∫

Rd

f(x)e−2πi〈x,(A−1)∗(ξ)〉 dmd(x)

= | det(A−1)|(f̂ ◦ (A−1)∗)(ξ).
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b. If f ∈ S(Rd) then

̂(T ◦A)(f̂) = (T ◦A)(f ) = | det(A−1)|T (f ◦A−1)

= | det(A−1)|T̂
(
| det(A)|f̂ ◦A∗

)
= | det((A−1)∗)|

(
T̂ ◦ (A−1)∗

)
(f̂)

= | det(A−1)|
(
T̂ ◦ (A−1)∗

)
(f̂),

where the first equality is the definition of the Fourier transform of distribu-
tions, the second and fourth equalities are a consequence of (8.52), the third
is from part a, and the last equality is a consequence of the properties of the
adjoint mapping A → A∗. ��

We can now use the change of variables formula as a motivation to
introduce the notion of measure on smooth parametric surfaces (manifolds)
in R

d. This results in the natural surface measure σ on these surfaces.
We call M ⊆ R

d an m-dimensional smooth surface if, for each x ∈ M ,
there exist an open set V ⊆ M such that x ∈ V , an open set U ⊆ R

m,
and a bijective, open, and infinitely differentiable mapping φ : U → V with
injective derivative at each point of U . We say that φ is a coordinate chart
on V ⊆ M , and V is a coordinate patch of M containing x ∈ M . The metric
tensor of M on U is the matrix Φ of functions on U defined by

Φ(j, k)(x) = D(φ)(x)∗D(φ)(x).

The metric tensor Φ is infinitely differentiable and positive definite.

Example 8.7.7. Spherical polar coordinates
a. We consider the following coordinate system in R

d:

x1 = r sin(φd−2) · · · sin(φ2) sin(φ1) cos(θ),
x2 = r sin(φd−2) · · · sin(φ2) sin(φ1) sin(θ),
x3 = r sin(φd−2) · · · sin(φ2) cos(φ1),

...
xk = r sin(φd−2) · · · sin(φk−1) cos(φk−2),

...
xd = r cos(φd−2),

where r ∈ (0,∞), θ ∈ (0, 2π), and φi ∈ (0, π), i = 1, . . . , d − 2. This defines
the spherical polar coordinate system on R

d \E, for some E ⊆ R
d, for which

md(E) = 0. Then, for f ∈ L1
md(Rd),

∫

Rd

fdmd=
∫ π

0

· · ·
∫ π

0

∫ 2π

0

∫ ∞

0

f(x1, . . . , xd)J(r, θ, φ1, . . . , φd−2)dr dθ dφ1· · · dφd−2,

(8.53)
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where xi = xi(r, θ, φ1, . . . , φd−2), i = 1, . . . , d, and

J(r, θ, φ1, . . . , φd−2) = rd−1 sin(φ1) sin2(φ2) · · · sind−2(φd−2) ≥ 0.

Here J is the Jacobian determinant det(D(φ)) defined above, and we do not
have to worry about the absolute value in (8.51), since J ≥ 0 in this case.

b. For fixed r > 0, let ψr : R
d−1 → R

d be defined as

ψr(θ, φ1, . . . , φd−2) = (x1, . . . , xd).

Let Sd−1
r ⊆ R

d be the sphere of radius r centered at the origin. Then
there exists a finite collection {Vi} ⊆ R

d−1 of open sets such that Sd−1
r \

{(0, . . . , 0,±r)} ⊆
⋃
ψr(Vi) and ψr is a coordinate chart on each Vi. Thus,

Sd−1
r \ {(0, . . . , 0,±r)} is a (d− 1)-dimensional manifold in R

d.
Note that for any permutation of the coordinates x1, . . . , xd, we define a

different spherical polar coordinate system, which covers a different subset of
Sd−1
r . As a consequence, we have that Sd−1

r is a (d− 1)-dimensional smooth
surface in R

d.

Given this setting of a smooth surface M and a coordinate patch V , let
f : V → C be a Borel measurable function; see Appendix A.1. We define the
surface integral

∫
V
f dσ of f as
∫

V

f dσ =
∫

U

f ◦ φ
√

detΦ dmd.

This definition is independent of the choice of a coordinate chart, i.e., if
ψ : W → V is another coordinate chart on V then

∫

U

f ◦ φ
√

detΦ dmd =
∫

W

f ◦ ψ
√

detΨ dmd.

Definition 8.7.8. Smooth partition of unity
Given A ⊆ R

d and an open covering V = {Ṽ } of A, we consider a collection
G of infinitely differentiable functions gi, i ∈ I, defined on some open set
containing A, that satisfies the following properties:

i. ∀ x ∈ A, and ∀ g ∈ G, 0 ≤ g(x) ≤ 1,
ii. ∀ x ∈ A, ∃ V , open, x ∈ V , such that all but finitely many g ∈ G

satisfy g = 0 on V ,
iii. ∀ x ∈ A,

∑
i∈I gi(x) = 1,

iv. ∀ g ∈ G, ∃ Ṽ ∈ V such that g = 0 outside of some closed set contained
in Ṽ .

Such a collection G is a smooth partition of unity for A subordinate to the
covering V . A countable smooth partition of unity subordinate to any given
open covering of A ⊆ R

d exists, e.g., [447].
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We note that the set of coordinate patches V forms an open covering of
a smooth surface M . Moreover, each V is of the form V = Ṽ ∩M , for some
open set Ṽ ⊆ R

d. Thus, there exists a countable smooth partition of unity
{gi : i = 1, . . . } subordinate to the open covering {Ṽi} of M in R

d.
For this partition of unity and for a Borel measurable function f : M →

R
+ we define the surface integral

∫
M
f dσ of f to be

∫

M

f dσ =
∞∑

i=1

∫

Vi

gif dσ,

where supp gi ⊆ Ṽi and Vi = Ṽi ∩ M . This definition is independent of
the choice of partition of unity. In fact, if hi is another partition of unity
subordinate to the open covering {Ṽi} of M , then, since f is nonnegative,

∞∑

i=1

∫

Vi

gif dσ =
∞∑

i=1

∫

Vi

∞∑

j=1

∫

Vj

hjgif dσ

=
∞∑

j=1

∫

Vj

∞∑

i=1

∫

Vi

hjgif dσ

=
∞∑

j=1

∫

Vj

hjf dσ.

For a complex-valued Borel measurable function f : M → C, we write
f as a combination of nonnegative Borel measurable functions, i.e., f =
(Re f)+ − (Re f)− + i(Im f)+ − i(Im f)−, and we let
∫

M

f dσ =
∫

M

(Re f)+ dσ−
∫

M

(Re f)− dσ+i
∫

M

(Im f)+ dσ−i
∫

M

(Im f)− dσ.

We define the surface measure σ on a smooth surface M by letting

σ(A) =
∫

M

�A dσ,

for any Borel set A ⊆ M . This notion of surface measure, which is defined
only on M , is formulated precisely in terms of Hausdorff measure on R

d in
Section 9.3.

Proposition 8.7.9. Let M be a smooth m-dimensional surface in R
d, and

let A ⊆ M be closed in M and such that σ(A) = 0. Then, for any Borel
measurable function f : M → C, we have

∫

M

f dσ =
∫

M\A
f dσ.
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Proof. We begin by writing
∫
M
f dσ =

∫
M
�Af dσ+

∫
M
�M\Af dσ. Since A is

closed in M , M \A is a smooth surface with coordinate charts and coordinate
patches induced by those for M , and so

∫
M �M\Af dσ =

∫
M\A f dσ. On the

other hand, since σ(A) = 0, we also have
∫
M �Af dσ = 0. ��

Proposition 8.7.9 is used in the proof of the following theorem; cf. (8.53).

Theorem 8.7.10. Integration in polar coordinates
Let Sd−1 ⊆ R

d be the unit sphere in R
d. Then

∀ f ∈ L1
md(Rd),

∫

Rd

f dmd =
∫

Sd−1

(∫ ∞

0

f(rω)rd−1 dr

)
dσd−1(ω),

where σd−1 is the surface measure on the smooth surface Sd−1.

Example 8.7.11. Surface measure of the sphere in R
dR
d

R
d

In Example 2.3.11 we computed the Lebesgue measure of the unit ball in R
d

to be

md(Bd) =
πd/2

(d/2)Γ (d/2)
, d = 1, 2, . . . .

Similarly, one can compute

∀ x ∈ R
d and ∀ r > 0, md(B(x, r)) = rd

πd/2

(d/2)Γ (d/2)
.

By Theorem 8.7.10, we can write

md(B(0, r)) =
∫

Rd

�B(0,r) dm
d =

∫

Sd−1

(∫ ∞

0

�B(0,r)(rω)rd−1 dr

)
dσd−1(ω)

=
∫

Sd−1

(∫ r

0

rd−1 dr

)
dσd−1(ω) = σd−1(Sd−1)

rd

d
.

Thus,

σd−1(Sd−1) =
2πd/2

Γ (d/2)
.

8.8 Potpourri and titillation

1. It is easier to see how Stokes’ theorem is a generalization of FTC if we
write it in differential geometric terms.

Let M be a compact, orientable, d-dimensional manifold with boundary
∂M , and let ω be a (d− 1)-form on M . Then
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∫

M

dω =
∫

∂M

ω.

This result includes all classical versions of the Stokes’ theorem. We refer the
reader to [447] for the necessary definitions of integrals of forms on manifolds
and for the proof of this and other related results.

2. In Section 4.7.5 we stated Carleson’s theorem: If f ∈ L2
m(T) then its

Fourier series converges m-a.e. to f . The depth and intricacy of his proof,
hinted at superficially by one of his lemmas also stated in Section 4.7.5, belies
the straightforward plan of proof, which we shall now describe. For further
insight into Carleson’s approach we refer to his comments upon receiving
the 1984 Steele Prize; see [39], pages 175–176.

In analogy with the Hardy–Littlewood maximal function of Sections 8.2
and 8.6, Carleson considered the maximal functionMFS, defined on L2

m(T),
as follows:

MFS(f)(x) = sup
N≥0

|SN (f)(x)|,

where SN (f)(x) =
∑

|n|≤N f̂(n)e−2πinx; see Appendix B.5. He then proved
the fundamental theorem,

∃ C2 > 0 such that ∀ f ∈ L2
m(T), ‖MFS(f)‖2 ≤ C2‖f‖2. (8.54)

A beautifully written and complete proof of (8.54) is due to Charles J.

Mozzochi [351].
Statement (8.54) yields the fact that limN→∞ SN (f) = f m-a.e. by the

following argument. For a given ε ∈ (0, 1), we can choose a sequence {εk} ⊆
R

+ and a sequence {pk} ⊆ L2
m(T) of polynomials such that 0 < ε2k < εk and

‖f − pk‖ < ε2k for each k, and pk → f m-a.e. For this sequence {pk}, and for
each fixed k and x ∈ T, we have

lim
N→∞

|SN (f)(x) − f(x)| ≤ lim
N→∞

|SN (f − pk)(x)| + |f(x) − pk(x)|

≤ MFS(f − pk)(x) + |f(x) − pk(x)|.
(8.55)

Let Ak = {x ∈ T : MFS(f − pk)(x) > εk}. Using (8.54), it is elementary to
check that

m(Ak) ≤ C2
2ε

2
k;

and, by definition of Ak, MFS(f − pk)(x) ≤ εk if x /∈ Ak. Thus, MFS

(f − pk)(x) → 0 if x /∈ Aε =
⋃∞
k=1 Ak. Note that m(Aε) ≤ C2

2 (ε/(1 − ε)) and
pk(x) → f(x) for x /∈ B, where B has the property that m(B) = 0. Hence,
taking the limsup of (8.55), we have SN(f)(x) → f(x) for x /∈ Aε ∪B, where
m(Aε ∪B) ≤ C2

2 (ε/(1 − ε)).
Therefore, SN (f) → f m-a.e. In fact, if r > 0, we set ε = r/(C2

2 + r) < 1,
and form εk, {pk}, Aε, B as above. Set Xr = Aε ∪B, so that

∀ r > 0, ∃ Xr ⊆ T such that m(Xr) < r and SN (f) → f off of Xr.
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Thus, if SN (f) → f on X , m(X) > 0, we obtain a contradiction by choosing
r < m(X).

3. The Hardy–Littlewood theorem (Theorem 8.6.14) and Carleson’s
theorem (8.54) in Section 8.8.2 are special cases of inequalities,

∃ C > 0 such that ∀ f ∈ X, ‖L(f)‖Y ≤ C‖f‖X , (8.56)

where X and Y are Banach spaces and L : X → Y is linear. Such inequalities
are equivalent to the continuity of L (see Appendix A.8).

Plancherel’s theorem (Theorem B.4.2), ‖f̂‖2 = ‖f‖2, is a special case of
(8.56). In the case 1 < p < 2, William Beckner (1975) proved that

∀ f ∈ Lp
md(Rd) ∩ L1

md(Rd), ‖f̂‖q ≤ (p1/pq−1/q)d/2‖f‖p. (8.57)

Clearly, (8.57) is a special case of (8.56). There was an earlier important
contribution by Konstantin I. Babenko (1961). Note that if g is a Gaussian
of the form

g(x) = Ce−〈x,A(x)〉+〈B,x〉,

where C ∈ C, B ∈ C
d, and A is a symmetric, real, positive definite matrix,

then g is an equalizer for (8.57). Elliot H. Lieb (1990) proved the con-
verse. This is relevant since best constants are useful in uncertainty principle
inequalities, which, in turn, can often be proved using Fourier transform norm
inequalities of the form (8.57) or (8.59), e.g., [225], [181], and [45], Chapter 7.

The spaces X and Y can be quite general topological vector spaces, but
they can also have a particular structure. We shall comment on specific
weighted spaces. A weight w on R

d is a nonnegative Lebesgue measurable
function on R

d, and, if 1 ≤ p < ∞, then

Lpw(Rd) = {f ∈ L1
loc(R

d) : ‖fw1/p‖p < ∞}.

If 1 < p < ∞, then w is an Ap-weight if there is ap > 0 such that, for every
cube Q ⊆ R

d,

(
1

md(Q)

∫

Q

w dmd

)1/p (∫

Q

w1−q dmd

)1/q

≤ ap.

In this case, w ∈ L1
loc(R

d). Benjamin Muckenhaupt (1972) proved the
following fundamental theorem.

Theorem 8.8.1. Weighted norm inequality for MMM
Let w be a weight on R

d. Then w is an A2-weight if and only if

∃ C2 > 0 such that ∀ f ∈ L2
w(Rd),

∫

Rd

M(f)(x)2w(x) dmd(x) ≤ C2
2

∫

Rd

|f(x)|2w(x) dmd(x).
(8.58)
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This theorem is part of a monumental effort in twentieth-century classical
harmonic analysis; see [190]. There are also inequalities of the form (8.58),
where M is replaced by various singular integral operators. What is surpri-
sing, after dwelling on the problem, is that some Fourier-transform-weighted
norm inequalities are also characterized by Ap-weights. In fact, one of the
authors, along with Hans Heinig and Raymond L. Johnson, proved the
following result (1987).

Theorem 8.8.2. Fourier-transform-weighted norm inequality
Let w be an even weight on R that is nondecreasing on (0,∞). Then w is an
A2-weight if and only if

∃ C2 > 0 such that ∀ f ∈ L2
w(Rd),

∫

�R
|f̂(ξ)|2w(1/ξ) dξ ≤ C2

2

∫

R

|f(x)|2w(x) dx.
(8.59)

The terms “w(1/ξ)” and “w(x)” reflect the role of the uncertainty prin-
ciple in Fourier analysis. Once again, this theorem is part of a major effort
associated with Fourier-transform-weighted norm inequalities; see [46] for a
perspective of results in the area.

4. The Lebesgue differentiation theorem (Theorem 8.2.4) is true for con-
verging cubes, as stated, with a similar proof for converging balls. Besides
the generalization to measure-metrizable convergence of {Aj} in Section 8.4,
the result is true in more geometric terms for sequences {Aj} of paral-
lelepipeds Aj = {x = (x1, . . . , xd) : aji ≤ xi ≤ bjj , i = 1, . . . , d}, where
limj→∞(bji − aji ) = 0 for each i = 1, . . . , d, and for which

∃ c > 0 such that ∀j = 1, . . . , and ∀ i, k = 1, . . . , d,
bji − aji
bjk − ajk

≤ c.

(8.60)
Condition (8.60) asserts that the ratio of each two dimensions remains
bounded as j → ∞. This leads to several questions, and we address two
of them in the following two paragraphs.

Recall from Example 4.4.7 that the arithmetic means FN ∗f of the partial
sums of the Fourier series S(f) of f ∈ L1

m(T) converge to f on the Lebesgue
set L(f). The notion of Lebesgue set arose in Theorem 4.4.5, which itself
is a strong Lebesgue differentiation theorem on R; cf. Theorem 8.4.7 and
Definition 8.4.8. We ask in what way the pointwise convergence of {FN ∗ f}
generalizes for f ∈ L1

m(Td), d > 1. An answer is that the same result is valid
for sequences of parallelepipeds satisfying (8.60). The proof is difficult and
is due to Marcinkiewicz and Zygmund (1939); see [524], Chapter XVII,
Section 3 for details as well as a reference by Zygmund to an earlier related
approach by C. N. Moore (1913).
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Further, we ask to what extent the Lebesgue differentiation theorem is
valid for sequences {Aj} of parallelepipeds converging to x ∈ R

d when condi-
tion (8.60) is not imposed. Saks (1934) proved that the set of f ∈ L1

md(Rd),
d > 1, for which

∃ x ∈ R
d such that lim

j→∞
1

md(Aj)

∫

Aj

f dmd = f(x) (8.61)

is a set of first category in L1
md(Rd). On the other hand, the limit in (8.61)

is valid md-a.e. for each f ∈ L1
md(Rd) ∩ L∞

md(Rd); see [412]. These results
can be viewed as background for Zygmund’s theorem (1934): If Lp

md(Td),
d > 1, for all p > 1, then the limit (8.61) for the setting of T

d is valid
md-a.e. Zygmund’s theorem was then proven for a larger space, denoted
by L(logL)d−1(Td), by Johan Jessen, Marcinkiewicz, and Zygmund

(1935); see [524], Chapter XVII, Section 3 for details.

5. In his testimonial to Zygmund and Alberto Calderón [449],
Elias M. Stein notes that “It is ironic that complex methods with their
great power and success in the one-dimensional theory actually stood in
the way of progress to higher dimensions. . . . The only way . . . , as Zyg-

mund foresaw, required a further development of ‘real’ methods.” At this
period, in mid-twentieth-century, Calderón and Zygmund wrote their cel-
ebrated paper [86], “On the existence of certain singular integrals”. In it they
proved the so-called Calderón–Zygmund decomposition of R

d for nonnegative
f ∈ L1

m(Rd) and α > 0: There is a decomposition of R
d with the properties

that R
d = F ∪Ω, F ∩Ω = ∅, f ≤ α md-a.e. on F , and Ω is a union of cubes

Qk with disjoint interiors such that

∀ k = 1, . . . , α <
1

md(Qk)

∫

Qk

f dmd ≤ 2dα.

The proof depends on the Lebesgue differentiation theorem, and it is used
to prove weak-type L1 and Lp, 1 < p < ∞, estimates for important singular
integral operators such as the Hilbert transform when d = 1. Stein waxes elo-
quent about [86], asserting that there is probably no paper in the second half
of the twentieth-century “which had such widespread influence in analysis”;
cf. [128] and the wonderful book review [168] by Robert A. Fefferman.

6. Closely related to the semimartingale maximal theorem (Theo-
rem 8.6.10) is Eberhard Hopf’s maximal ergodic theorem (1954), rooted
in Hardy–Littlewood [219]. Doob [144] proved the semimartingale theo-
rem in his classic mid-century treatise on stochastic processes.

Even earlier (1939), Wiener [506] understood the relation between
ergodic theory and differentiation theory. One might say he brought a bril-
liant synthesis to the table, beginning with George D. Birkhoff’s profound
ergodic theorem, showing the relevance and importance of covering lemmas
of Vitali type, proving maximal function inequalities, and showing how to
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proceed from maximal function inequalities to ergodic measure-preserving
analogues.

7. We defined radial functions on R
d in Example 8.6.2c. Similarly, we can

define radial elements of Mb(Rd). In fact, let SO(d,R) ⊆ GL(d,R) be the
subgroup of elements S for which det(S) = 1 and whose transpose is S−1.
Then radial functions f are characterized by the property that f(S(x)) =
f(x) for all S ∈ SO(d,R). We say that μ ∈ Mb(Rd) is radial if S(μ) = μ for
all S ∈ SO(d,R), where S(μ) is defined by S(μ)(f) = μ(f ◦ S), f ∈ Cc(Rd).

Further, in Problem 3.5, we defined the convolution f ∗ g ∈ L1
m(R) for

f, g ∈ L1
m(R); and this definition extends to R

d and locally compact groups.
Also, in Section 7.6.3, equation (7.47), we gave a natural formal definition of
the convolution of distributions, noting that, in this generality, convolution
is not always well defined. It is not difficult to prove that if μ, ν ∈ Mb(Rd),
then the convolution,

∀ f ∈ Cc(Rd), μ ∗ ν(f) = μx(νy(f(x+ y))),

is a well-defined element μ∗ν ∈ Mb(Rd). This definition is a natural extension
of L1-convolution and a particular case of (7.47).

We know that the Radon–Nikodym theorem (Theorem 5.3.1) gives an
embedding L1

md(Rd) ⊆ Mb(Rd). Under convolution, L1
md(Rd), as well as the

space of continuous measures in Mb(Rd), is a closed ideal of Mb(Rd). The
space of all discrete measures is a closed subalgebra of Mb(Rd).

In problem 3.6, the goal was to prove Steinhaus’ result: If X ∈ M(R)
andm(X) > 0, then X−X is a neighborhood of 0; cf. Steinhaus’ comparable
result in Problem 1.13 for the Cantor set C. A significant extension of this
idea is the assertion that if μ, ν ∈ Mb(Rd) are radial, then the convolution
μ ∗ ν is an element of L1

md(Rd).



9 Self-Similar Sets and Fractals

9.1 Self-similarity and fractals

We began this book with the definition of the ternary Cantor set in
Example 1.2.7. This set, the more general perfect symmetric sets, and the
associated Cantor functions serve as a source of examples and counter-
examples in various areas of analysis; recall Example 1.3.5, Example 1.3.17,
Problem 1.12, Example 2.4.14, Problem 2.2, Example 4.2.4, Example 4.5.1,
Problem 4.5, Problem 4.24, Problem 4.42, and Example 5.2.9. In this final
chapter, we return to the Cantor set, and view it and all perfect symmetric
sets in the broader context of self-similarity and fractals.

We start with two classical examples.

Example 9.1.1. Sierpiński carpet
The Sierpiński carpet (sometimes referred to as the Sierpiński curve), see
[433], is an analogue of the Cantor set in R

2. We start with F0 = [0, 1]× [0, 1].
In the next step we represent this square as a union of nine compact squares,
each with sides of length 1/3:

F0 =
9⋃

j=1

F j1 .

Clearly, this union is not disjoint. We take F 1
1 to be the “middle” square, and

we define

F1 = F0 \ intF 1
1 .

Next, we divide each of the squares F j1 , j = 2, . . . , 9, into the union of nine
compact squares, each with sides of length 1/9, and let F j2 , j = 2, . . . , 9,
denote the “middle” squares of this decomposition. We define

F2 = F1 \

⎛

⎝
9⋃

j=2

intF j2

⎞

⎠ .

We proceed inductively, denoting by Fn the set obtained from Fn−1 by
removing the interiors of the 8n−1 “middle” squares, each with sides of length

©
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Fig. 9.1. Sierpiński carpet.

1/3n; see Figure 9.1. The Sierpiński carpet is defined to be the set

S =
∞⋂

j=0

Fj .

S is a nonempty, compact, and connected set of Lebesgue measurem2(S) = 0.
It is not difficult to observe that S cuts the plane into infinitely many disjoint
parts. An interesting feature of the Sierpiński carpet is that its boundary has
infinite length. Indeed, the length of the boundary of Fn is

m(∂Fn) = 4 + 4
n∑

j=1

8n−1

3n
−→ ∞, n → ∞.

An analogous set may be constructed with equilateral triangles replac-
ing squares. The resulting object is called the Sierpiński triangle, although
Benôıt Mandelbrot coined a phrase that is commonly used today, viz.,
the Sierpiński gasket, since it reminded him of “the part that prevents leaks
in motors”; see [337].

Example 9.1.2. Menger sponge
The Menger sponge in R

3 is another example of a set constructed in analogy
with the Cantor set. We start with the cube I0 = [0, 1] × [0, 1] × [0, 1] and
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divide it into 27 cubes, each of side length 1/3. We remove the seven cubes
from it that are disjoint from the edges of I0; and we define I1 to be the closure
of the remaining set in the Euclidean topology. Then I1 may be represented
as a union of 20 cubes, and to each one of them we apply the analogous
procedure in order to obtain I2; and we proceed inductively. The set

M =
∞⋂

j=0

Ij

is the Menger sponge; see Figure 9.2 for an approximation. Again, M is a
nonempty, compact, and connected set of Lebesgue measure m3(S) = 0; but
it does not cut R

3; i.e., R3 \M is connected.

Fig. 9.2. Menger sponge.

Examples 9.1.1 and 9.1.2, as well as many totally disconnected sets,
possess a certain feature not shared by generic open sets in R

d: If we look
through a magnifying glass at these objects, they always seem to look the
same, no matter how closely we look. This serves as the motivation to intro-
duce the notion of self-similarity.
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Definition 9.1.3. Self-similarity and self-affinity
a. A transformation S : R

d → R
d of the form

S(x) = rO(x) + y,

where r > 0, y ∈ R
d, and O : R

d → R
d is an orthogonal transformation of

R
d, is called a similarity transformation or similarity. The orthogonal trans-

formations of R
d can be identified with the set of d× d matrices Q with real

entries that satisfy
Q∗Q = QQ∗ = Id,

where Q∗ denotes the transpose of Q. We write SO(d,R) = {Q ∈ GL(d,R) :
Q∗Q = QQ∗ = Id and detQ = 1}; cf. Section 8.8.7.

If S = {Sj : j = 1, . . . , n} is a family of similarities, we write

∀ A ⊆ R
d, S(A) =

n⋃

j=1

Sj(A).

A set A ⊆ R
d is invariant under S if

S(A) = A.

b. A set A ⊆ R
d is strictly self-similar if there exists a family S = {Sj :

j = 1, . . . , n} of similarities, Sj(x) = rOj(x) + yj , j = 1, . . . , n, r < 1, such
that A is invariant under S and

∀ i �= j, Si(A) ∩ Sj(A) = ∅.

This notion of strict self-similarity in Definition 9.1.3 was introduced by
Mandelbrot [337]. The problem with this approach is that it excludes the
Sierpiński carpet and gasket and the Menger sponge from the family of self-
similar sets. In order to extend the definition of self-similarity to include
such examples we shall use the notions of Hausdorff measure and Hausdorff
dimension, which we shall introduce in Section 9.3. Until then the reader
should think of self-similar sets as sets with “negligible” overlaps Si(A) ∩
Sj(A), that is, small sets when compared to the original set A.

Example 9.1.4. Self-similar sets
a. The ternary Cantor set C is invariant under the following family SC =
(S1, S2) of similarities:

S1(x) =
1
3
x, S2(x) =

1
3
x+

2
3
.

Clearly, S1(C)∩S2(C) = ∅, and the ternary Cantor set is strictly self-similar.
b. The family of similarities associated with the Sierpiński carpet S con-

sists of the following transformations:
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Sj(x) =
1
3
x+ yj, j = 1, . . . , 8,

y1 = (0, 0), y2 = (1/3, 0), y3 = (2/3, 0), y4 = (2/3, 1/3),

y5 = (2/3, 2/3), y6 = (1/3, 2/3), y7 = (0, 2/3), y8 = (1/3, 1/3).

It is not difficult to see that S is invariant under SS = {Sj : j = 1, . . . , 8}.
The overlaps Si(S) ∩ Sj(S), i �= j, are line segments. Thus, S is not

strictly self-similar. On the other hand, although it is not immediately clear
why these overlaps are negligible with respect to S, it is intuitively obvious
that the dimension of S is greater than 1 (which is the dimension of a line
segment), and so S should be self-similar; see Example 9.4.10.

c. Let K0 be the piecewise linear curve described as the graph of the
following function:

k(x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0, if x ∈ [0, 1],√
3x−

√
3, if x ∈ [1, 3/2],

−
√

3x+ 2
√

3, if x ∈ [3/2, 2],
0, if x ∈ [2, 3].

Let SK be the family of similarities consisting of the following transforma-
tions:

S1(x) =
1
3
x, S2(x) =

1
3
O1(x) + (1, 0),

S3(x) =
1
3
O2(x) + (3/2,

√
3/2), S4(x) =

1
3
x+ (2, 0),

where O1 is the rotation by π/3 and O2 is the rotation by −π/3. We define
the set K1 to be the set K0 with each line segment replaced by Sj(K0), j =
1, . . . , 4, and we proceed inductively, defining the set Kn to be the set Kn−1

with every line segment replaced by Sj(Kn−1), j = 1, . . . , 4n, respectively.
Geometrically, plot k on [0, 3] and see Figure 9.3. The set

K = lim
n→∞Kn

is the triadic Koch curve. Clearly, K is invariant under SK and the overlaps
Si(K) ∩ Si(K), i �= j, are single points, and thus negligible. The Koch curve
is sometimes called the snowflake curve, since it is a part of a boundary of a
“snowflake” constructed by Helge von Koch (1870–1924).

d. Let E ⊆ [0, 1] be a perfect symmetric set and let CE be the associ-
ated Cantor function, defined in Example 1.3.17. This function is sometimes
referred to as the devil’s staircase. Let D be the graph of CE . Clearly, it
is built from scaled copies of itself and from straight lines that are inserted
between them. Thus, D fails to be self-similar because of these straight lines.

It may seem disappointing that although the graph of the Cantor function
seems to possess some self-similar features it is not a self-similar set. There are
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Fig. 9.3. Triadic Koch curve.

other analogous and well-known examples of sets that are not self-similar but
that one would like to consider in this context. One family of such examples
is the collection of Koch islands. The original Koch island is the set bounded
by three joined copies of the Koch curve in the same fashion that three equal
intervals build an equilateral triangle.

It was the study of appearances of scalings in various sciences that brought
Mandelbrot [336] to formulate a notion of self-similar objects called frac-
tals. His definition of a fractal set is that it is a set whose topological dimension
is strictly less than its Hausdorff dimension; see Section 9.3. However, this
definition is not ideal. Mandelbrot himself wrote,

I continue to believe that one would do better without a defini-
tion. . . . the immediate reason is that the present definition will be
seen to exclude certain sets one would prefer to see included. More
fundamentally, my definition involves D [Hausdorff dimension] and
DT [topological dimension], but it seems that the notion of fractal
structure is more basic than either D or DT . . . . In other words, one
should be able to define fractal structures as being invariant under
some suitable collection of smooth transformations. But this task is
unlikely to be an easy one.

Another, inequivalent, definition of a fractal set F is that its Hausdorff
dimension is not an integer; see the wavelet fractal set in Figure 9.4 from [49].

The theory of fractals has been studied extensively from various points of
view, and the references are numerous. Besides the work of Mandelbrot,
we refer the interested reader to [83], [248], [250], [160], [161], [258], [153],
[342], [460], and the references included therein, as well as the popular and
authoritative tour de force [423] by Manfred Schroeder.

9.2 Peano curve

Example 9.2.1. Peano curve
We shall construct a continuous function from the interval [0, 1] onto the
square [0, 1] × [0, 1]. Consider the partition of [0, 1] into nine intervals of
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Fig. 9.4. Wavelet fractal set.

equal lengths 1/9, and divide [0, 1] × [0, 1] into nine equal squares of side
lengths 1/3. We start by defining the function p1 : [0, 1] → [0, 1] × [0, 1] as

p1(0) = (0, 0), p1(1/9)=(1/3, 1/3), p1(2/9)=(0, 2/3), p1(1/3)=(1/3, 1),
p1(4/9) = (2/3, 2/3), p1(5/9) = (1, 1/3), p1(2/3) = (2/3, 0),
p1(7/9) = (1/3, 1/3), p1(8/9) = (2/3, 2/3), p1(1) = (1, 1),

and we extend p1 to [0, 1] linearly on the intervals (j/9, (j+ 1)/9). The func-
tion p1 has the following properties:

i. each interval in the partition of [0, 1] is transformed onto a diagonal of
one of the squares in the partition of [0, 1] × [0, 1];

ii. each square in the partition of [0, 1] × [0, 1] has a diagonal that is an
image of some interval in the partition of [0, 1].

Next, we proceed by induction. Our construction is similar to the inductive
construction of the snowflake curve in Example 9.1.4c: we shall use scaled
copies of the original graph of p1 to replace the edges of consecutive approxi-
mations.

Suppose we have a partition of [0, 1] into 9n equal intervals each of length
9−n; and assume that [0, 1] × [0, 1] is divided into 9n equal squares each of
side length 3−n. Assume that a function pn : [0, 1] → [0, 1] × [0, 1] satisfies
the following two properties:

in. each interval in the partition of [0, 1] into 9n intervals is transformed
onto a diagonal of one of the squares in the partition of [0, 1] × [0, 1];
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Fig. 9.5. Peano curve.

iin. each square in the partition of [0, 1] × [0, 1] into 9n equal squares has
a diagonal that is an image of some interval in the partition of [0, 1].

Let [a, b] be a generic interval in the partition of [0, 1], and assume that
pn(a) = (x1, x2) and pn(b) = (y1, y2). Moreover, let qj denote the composition
of p1 with a rotation by π(j − 1)/2, j = 1, . . . , 4, respectively. For x ∈ [a, b]
we define

pn+1(x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(x1, x2) + 3−nq1(x), if x1 < y1, x2 < y2,

(y1, x2) + 3−nq2(x), if x1 > y1, x2 < y2,

(y1, y2) + 3−nq3(x), if x1 > y1, x2 > y2,

(x1, y2) + 3−nq4(x), if x1 < y1, x2 > y2.

In this way we have constructed a continuous function pn+1 : [0, 1] →
[0, 1]× [0, 1] that satisfies the properties in+1 and iin+1; see Figure 9.5. From
our construction we deduce that

∀ x ∈ [0, 1] and ∀ m ≥ n, ‖pm(x) − pn(x)‖ ≤ 3−n. (9.1)

This implies that, for each x ∈ [0, 1], the sequence {pn(x) : n = 1, . . . } ⊆
[0, 1] × [0, 1] is a Cauchy sequence, and so it is convergent. Define

p(x) = lim
n→∞ pn(x).

Statement (9.1) implies that

∀ x ∈ [0, 1], ‖p(x) − pn(x)‖ ≤ 3−n,

i.e., pn converges uniformly to p on [0, 1]. Thus, Proposition 1.3.15a implies
that p : [0, 1] → [0, 1] × [0, 1] is continuous.
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From the properties iin, n = 1, . . . , we deduce that the image of p is
dense in [0, 1] × [0, 1]. Since a continuous image of a compact set is closed,
we conclude that p is onto, i.e.,

p([0, 1]) = [0, 1] × [0, 1].

The function p is the Peano transformation or the Peano curve; see [368]
for Peano’s original proof and see [7], whose proof, like ours, is based on
Schoenberg’s proof (1938).

For the purpose of the next theorem we introduce the notion of a locally
connected set X , which is the set such that for each x ∈ X and for each
open neighborhood U ⊆ X of x, there exists a connected set Z ⊆ U such
that x ∈ intZ. Perhaps surprisingly, there exist connected sets that are not
locally connected.

Proposition 9.2.2. Let X be a compact, connected, locally connected metric
space. Then,

a. X is path connected,
b. ∀ ε > 0, ∃ δ > 0 such that ∀ x �= y with ρ(x, y) < δ, ∃ a continuous

path q from x to y with diam(q) < ε.

The following theorem provides the classification of all metric spaces
that are continuous images of [0, 1]. It was obtained independently by
Mazurkiewicz (1913) and by Hahn (1914).

Theorem 9.2.3. Hahn–Mazurkiewicz theorem
Let X be a nonempty metric space. Then X is a continuous image of [0, 1] if
and only if X is a compact, connected, and locally connected space.

Proof. (=⇒) A continuous image of a compact and connected set is compact
and connected. Moreover, using the fact that a compact metric space X is
locally connected if and only if for each ε > 0 there exists a finite cover of
X by compact connected sets of diameter not exceeding ε, we see that any
continuous image of [0, 1] is also locally connected.

(⇐=) From Corollary A.3.6 it follows that there exist a closed subset A of
the Cantor set C and a surjective continuous function φ : A → X . We shall
extend this function to a continuous function on the whole interval [0, 1] by a
construction analogous to the construction of the Volterra example, Example
1.3.1. Let a = inf A and let b = supA. Since A is closed, the set [a, b] \ A is
an open set in R, which implies that its components of connectivity are open
intervals (ai, bi), i = 1, . . . .

Assume that there are infinitely many intervals (ai, bi). Then limi→∞
(bi−ai) = 0. Thus, by the uniform continuity of φ, see Proposition 1.3.13, and
from Proposition 9.2.2b it follows that there exists a sequence {in : n = 1, . . . }
such that for each i ≥ in there is a continuous path from φ(ai) to φ(bi) with
diameter less than 1/n.
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Without loss of generality we can assume that in ≤ in+1, n = 1, . . . . For
in ≤ i < in+1, let φi : [0, 1] → X be a continuous function defining such a
path. For i < i1, let φi : [0, 1] → X be any continuous path from φ(ai) to
φ(bi). Define f : [0, 1] → X to be

f(x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

φ(a), if x ∈ [0, a],
φ(x), if x ∈ A,

φi(x), if x ∈ [ai, bi], i = 1, . . . ,
φ(b), if x ∈ [b, 1].

(9.2)

Thus, f : [0, 1] → X is a continuous surjection.
When the number of components of connectivity is finite, we consider any

family of continuous paths joining points φ(ai) and φ(bi), and we define the
function f similarly to (9.2). ��

The construction of the Peano curve may be viewed as a special example
of a generalization of von Koch’s construction of Example 9.1.4c. This gene-
ralized construction is generated by two piecewise linear shapes. One is the
initiator and the other is the generator. The process starts by replacing each
straight line of the initiator by an appropriately rescaled and rotated copy of
the generator. At each next stage we repeat the procedure, that is, we replace
each straight line of the previous stage with a copy of the generator, and we
proceed ad infinitum. The snowflake curve is an example of this procedure,
with the initiator equal to the generator. Other well-known examples include
Pólya’s and Cesàro’s triangle sweeping curves, e.g., [28], [98], which are
modifications of Peano’s square-filling construction (Example 9.2.1).

The generalized von Koch construction yields many shapes of interest,
besides plane-filling curves. Among the most important are various fractals,
as defined in Section 9.1. We refer the interested reader to [337] for more
examples and illustrations.

9.3 Hausdorff measure

Let H be a family of homeomorphisms of R
+; e.g., Appendix A.1; cf. Prob-

lem 2.47.

Definition 9.3.1. Hausdorff outer measure
a. For each h ∈ H and ε > 0, define

∀ A ⊆ R
d, μεh(A) = inf

⎧
⎨

⎩

∞∑

j=1

h(diam (Aj)) : A ⊆
∞⋃

j=1

Aj , diam (Aj) < ε

⎫
⎬

⎭ ,



9.3 Hausdorff measure 417

and
∀ A ⊆ R

d, μ∗
h(A) = sup

ε>0
μεh(A).

b. If h ∈ H is an increasing function, then for all ε1 > ε2 we have

∀ A ⊆ R
d, με1h (A) ≤ με2h (A).

In this case,
∀ A ⊆ R

d, μ∗
h(A) = lim

ε→0
μεh(A).

c. If h(t) = tp, p > 0, we write μεh = μεp and μ∗
h = μ∗

p. The set function
μ∗
p : P(Rd) → R

+ ∪ {∞} is Hausdorff outer measure on R
d, depending on p.

It is not difficult to verify that for p = 0 the associated Hausdorff outer
measure μ∗

0 is the counting measure c.

Remark. In the definition of μεp we have assumed that the covering sets
Aj , j = 1, . . . , are arbitrary. However, we may without loss of generality
consider either closed sets, since the closure of a set has the same diameter
as the original set, or open sets, since the set {x : dist (x,A) < δ} is open
and its diameter is diam (A) + 2δ for any δ > 0 (dist (x,A) is defined as
inf {‖x− y‖ : y ∈ A}).

Proposition 9.3.2. Let A ⊆ R
d, and let p, q > 0.

a. If μ∗
p(A) < ∞, then μ∗

q(A) = 0 for all q > p.
b. If μ∗

p(A) > 0, then μ∗
q(A) = ∞ for all q < p.

Proof. We begin by noting that statements a and b are equivalent. Thus, it
suffices to prove part a.

Fix ε > 0 and q > p. Let A ⊆ R
d and let {Aj : j = 1, . . . } be a sequence

of sets with each diam (Aj) < ε, and such that A ⊆
⋃
Aj . Then

∞∑

j=1

diam (Aj)q ≤ εq−p
∞∑

j=1

diam (Aj)p.

This implies
μεq(A) ≤ εq−pμεp(A),

and, consequently, if μ∗
p(A) < ∞, then

μ∗
q(A) = 0. ��

Proposition 9.3.2 allows us to define a generalized notion of dimension,
which has already been mentioned in Sections 8.5 and 9.1.

Definition 9.3.3. Hausdorff dimension
Let A ⊆ R

d. The Hausdorff dimension of A is defined to be

dimH(A) = sup{p ≥ 0 : μ∗
p(A) > 0} = inf{p ≥ 0 : μ∗

p(A) = 0}.
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Remark. In [223], Hausdorff (1868–1942) generalized Carathéodory’s
definition of dimension to the noninteger case. In fact, he proved a funda-
mental property of Hausdorff dimension for irregular curves such as the Koch
curve.

For perspective, note that the integral definition of the length L of the
graph of a smooth function f defined on [0, 1] depends on the following idea.
We approximate L by L(ε) = εNε. Here, Nε is the number of contiguous line
segments of length ε needed to “travel” from f(0) to f(1), where each line
segment intersects the graph at least at the endpoint of the segment. Because
of the smoothness, we can prove that L(ε) → L as ε → 0, and L is designated
the length of the graph.

The convergence described in the previous paragraph does not occur in
the case of the Koch curve, which is a graph in R

2. In fact, in this case there is
a critical exponent D (= dimH(K)) > 1 for which εDNε stays finite, whereas
limε→0 ε

CNε = ∞ if C < D and limε→0 ε
CNε = 0 if C > D. It can be

calculated that dimH(K) = log(4)/ log(3). This phenomenon is an essential
feature of Hausdorff dimension.

Example 9.3.4. Examples of Hausdorff dimension
a. Let Q = [0, 1]d be a unit cube in R

d. We shall verify that 0 < μ∗
d(Q) < ∞.

On the one hand, we can cover Q by a union of Nd adjacent cubes of side
length 1/N , which implies

μεd(Q) ≤ Nd
(
diam ([0, 1/N ]d)

)d ≤
√
d
d
< ∞.

Thus, μ∗
d(Q) < ∞.

On the other hand, we first note that, for each set A ⊆ R
d for which

diam (A) < ∞, we have md∗(A) ≤ 2d (diam (A))d. Thus,

μεd(Q) ≥ 2−d inf

⎧
⎨

⎩

∞∑

j=1

md∗(Aj) : Q ⊆
∞⋃

j=1

Aj , diam (Aj) < ε

⎫
⎬

⎭

≥ 2−dmd∗(Q) = 2−d,

and so μ∗
d(Q) ≥ 2−d > 0.

Combining these two statements, we obtain

dimH(Q) = d.

b. Let C be the ternary Cantor set, defined in Section 1.2. The collection
of intervals {Cjn : j = 1, . . . , 2n}, defined in Example 1.2.7c, forms a covering
of C for each n = 1, . . . . Thus,

∀ n such that
1
3n

≤ ε, μεp(C) ≤
2n∑

j=1

(
1
3n

)p
=

2n

3np
,
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and, consequently,

μ∗
p(C) ≤ lim

n→∞
2n

3np
.

Therefore, in order for μ∗
p(C) < ∞, we must assume that

p ≥ log(2)
log(3)

= log3(2). (9.3)

On the other hand, for the lower estimate, we shall verify the inequality,

μ∗
log3(2)

(C) > 0. (9.4)

In fact, it is enough to show that

∞∑

j=1

diam (Aj)log3(2) ≥ 1 (9.5)

for any open covering {Aj : j = 1, . . . } of C; cf. the Remark after Definition
9.3.1. Since C is compact, we assume that there are only finitely many sets
Aj , j = 1, . . . , N , and that they are all open intervals. Next, let n > 0 be
sufficiently large that each of the sets Ckn, k = 1, . . . , 2n, is contained in some
Aj . For such n and for any Aj , we note that

diam (Aj)log3(2) ≥
∑

Ck
n⊆Aj

diam (Chn)log3(2).

This observation, in turn, implies (9.5), since

N∑

j=1

diam (Aj)log3(2) ≥
N∑

j=1

∑

Ck
n⊆Aj

diam (Ckn)log3(2) ≥
2n∑

k=1

diam (Ckn)log3(2) = 1.

Combining (9.3) with (9.4) yields that

dimH(C) =
log(2)
log(3)

= log3(2).

We now verify that, for all p ≥ 0, the Hausdorff outer measure μ∗p is
indeed an outer measure as defined in Section 2.4. Clearly, μ∗

p is nonnegative
and monotone. Thus, we need to check only that it is subadditive, i.e.,

μ∗
p

( ∞⋃

n=1

An

)
≤

∞∑

n=1

μ∗
p(An).

This, in turn, follows from the fact that the set functions μεp, p ≥ 0, ε > 0,
are subadditive, since
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inf

⎧
⎨

⎩

∞∑

j=1

diam (Bj)p :
∞⋃

n=1

An ⊆
⋃
Bj , diam (Bj) < ε

⎫
⎬

⎭

≤ inf

⎧
⎨

⎩

∞∑

n=1

∞∑

j=1

diam (Bj,n)p : An ⊆
⋃
Bj,n, n = 1, . . . ,diam (Bj,n) < ε

⎫
⎬

⎭ .

We conclude, using the Carathéodory theory of constructing measures
from outer measures, see Theorem 2.4.19, that, for each p ≥ 0, there exist a
σ-algebra Ap ⊆ P(Rd) and a nonnegative σ-additive set function μp on Ap

that is the restriction of μ∗
p to Ap, i.e., μp is a measure on Ap, p ≥ 0. We call

μp the Hausdorff measure on R
d, depending on p.

Some standard references on Hausdorff measure are [223], [248], [271],
Chapter 2, [163], [400]. There is also Carleson’s book [92], which has an
extensive list of references assembled by Hans Wallin. For more recent
references see, e.g., [160], [342].

Proposition 9.3.5. Let A,B ⊆ R
d have the property that dist (A,B) > 0.

Then
∀ p ≥ 0, μ∗

p(A ∪B) = μ∗
p(A) + μ∗

p(B).

Theorem 9.3.6. Hausdorff measure
For each p ≥ 0, (Rd,Ap, μp) is a regular Borel measure space.

Proof. In order to prove that B(Rd) ⊆ Ap, it is enough to show that closed
subsets of R

d are μp-measurable. This reduces to showing that

∀ p ≥ 0, ∀ A ⊆ R
d, A closed, ∀ E ⊆ R

d, μ∗
p(E) ≥ μ∗

p(E ∩A) + μ∗
p(E ∩A∼).

We can assume without loss of generality that μ∗
p(E) < ∞. Let A1/n = {x ∈

R
d : dist (x,A) ≤ 1/n}. By monotonicity of μ∗

p and from Proposition 9.3.5
we deduce that

μ∗
p(E) ≥ μ∗

p(E ∩A) + μ∗
p(E ∩ (A1/n)∼)

≥ μ∗
p(E ∩A) + μ∗

p(E ∩A∼) − μ∗
p(E ∩A1/n ∩A∼).

The sets E ∩ A1/n ∩ A∼ are decreasing, their intersection is the empty set
since A is closed, and we can write

E ∩A1/n ∩A∼ =
∞⋃

k=n

E ∩A1/k ∩ (A1/(k+1))∼.

Thus, it suffices to show that
∑
μ∗
p(E ∩A1/k ∩ (A1/(k+1))∼) < ∞. Indeed, let

Bk = E ∩A1/k ∩ (A1/(k+1))∼. Then, using Proposition 9.3.5, we obtain
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∞∑

k=1

μ∗
p(Bk) = lim

n→∞

(
n∑

k=1

μ∗
p(B2k) +

n∑

k=1

μ∗
p(B2k+1)

)

= lim
n→∞

[
μ∗
p

(
n⋃

k=1

B2k

)
+ μ∗

p

(
n⋃

k=1

B2k+1

)]

≤ lim
n→∞ 2μ∗

p(E ∩A1) < ∞.

The regularity of μp follows from the Remark following Definition 9.3.1
and from the fact that compact sets in R

d are bounded. ��

Example 9.3.7. Examples of Hausdorff measure
The set L of (transcendental) Liouville numbers was defined in Problem 1.25.
It is not difficult to prove that not only is m(L) = 0 but also that μp(L) = 0
for each p > 0, e.g., [362], page 9.

By comparison, if C is the ternary Cantor set, then

μp(C) =

⎧
⎪⎨

⎪⎩

∞, if 0 < p < log(2)/ log(3),
1, if p = log(2)/ log(3),
0, if p > log(2)/ log(3);

cf. Example 9.3.4b and [160], Section 1.5.

Remark. Hausdorff measure μp, p ≥ 0, like Lebesgue measure, is translation-
and rotation-invariant; and if Da(A) = {ax ∈ R

d : x ∈ A}, a ∈ R
+, is the

dilation of a set A by a factor a > 0, then

μp(Da(A)) = apμp(A).

This observation, about translation invariance of both Hausdorff and
Lebesgue measure, implies in particular that they are both Haar measures
on R

d; see Appendix B.9. Thus, the uniqueness of Haar measure implies that
Hausdorff measure μd is a constant multiple of Lebesgue measure md on the
Borel sets B(Rd). In fact,

∀ A ∈ B(Rd), μd(A) =
2dΓ ((d/2) + 1)

πd/2
md(A).

Example 9.3.8. Hausdorff measure and surface measure
Hausdorff measure in R

d is a natural tool to define the surface measure
for m-dimensional manifolds in R

d. In particular, if M is a subset of an
m-dimensional linear subspace of R

d, then Hausdorff measure μm coincides
with a constant multiple of the m-dimensional Lebesgue measure. We observe
that, as opposed to the surface measures constructed in Section 8.7, Hausdorff
measure μm is defined for all Borel subsets of R

d, and not just for the subsets
of a fixed manifold M .
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We write

∀ A ∈ B(Rd) and ∀ 0 < m ≤ d, αm(A) =
πm/2

2mΓ ((m/2) + 1)
μm(A).

With this notation, we have, for every nonnegative Borel measurable function
f : R

d → R, that
∫

Rd

f dmd =
∫

Sd−1

(∫ ∞

0

f(rω)rd−1 dr

)
dαd−1(ω);

cf. Theorem 8.7.10.

We close this section with a few results that analyze sets of measure zero
for any sort of thickness they might have. A profound study in this area has
been made by Borel [67], Chapter 4, and there are still many answers (and
questions) to be found; see the Remark after Problem 2.47.

Proposition 9.3.9. a. Let A ∈ B(Rd). Then, μh(A) = 0 for all h ∈ H if
and only if for every strictly decreasing sequence {an : n = 1, . . . } ⊆ R

+

tending to 0, there exists a sequence of intervals In such that

A ⊆
∞⋃

n=1

In and m(In) ≤ an, n = 1, . . . .

b. Let F ⊆ R
d be concentrated in a neighborhood of a countable set H in

the following sense:

∀ U open, H ⊆ U =⇒ F ⊆ U.

Let K = {k : R
+ → R

∗ : k(0) = 0, k(t) > 0 for t > 0, and k is continuous
and increasing }. Then

∀ k ∈ K, μk(F ) = 0.

Let E ⊆ [0, 1] be a Borel set with m(E) = 0. As a strengthening of
Proposition 9.3.9a, we have the following assertion: There exists a sequence
{an :

∑
an < ∞} ⊆ R

+ with the property that

∀ ε > 0, ∃ {In = (cn, dn) : n = 1, . . . } such that

E ⊆
∞⋃

n=1

In and m(In) ≤ εan, n = 1, . . . .

Indeed, let {Ij,k : j, k = 1, . . . } be a covering of E by open intervals
such that

∑
km(Ij,k) < (1/4)j. Enumerate {Ij,k : j, k = 1, . . . } as {Jn :

n = 1, . . . }, and let In be an interval with the same center as Jn such that
2jm(Jn) = m(In), where Jn corresponds to some Ij,k. Let an = m(In).

We say that the sequence {an : n = 1, . . . } is associated with the set E.
Part b of the following result is a consequence of part a.
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Proposition 9.3.10. a. Let E ⊆ [0, 1] be a Borel set with Hausdorff dimen-
sion dimH(E) > 0. If

∀ p > 0,
∞∑

n=1

apn < ∞,

then {an : n = 1, . . . } cannot be associated with E.
b. There exists ε > 0 such that for any cover of the Cantor set C by open

intervals In, n = 1, . . . , there exists n0 for which m(In0) > ε/2n0.
c. Let 0 < r < log2(3)− 1 and set an = 1/nlog2(3)−1, n = 1, . . . . Then the

sequence {an : n = 1, . . . } is associated with the Cantor set C.

In light of part a it is natural to ask whether for any convergent series∑
an of positive numbers there is a set E ⊆ [0, 1], m(E) = 0, such that

{an : n = 1, . . . } is not associated with E. The answer is that such a set
E always exists, and the proof depends on a result of Aryeh Dvoretzky

(1948) [400], pages 68 ff.; the details are due to E. Boardman [63].

9.4 Hausdorff dimension and self-similar sets

Having defined the notions of Hausdorff measure and Hausdorff dimension
in the previous section, we can now make a precise definition of self-similar
sets. The approach we use is due to John E. Hutchinson [250].

Definition 9.4.1. Self-similar sets
A set A ⊆ R

d is self-similar if
i. ∃ S = {Sj : j = 1, . . . , n}, a family of similarities Sj(x) = rOj(x) + yj ,

j = 1, . . . , n, r < 1, such that A is invariant under S,
ii. μp(A) > 0, for some p > 0, and
iii. ∀ i �= j, μp(Si(A) ∩ Sj(A)) = 0, where p = dimH(A).

In case more precision is needed, we say that A is self-similar with respect
to S.

It turns out that there are not too many invariant sets for a given family
of similarities, as the following result of Hutchinson shows.

Theorem 9.4.2. Existence and uniqueness of invariant sets
Let S be a family of similarities on R

d, with r > 0. Then there exists a unique
compact set FS ⊆ R

d invariant under S.

Although for any S there is only one closed and bounded invariant set,
there may be many sets that are not closed and are unbounded, e.g., R

d.
If a closed nonempty set A ⊆ R

d satisfies the inclusion,
n⋃

j=1

Sj(A) ⊆ A,

then FS ⊆ A.
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Definition 9.4.3. Invariant measures
Let (Rd,B(Rd), μ) be a Borel measure space. The measure μ is invariant or
self-similar under a given family of similarities S = {Sj : j = 1, . . . , n} on
R
d if

∀ A ∈ B(Rd), μS(A) =
1
n

n∑

j=1

μ(S−1
j (A)).

The analysis and harmonic analysis of these invariant or self-similar mea-
sures is an exciting recent development with many applications and with roots
based in the study of some of the classical functions defined in Chapter 1;
see [458], [257], [255], [256].

Theorem 9.4.4. Existence and uniqueness of invariant measures
a. Let S be a family of similarities on R

d with r < 1. There exists a unique
regular Borel measure μS with compact support that is invariant under S and
for which μS(Rd) = 1.

b. The support of μS is the unique compact invariant set FS .

For the proof of Theorem 9.4.4 we again refer the reader to [250].

Proposition 9.4.5. Let S = {Sj : j = 1, . . . , n} be a family of similarities
on R

d with r < 1, and let FS be the compact set invariant under S.
a. μlog1/r(n)(FS) < ∞, i.e., log1/r(n) ≥ dimH(FS).
b. If 0 < μp(FS) < ∞, then FS is self-similar if and only if p = log1/r(n).

Proof. a. Clearly,

∀ m ∈ N, FS =
n⋃

j1,...,jm=1

Sj1 ◦ · · · ◦ Sjm(FS).

Moreover,

n∑

j1,...,jm=1

diam (Sj1 ◦ · · · ◦ Sjm(FS))log1/r(n) =
n∑

j1,...,jm=1

rlog1/r(n)diam (FS)log1/r(n)

= (diam (FS))log1/r(n) .

Since the diameters of Sj1 ◦ · · · ◦ Sjm(FS) are arbitrarily small as m → ∞,
a covering of FS by {Sj1 ◦ · · · ◦ Sjm(FS) : j1, . . . , jm = 1, . . . , n} yields
μlog1/r(n)(FS) < ∞.

b. (=⇒) Let FS be a self-similar set such that 0 < μp(FS) < ∞. In par-
ticular, μp(Si(FS) ∩ Sj(FS)) = 0 for i �= j. Thus,

μp(FS) =
n∑

j=1

μp(Sj(FS)) =
n∑

j=1

rpμp(FS) = nrpμp(FS),

which implies that p = log1/r(n).
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(⇐=) Assume 0 < μlog1/r(n)(FS) < ∞. Then

μlog1/r(n)(FS) ≤
n∑

j=1

μlog1/r(n)(Sj(FS)) =
n∑

j=1

rlog1/r(n)μlog1/r(n)(FS)

= nrlog1/r(n)μlog1/r(n)(FS) = μlog1/r(n)(FS).

Therefore, μlog1/r(n)(FS) =
∑n

j=1 μlog1/r(n)(Sj(FS)), and it follows from a
modification of Problem 2.18 that μlog1/r(n)(Si(FS) ∩ Sj(FS)) = 0 for i �= j.

��

Proposition 9.4.5 provides a simplification in verifying whether an invari-
ant set is in fact self-similar, since we no longer have to measure the overlaps.
We can make this task even simpler if we impose an additional assumption
of the family of similarities; see [250].

Definition 9.4.6. Open set condition
A family of similarities S = {Sj : j = 1, . . . , n} on R

d satisfies the open set
condition if there exists a nonempty, bounded, open set US ⊆ R

d such that
i.
⋃n
j=1 Sj(US) ⊆ US , and

ii. ∀ i �= j, Si(US) ∩ Sj(US) = ∅. We call US a separating set for S.

It is not difficult to verify that the invariant sets we have considered so
far satisfy the open set condition. In fact, for the ternary Cantor set C we
can take U = (0, 1); a separating set associated with the Sierpiński carpet is
the open square (0, 1) × (0, 1); and a separating set for the Koch curve is the
open triangle with vertices (0, 0), (3, 0), and (

√
3/2, 3/2).

Lemma 9.4.7. Let 0 < c1 < c2 < ∞ and let 0 < r < ∞. Let {Uj : j =
1, . . . } be a disjoint family of open subsets of R

d. If each Uj contains a ball
of radius rc1 and is contained in a ball of radius rc2, then, for each x ∈ R

d,
at most (1 + 2c2)dcd1 of the sets Uj ∩B(x, r) are nonempty.

Proof. If Uj ∩ B(x, r) �= ∅, then Uj ⊆ B(x, r(1 + 2c2)). If there are N such
sets Uj , then, since each of them contains a ball of radius rc1, there are N
such disjoint balls contained in B(x, r(1 + 2c2)). By comparing the volumes,
we obtain the required inequality,

N(c1)d ≤ (1 + 2c2)d. ��

Theorem 9.4.8. Hausdorff dimension and the open set condition
Let S = {Sj : j = 1, . . . , n} be a family of similarities on R

d with r < 1 that
satisfies the open set condition. Then

0 < μlog1/n(r)(FS) < ∞,

i.e., dimH(FS) = log1/r(n).
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Proof. i. From the invariance of FS we have that FS =
⋃

(Sj1 ◦· · ·◦Sjm)(FS).
Let εm = diam (Sj1 ◦ · · · ◦ Sjm)(FS) = rmdiam (FS). Thus, we have

μεm

log1/r(n)(FS) ≤
n∑

j1,...,jm=1

ε
log1/r(n)
m

= nmrm log1/r(n)diam (FS) = diam (FS).

(9.6)

Because we have assumed r < 1, it follows that εm → 0 as m → ∞. Therefore,
(9.6) implies that μlog1/r(n)(FS) < ∞.

ii. Let c1 > 0 be the radius of a ball contained in US , and let c2 < ∞
be the radius of a ball containing US . We shall show that for any ε < 1,
μS(B(x, ε)) ≤ (1 + 2c2)dεlog1/r(n)/(rc1)d for all x ∈ R

d. Indeed, let m be
chosen such that rm < ε ≤ rm−1. Invariance of μS implies that

μS(B(x, ε)) =
1
nm

n∑

j1,...,jm=1

μS((Sj1 ◦ · · · ◦ Sjm)−1(B(x, ε)).

Theorem 9.4.4b implies that the supports of μS ◦ (Sj1 ◦ · · · ◦ Sjm)−1 are
contained in Sj1 ◦ · · · ◦ Sjm(US). These sets, in turn, are disjoint, and each
one of them contains a ball of radius rmc1 and is contained in a ball of
radius rmc2. In particular, these sets contain balls of radius rεc1 and they
are contained in balls of radius εc2. Thus, Lemma 9.4.7 implies that at most
(1+2c2)d(rc1)−d of the sets Sj1 ◦ · · · ◦ Sjm(US)∩B(x, ε) are nonempty. Hence,

μS(B(x, ε)) ≤ 1
nm

(1 + 2c2)d

(rc1)d
=

(1 + 2c2)d

(rc1)d
rm log1/r(n)

≤ (1 + 2c2)d

(rc1)d
εlog1/r(n).

iii. In order to prove that μlog1/r(n)(FS) > 0, it is enough to show that,

for any covering {Aj} of FS ,
∑

diam (Aj)log1/r(n) is bounded away from 0.
Since every set of diameter δ is contained in a closed ball of diameter δ, we
may assume, without loss of generality, that each Aj is a ball. Thus, using
the result of part ii, we obtain

∞∑

j=1

diam (Aj)log1/r(n) ≥ (rc1)d

(1 + 2c2)d
1

2log1/r(n)

∞∑

j=1

μS(Aj)

≥ (rc1)d

(1 + 2c2)d
1

2log1/r(n)
μS(FS) > 0. ��

We can now use the observation from Proposition 9.4.5b to restate Theo-
rem 9.4.8 as a result about self-similar sets. In particular, we do not need to
measure the overlaps Si(A) ∩ Sj(A).
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Corollary 9.4.9. Let S = {Sj : j = 1, . . . , n} be a family of similarities on
R
d with r < 1 that satisfies the open set condition. Then FS is self-similar.

Example 9.4.10. Self-similar sets revisited
a. The generalized Cantor set Cξ is a special example of a perfect symmetric
set, see Example 1.2.8, where ξj = ξ, j = 1, . . . , for some ξ ∈ (0, 1/2). The
set Cξ is self-similar and its Hausdorff dimension is dimH(Cξ) = log1/ξ(2) =
log(2)/ log(1/ξ) < 1. See Example 9.3.4b for the ternary Cantor set C, where
ξ = 1/3.

b. Corollary 9.4.9 implies that the Sierpiński carpet S is a self-similar set
with Hausdorff dimension

dimH(S) = log3(8) < 2.

The Menger sponge M is a self-similar set of Hausdorff dimension

dimH(M) = log3(20) < 3.

The Koch curve K is also a self-similar set with Hausdorff dimension

dimH(K) = log3(4) > 1.

Remark. Theorem 9.4.8 and Corollary 9.4.9 are stated for sets invariant
under similarity transformations with fixed scaling r < 1. We can generalize
these results to self-affine sets, that is, the sets invariant under families of
similarities with different scaling factors, rj , j = 1, . . . , n. Then the role of
the number log1/n(r) is played by the unique number D for which

n∑

j=1

rDj = 1;

see [250].

9.5 Lipschitz mappings and generalizations of fractals

The open set condition, see Definition 9.4.6, allows us to deduce additional
properties of sets invariant under families of similarities. In order to state the
result, we need to define an n-dimensional C1-manifold in R

d to be the set
M ⊆ R

d such that for each x ∈ M there exist an open set U ⊆ R
d containing

x, an open set V ⊆ R
n, and a differentiable homeomorphism φ : V → M ∩U

such that its inverse φ−1 : M ∩ U → V is also differentiable.

Theorem 9.5.1. Self-similar sets are unrectifiable
Let S = {Sj : j = 1, . . . , N} be a family of similarities on R

d that satisfies
the open set condition with sets U and V , where U ⊆ V . Let FS ⊆ R

d be
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the compact set invariant under S. Assume that every n-dimensional affine
subspace W ⊆ R

d satisfies the following implication: If there exists i �= j such
that W ∩ Si(U) �= ∅ and Sj(U) �= ∅, then

W ∩

⎛

⎝V \

⎛

⎝
N⋃

j=1

Sj(U)

⎞

⎠

⎞

⎠ �= ∅.

Then, for every n-dimensional C1-manifold M in R
d, we have

μn(M ∩ FS) = 0.

Theorem 9.5.1 is due to Hutchinson [250], Theorem 5.4.(1). It shows
that self-similar sets are really different from planes or smooth surfaces. Thus,
we are led to the notions of rectifiability and unrectifiability, which essentially
measure how much various sets differ from “straight” sets. It turns out that
as a model for rectifiable sets one uses more general objects, i.e., images
of Lipschitz mappings instead of differentiable manifolds. For a rationale,
see [342], Chapter 15, whose definitions we follow.

Definition 9.5.2. Rectifiable and unrectifiable sets
a. A set A ⊆ R

d is n-rectifiable if there exist Lipschitz functions fj : R
n → R

d,
j = 1, . . . , such that

μn

⎛

⎝A \

⎛

⎝
∞⋃

j=1

fj(Rn)

⎞

⎠

⎞

⎠ = 0.

b. A set B ⊆ R
d is called purely n-unrectifiable if, for every n-rectifiable

set A ⊆ R
d,

μn(A ∩B) = 0.

The notion of rectifiability was introduced by Besicovitch [53], [55], [56];
see also [163], [160], [161], [342] for extended expositions on these ideas.

Rectifiable sets play an important role in the study of singular integral
operators, as in the Calderón–Zygmund theory [86]. A typical example of a
singular integral operator is CA, defined by

CA(f)(z) = lim
ε→0

1
2πi

∫

ζ∈A,|z−ζ|>ε

1
z − ζ

f(ζ) dμ1(ζ),

where A ⊆ C is μ1-measurable and we identify C with R
2, and where f ∈

L2
μ1

(A). We call CA the Cauchy transform associated with the Cauchy kernel
�A · 1

z−ζ .
Calderón [85] proved that if A is the graph of a Lipschitz function with

small Lipschitz norm, then the operator CA : L2
μ1

(A) → L2
μ1

(A) is bounded.
This result was generalized to all Lipschitz graphs by Ronald R. Coifman,
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Alan G. R. McIntosh, and Meyer [111]. For a general theory of singular
integral operators see, e.g., [450] and [448].

The study of the relationship between geometric properties of sets and
analytic properties of functions and operators defined on these sets is of great
interest in analysis. A theory that generalizes the above example to that of
the Cauchy transform on rectifiable curves was developed by Guy David,
Peter W. Jones, and Stephen W. Semmes. We shall now briefly describe
some of their results, referring the interested reader to beautiful accounts of
this theory in [121], [122], [123], [342].

First, we note that instead of working with sets of Hausdorff dimension
n, we shall need a more quantitative condition.

Definition 9.5.3. Regular sets
A set A ⊆ R

d is regular with Hausdorff dimension n if it is closed and if there
exists a constant C > 0 such that

∀ x ∈ A and ∀ r > 0,
1
C
rn ≤ μn(A ∩B(x, r)) ≤ Crn.

The smallest such constant C is the regularity constant for A.

Definition 9.5.4. Odd kernels
a. Let Kn(Rd) be the class of all smooth real-valued functions K on R

d \ {0}
that satisfy the conditions:

∀ x ∈ R
d \ {0}, K(−x) = −K(x)

and

∀ j ∈ N, ∃ Cj > 0 such that ∀ x ∈ R
d \ {0}, ‖x‖n+j‖∇j(K)(x)‖ ≤ Cj .

b. We say that a μn-measurable set A ⊆ R
d is good for all the kernels in

Kn(Rd) if, for each K ∈ Kn(Rd), the operators,

∀ ε > 0, Tε(f)(x) =
∫

y∈A,|y−x|>ε
K(x− y)f(y) dμn(y),

are bounded as operators on L2
μn

(A), uniformly in ε > 0.

Before we introduce the main result of this section we need to define one
more piece of the puzzle.

Definition 9.5.5. Carleson measures and Carleson sets
a. Let A ⊆ R

d be a Hausdorff n-dimensional regular set and let μ be a Borel
measure on A× R

+. We say that μ is a Carleson measure on A× R
+ if there

exists a constant C > 0 such that

∀ x ∈ A and ∀ r > 0, μ(B(x, r) × (0, r)) ≤ Crn.



430 9 Self-Similar Sets and Fractals

The smallest constant C such that the above inequality holds is called the
Carleson norm of μ.

b. Let A ⊆ R
d be a Hausdorff n-dimensional regular set. We say that a

Borel set Ω ⊆ A× R
+ is a Carleson set if there exists a constant C > 0 such

that

∀ x ∈ A and ∀ r > 0,
∫∫

(A∩B(x,r))×(0,r)

�Ω(y, t) dμn(y)
dt

t
≤ Crn.

In view of part a, this is equivalent to saying that the measure,

�Ω(x, t) dμn(x)
dt

t
,

is a Carleson measure.
c. Carleson measures were introduced by Carleson (1958), and played a

role in his solution of the celebrated Corona problem; see [89], [90]. Carleson
measure techniques have important applications in partial differential equa-
tions and Fourier multiplier problems, see [263] by Johnson, as well as with
BMO and its ramifications, e.g., [190] and [202], Chapters 7 and 8.

Theorem 9.5.6. Characterizations of uniform rectifiability
Let A ⊆ R

d be a Hausdorff n-dimensional regular set. The following are
equivalent:

a. A is good for all kernels in Kn(Rd).
b. The measure β2

1(x, t) dμn(x) dt
t is a Carleson measure on A × R

+,
where

β1(x, t) = inf
P

{
1
tn

∫

A∩B(x,t)

1
t

dist (y, P ) dμn(y)

}
,

and the infimum is taken over all n-dimensional affine subspaces P of R
d.

c. There are constants C,M > 0 such that, for each x ∈ A and for
each 0 < r ≤ diam (A), there exist a set E ⊆ A ∩ B(x, r) and a function
f : E → R

n for which

∀x, y ∈ E, M−1‖x− y‖ ≤ ‖f(x) − f(y)‖ ≤ M‖x− y‖

and
μn (E) ≥ Crn.

d. For all compactly supported, infinitely differentiable, odd functions ψ,
the measure defined by

∞∑

j=−∞

∣∣∣∣
∫

A

2−jnψ(2−j(x− y)) dμn(y)
∣∣∣∣
2

dμn(x) dδ2k (t)

is a Carleson measure on A× R
+, where δz denotes the Dirac measure con-

centrated at z.
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e. For all ε > 0 the set

{(x, t) ∈ A× R
+ : βb(x, t) > ε}

is a Carleson set, where

βb(x, t) = inf
P

{
sup

y∈A∩B(x,t)

1
t

dist (y, P ) + sup
z∈A∩B(x,t)

1
t

dist (z,A)

}
,

and the infimum is taken over all n-dimensional affine subspaces P of R
d.

We say that a set A ⊆ R
d that is regular and satisfies any of the equiva-

lent conditions a–e is uniformly rectifiable. These are some of the equiva-
lent definitions of uniform rectifiability, and we refer the interested reader
to [120], [121], [122], [430].

The fact that the notion of uniform rectifiability is much stronger than
the notion of rectifiability is seen from part c of Theorem 9.5.6.

Related to the notion of uniform rectifiability is the notion of BPI,
introduced by David and Semmes; see, e.g., [123]. This is yet another way
of defining self-similarity. The acronym BPI stands for “big pieces of itself”.

Definition 9.5.7. BPI sets
A set X ⊆ R

d is a BPI set if it is regular of Hausdorff dimension n and if
the following condition holds: There exist constants θ, C > 0 such that, for
each pair of balls B(x1, r1), B(x2, r2) ⊆ R

d, where x1, x2 ∈ X and r1, r2 ≤
diam (X), there exist a closed set A ⊆ B(x1, r1) ∩X with μn(A) ≥ θrn1 and
a function f : A → B(x2, r2) ∩X for which

∀ x, y ∈ A,
r2
Cr1

‖x− y‖ ≤ ‖f(x) − f(y)‖ ≤ Cr2
r1

‖x− y‖.

The notion of BPI sets allows measure theory to enter into the study
of self-similarity in a new and significant way. David and Semmes write,
“By asking only that pairs of balls contain substantial subsets which look
alike, rather than the whole replicas of each other, we have allowed a greater
role for measure theory in this notion of self-similarity than is customary.
We have increased the possibility for repetition, distortion, rupture, and
clutter”; see [123].

The next definition introduces the possibility for identifying two BPI sets
that have “similar” structures.

Definition 9.5.8. BPI equivalence
Let X, Y ⊆ R

d be two BPI sets with the same Hausdorff dimension n. We say
that X and Y are BPI equivalent if there are constants δ,K > 0 such that,
for any x ∈ X , 0 < r ≤ diam (X), y ∈ Y , and 0 < s ≤ diam (Y ), there
exist a closed set A ⊆ B(x, r) ∩X with μn(A) ≥ δrn and a function f : A →
B(y, s) ∩ Y for which
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∀ x, y ∈ A,
s

Kr
‖x− y‖ ≤ ‖f(x) − f(y)‖ ≤ Ks

r
‖x− y‖.

BPI equivalence is, in fact, an equivalence relation on the family of BPI
sets.

Remark. Let E ⊆ R
d. The function f : E → R

d is bilipschitz with respect
to the Euclidean metric, with constant M , if there exists a constant M > 0
such that the following condition holds:

∀ x, y ∈ E, M−1‖x− y‖ ≤ ‖f(x) − f(y)‖ ≤ M‖x− y‖;

cf. the definition of Lipschitz functions in Problem 1.31 and in Problem 4.36.
This is the condition that appears in Theorem 9.5.6c.

An analogous notion, which we have used in the definitions of BPI sets
and of BPI equivalence, Definitions 9.5.7 and 9.5.8, respectively, uses the
following condition:

∃ K, θ > 0, such that ∀ x, y ∈E, M−1θ‖x−y‖ ≤ ‖f(x)−f(y)‖ ≤ Mθ‖x−y‖.

Functions satisfying this condition are called conformally bilipschitz in [123].
Such a definition allows for better uniform comparison of sets with respect
to families of sets of different sizes.

We close this section with several results relating BPI equivalence and
uniform rectifiability.

Proposition 9.5.9. Let X, Y ⊆ R
d be two BPI sets with the same Hausdorff

dimension n. The sets X and Y are BPI equivalent if and only if there exist
sets A ⊆ X and B ⊆ Y of positive measure, a constant K > 0, and a
surjective function f : A → B such that

∀ x, y ∈ A,
1
K

‖x− y‖ ≤ ‖f(x) − f(y)‖ ≤ K‖x− y‖.

An immediate consequence of Propostion 9.5.9 and of the definition of
uniform rectifiability is the following result.

Proposition 9.5.10. Let X ⊆ R
d be a BPI set that is uniformly rectifiable.

Then X is BPI equivalent to R
n, where n is the Hausdorff dimension of X.

Proof. Indeed, according to Proposition 9.5.9, we need to find two sets, A ⊆
X and B ⊆ R

n, a constant K > 0, and a surjective function f : A → B such
that

∀ x, y ∈ A,
1
K

‖x− y‖ ≤ ‖f(x) − f(y)‖ ≤ K‖x− y‖.

This, in turn, follows directly from part c of Theorem 9.5.6. ��
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The assumption in Proposition 9.5.10 about the set X being both uni-
formly rectifiable and BPI is redundant, as the next result shows; see [123],
Proposition 3.3.

Proposition 9.5.11. Uniformly rectifiable sets are BPI.

Finally, we have the following characterization of uniformly rectifiable
subsets of R

d in terms of the notion of BPI.

Theorem 9.5.12. BPI characterization of uniform rectifiability
Let X ⊆ R

d be a regular set of Hausdorff dimension n. Then X is uniformly
rectifiable if and only if X is BPI and BPI equivalent to R

n.

Proof. (=⇒) If X is uniformly rectifiable, then it follows from Proposition
9.5.11 that X is a BPI set. Thus, we may use Proposition 9.5.10 to conclude
that X is BPI equivalent to R

n, where n is the Hausdorff dimension of X .
(⇐=) This follows immediately from the definition of uniform rectifiability

(Theorem 9.5.6c) by an argument analogous to the one used in the proof of
Proposition 9.5.10. ��

9.6 Potpourri and titillation

1. Let A(T) be the space of absolutely convergent Fourier series, F = f̂ ,
i.e., f ∈ �1(Z). As in Section 7.6.2, we define closed sets E ⊆ T of spec-
tral synthesis, so-called S-sets, by the condition A′(E) = A′

S(E). Clearly,
Mb(E) ⊆ A′

S(E) ⊆ A′(E), where Mb(E) = {μ ∈ Mb(T) : supp (μ) ⊆ E}.
We shall investigate the relations between these three spaces. To begin, recall
the definition of Riemann’s sets of uniqueness, or U -sets, E from Section 3.8.
These will play a role in stating the relations between Mb(E), A′

S(E), and
A′(E), as will various number-theoretic topics such as Kronecker’s theorem
and Pisot–Vigayraghavan numbers.

Leopold Kronecker proved that if {x1, . . . , xn, π} ⊆ R is linearly
independent over the rationals, {y1, . . . , yn} ⊆ R, and if ε > 0, then there
is an integer m such that for each j,

∣∣eixjm − eiyj
∣∣ < ε;

see [221], [271], and [33], pages 239–241, where the proof depends on the Bohr
compactification.

Remark. A special case of Kronecker’s theorem is the assertion that if
x ∈ R \ Q, then {nx (mod1) : n ∈ N} is dense in [0, 1]. Problem 3.29b gives
a stronger statement of this assertion in terms of uniform distribution.

The problem of the distribution of {nx (mod1) : n ∈ N} in [0, 1] was
studied in the theory of secular perturbations in astronomy going back
to Ptolemy and explicitly with Joseph-Louis Lagrange, who posed
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a basic problem about mean angular motion of trigonometric polynomi-
als. The so-called Kronecker–Weyl theorem was proved by Weyl to treat
Lagrange’s problem. The theorem itself can be viewed as a generalization
of Weyl’s characterization of uniform distribution modulo 1 in terms of
Riemann integrals that we stated in Problem 3.29. In fact, Weyl proved the
Kronecker–Weyl theorem in his fundamental number-theoretic paper [500]
on uniform distribution.

The Kronecker–Weyl theorem can be viewed as a result about replacing
time averages by space averages. It is an early example of an “ergodic theo-
rem”, and many view it as the catalyst for the dynamic (sic) development of
ergodic theory; cf. Section 8.8.6. An expert, readable, brilliant exposition on
this material is due to Shlomo Z. Sternberg [453] (1969).

In his 1948 Josiah Willard Gibbs lecture, Weyl [501] (1950) has written
a dazzling midcentury vision and retrospective integrating some of this
material.

Because of Kronecker’s theorem we say that a closed set E ⊆ T is a
Kronecker set if for each ε > 0 and each continuous function f : E → C,
satisfying |f | = 1, there is an integer m for which

sup
x∈E

∣∣f(x) − eimx
∣∣ < ε.

An algebraic integer is an algebraic number where the corresponding poly-
nomial is monic; see Problem 1.24. A Pisot–Vijayaraghavan (P–V) number is
a real algebraic integer α > 1 with the property that all of the other roots of
its minimal polynomial have modulus less than 1. As an example, note that
the golden ratio α = (1 +

√
5)/2 is a P–V number since |1 −

√
5|/2 < 1.

Remark. a. Pisot–Vigayraghavan numbers come into the picture for the
investigation of badly distributed sequences, as opposed to Weyl’s uniform
distribution; see Problem 3.29. Kronecker’s theorem can be proved using
Weyl’s results on uniform distribution.

b. Independently of each other, Axel Thue (1912 in Norske Vid. Selsk.
Skr.) and Hardy [214] (1919 in J. of Indian Math. Soc.) observed that

α P–V =⇒ lim
n→∞ αn (mod 1) = 0, (9.7)

and proved one of the key properties of P–V numbers: If α > 1 is an algebraic
integer and limn α

n (mod 1) = 0 then α is a P–V number. For quadratic P–V
numbers α1 with conjugate α2 we easily verify (9.7) as follows:

(αn1 + αn2 ) = (αn−1
1 + αn−1

2 )(α1 + α2) − α1α2(αn−2
1 + αn−2

2 ),

α1 + α2 = 1, α1α2 = −1;
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and an induction argument shows that

lim
n→∞αn1 (mod 1) = 0.

c. The work of both Thue and Hardy does not seem to have been
properly advertised until the early 1960s. P–V numbers have been studied
extensively by Charles Pisot beginning with his thesis in 1938, and a good
bibliography on the subject up to 1962 is in [373].

Salem proved the following spectacular theorem: Let E = Eξ ⊆ T be
the perfect symmetric set with ξk = ξ ∈ (0, 1/2) for each k; then E is a
U -set if and only if 1/ξ is a P–V number. Salem announced this result in
1943, and an error in the sufficiency conditions was found by members of
the theory of functions seminar at the University of Moscow in 1945. In 1948
Salem published some special cases in which the sufficiency is true, and in
1954 Piatetski–Shapiro proved that if β is a P–V number of degree n and
β > 2n, then E = Eξ is a U -set where ξ = 1/β. Finally, in 1955, Salem and
Zygmund, using Piatetski–Shapiro’s method, proved the full generality
of the originally stated result; see [413].

Raphaël Salem (1898–1963) was the key figure in the revival of the
Paris (Orsay) school of Fourier analysis. Salem returned to Paris from MIT
after World War II, and his lectures in 1948 on unsolved problems in Fourier
series were the catalyst for great activity. Salem’s career is warmly sketched
by Zygmund [414] from his birth in Thessaloniki, his banking profession
(manager of the Banque de Paris et des Pays-Bas by 1938), to the days in
Cambridge, and to Paris.

The following theorem summarizes several striking results dealing with
notions we have just discussed; see [32], [33], [269], [347], [296], [297], [322],
[234] for excursions through this field.

Theorem 9.6.1. Kronecker, UUU , and SSS sets
Let E ⊆ T be closed.

a. ( Malliavin, 1962) If Mb(E) = A′(E) then every closed subset of E
is an S-set (easy), and if this latter condition holds then E is a U -set.

b. ( Varopoulos, 1965) If E is a Kronecker set then Mb(E) = A′(E).
c. ( Körner, 1972) There is E such that Mb(E) = A′

S(E) and A′
S(E) �=

A′(E).

2. The notion of Hausdorff dimension provides a finer, intuitive notion of
dimension than ordinary Euclidean dimension, and there are many examples
in which this notion is relevant, e.g., [336], [337], [423]. It is often all but
impossible to compute the Hausdorff dimension of a physical object. In order
to address this issue, the method of a multifractal formalism has arisen along
with the concept of the spectrum of singularities of a given function. For
instance, there is the structure function method of U. Frisch and G. Parisi
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[186]. There are also other methods that involve the wavelet transform. The
deepest results in this area are due to Jaffard [257], [255], [256], [258]; and
the outline below is also due to Jaffard.

Let f : R
d → R and let α > 0. Given x0 ∈ R

d, we write f ∈ Cα(x0) if
there are a polynomial Px0 of degree less than α and a constant Cx0 > 0 such
that

|f(x) − Px0(x− x0)| ≤ Cx0‖x− x0‖α (9.8)

in a neighborhood of x0. It can be shown that if f ∈ Cα(x0), then f ∈ Cβ(x0)
for any β < α. Thus, the following definition makes sense.

The pointwise Hölder exponent, hf (x0), of f : R
d → R at x0 is

hf (x0) = sup{α > 0 : f ∈ Cα(x0)},

where we say that hf (x0) = 0 if f /∈ Cα(x0) for any α > 0. See the classical
definition of Hölder exponent in Section 1.5.1. The spectrum of singularities
of f : R

d → R is the function df : [0,∞] → {−∞} ∪ [0, d] defined as

df (α) = dimH ({x : hf (x) = α}),

where we adopt the convention that dim (∅) = −∞.
A multifractal function f : R

d → R is a function whose spectrum of
singularities has the property that {α > 0 : df (α) ∈ (0, d]} contains an
interval.

A modification of the Weierstrass everywhere continuous nowhere differ-
entiable function defined in Section 1.5.1 is

Kα(x) =
∞∑

k=0

sin(2kπx)
2kα

.

A direct calculation shows that

∀ x ∈ R, hKα(x) = α,

i.e., for any given x ∈ R, β < α, and α < γ, we have Kα ∈ Cβ(x) and
Kα /∈ Cγ(x).

The spectrum of singularities dR of Riemann’s function R, defined in
Section 1.5.1, is

dR(α) =

⎧
⎪⎨

⎪⎩

4α− 2, if α ∈ [1/2, 3/4],
0, if α = 3/2,
−∞, elsewhere.

In particular, R is a multifractal function.
We also mention the remarkable articles [82] and [148] on the history of

R and on the role of self-similarity in analyzing its behavior, respectively.
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Finally, Riemann’s ruler function r, defined after Proposition 1.3.6, is
also multifractal with spectrum of singularities

dr(α) =

{
2α, if α ∈ [0, 1/2],
−∞, elsewhere.

The Hölder exponent of r vanishes on the rationals.

3. Wavelets can be used in the analysis of Hölder exponents. Let α > 0
and set k = [α]. Choose a “wavelet” ψ ∈ L1

m(R) satisfying the following
properties:

∃ C > 0 such that ∀ j = 0, . . . , k + 1, ∀ x ∈ R, |ψ(j)(x)| ≤ C(1 + |x|)−k−2,

∀ j = 0, . . . , k,
∫

R

xjψ(x) dx = 0,

and ∫ ∞

0

|ψ̂(ξ)|2
ξ

dξ = 1 with ψ̂(ξ) = 0 if ξ < 0.

If f ∈ L∞
m (R), then the continuous wavelet transform Cf (a, b) of f is defined

as

∀ a ∈ (0,∞) and ∀ b ∈ R, Cf (a, b) =
1
a

∫

R

f(x)ψ((x − b)/a) dx.

In this setting, Jaffard proved the following result.

Theorem 9.6.2. Wavelet characterization of Cα(x0)Cα(x0)Cα(x0)
a. If f ∈ Cα(x0), then

∃ C > 0 such that ∀ (a, b) ∈ (0,∞)×R, |Cf (a, b)| ≤ Caα
(

1 +
|b− x0|

a

)α
.

b. Conversely, if there exists β < α for which

∃ C > 0 such that ∀ (a, b) ∈ (0,∞)×R, |Cf (a, b)| ≤ Caα
(

1 +
|b− x0|

a

)β
,

then
|x− x0| ≤ 1/2 =⇒ |f(x) − f(x0)| ≤ C|x− x0|α.

This theorem can be used to give a characterization of Hölder exponents
[8], and with it the authors were able to give a wavelet characterization of
the so-called oscillating singularity exponent. We mention this since such
exponents are the underlying idea behind so-called chirps, which have a long
history in signal analysis, e.g., [39]. Examples of chirps are the functions
fα,β(x) = xα sin(1/xβ), x �= 0, that were analyzed in Problems 4.4 and 4.5.



438 9 Self-Similar Sets and Fractals

To fix ideas, consider f = f1,1. Clearly, hf(x) = ∞ if x �= 0, and it is not
to difficult to calculate that hf (0) = 1. The study of singular oscillating
behavior in terms of fα,β, wavelets, and microlocal analysis was initiated by
Meyer (1992); see [259].

4. There are thousands of measures on the mathematical landscape,
custom-made to clarify and analyze and create. Some may seem to have
more global impact that others, but who can really say as new ideas evolve?
We give a short list of measures, exclusive of those already mentioned, to
illustrate the diversity of this landscape.

• There are Riesz product measures, designed to construct singular mea-
sures with applications as far-reaching as ergodic theory and multifractal
analysis; e.g., [391], [77], [285], [415]; see [42] for an overview, references deal-
ing with both probability and engineering, and a surprising comparison with
the Cantor measure.

• There is Wiener measure and Brownian motion, e.g., [510], [151], [305];
cf. [32] for one of its roles in harmonic analysis as well as [363], Chapters IX
and X, and the extraordinary program of Jean-Pierre Kahane [268] (1968)
continuing to the present.

• There are the complex measures Ex,y inherent in the definition of a
resolution of the identity E : A → L(H) used to prove the spectral theorem
for certain operators A ∈ L(H), e.g., [392], [465], [406]. Here A is a σ-algebra
in a set X , L(H) is the space of bounded linear operators A : H → H , H
is a complex Hilbert space, and, for given x, y ∈ H , Ex,y(A) = 〈E(A)(x), y〉,
where A ∈ A. The setting can be generalized, and the result for Hilbert space,
due to Hilbert in 1912, is a generalization of the spectral theorem for C

d.
• Positive operator-valued measures (POVMs) are related to the measures

Ex,y, and they play an influential role in quantum information processing
and quantum measurement, e.g., [492], [73]. Tight frames, with all of their
applications in signal processing, can be used to construct POVMs.

• The power spectrum of f ∈ L∞(R) is a positive measure whose Fourier
transform is the deterministic autocorrelation,

lim
T→∞

1
2T

∫ T

−T
f(t+ u)f(u) du.

(Some hypotheses are required regarding convergence.) The notion of power
spectrum was central to some of Wiener’s most profound work, e.g.,
Appendix B.12, [505], [33], and it provides a foundation for Kolmogorov’s
prediction theory, e.g., [292], [38]. In probabilistic formulation, this theory
deals with the Wiener–Khinchin theorem and the Wold decomposition, and
uses analytic tools such as the Szegő alternative, see [39], Section 3.7, and
[152].

• The notion of spectral measure is not unrelated to Kolmogorov’s
prediction theory. Whereas one of Kolmogorov’s prediction theorems char-
acterizes the completeness condition,
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L2
μ(R) = span {e2πixξ : ξ ≤ 0},

we define a nonnegative μ ∈ Mb(R) to be a spectral measure if there is a
spectral set Λ ⊆ R defined by the property that {e2πixξ : ξ ∈ Λ} is an
orthonormal basis for L2

μ(R). We call S ⊆ R a spectral set if μ = m|S is a
spectral measure. The Fuglede conjecture states that S ∈ M(R) is a spec-
tral set if and only if it tiles R by integer translates. Terrence Tao gave
a counterexample to the conjecture when R is replaced by R

5. There are
now counterexamples for d ≥ 5 as well as many positive results and related
problems. See [309] for a recent contribution as well as a list of results by
Bálint Farkas, Alex Iosevich, Palle Jorgensen, Nets Katz, Mihail

Kolountzakis, Jeffrey Lagarias, Izabella �Laba, Máté Matolcsi,
Peter Móra, Steen Pedersen, Szilárd Révész, Robert Strichartz,
Sándor Szabó, and Yang Wang.





A Functional Analysis

A.1 Definitions of spaces

This appendix lists results from functional analysis that are used in this book.
There are many excellent texts and expositions including [138], [156], [242],
[200], [311], [372], [392], [406], [465].

Definition A.1.1. Topological space
A topological space X is a pair (X, T ), where X is a nonempty set, T ⊆ P(X),
and T satisfies the following conditions:

i. ∅ ∈ T , X ∈ T ,
ii. {Uα : α ∈ I, an index set} ⊆ T =⇒

⋃
α∈I Uα ∈ T ,

iii. {Uj : j = 1, . . . , n} ⊆ T =⇒
⋂n
j=1 Uj ∈ T .

The elements of T are called open sets and T is a topology for the set X .
The interior of S ⊆ X , denoted by int S, is the largest open set contained
in S. The complement of an open set is a closed set. A set S in a topological
space (X, T ) is a neighborhood of x ∈ X if x ∈ U ⊆ S for some U ∈ T .
We call B ⊆ T a basis for the topological space (X, T ) if for each x ∈ X and
each neighborhood S of x, we have x ∈ V ⊆ S for some V ∈ B. We say that
Bx is a basis at x ∈ X if each element of Bx is a neighborhood of x, and, for
every neighborhood S of x, we have x ∈ B ⊆ S for some B ∈ Bx.

Theorem A.1.2. Characterization of a basis
A family B is a basis for some topology T for X =

⋃
{B : B ∈ B} if and

only if

∀ U, V ∈ B and ∀ x ∈ U ∩ V, ∃ W ∈ B such that x ∈ W ⊆ U ∩ V.

In this case, T is the family of all unions of members of B.

We shall assume that all of our topological spaces X are Hausdorff, i.e.,
that they satisfy the following property:

∀ x, y ∈ X, x �= y, ∃ Ux, Uy ∈ T such that x ∈ Ux, y ∈ Uy, and Ux ∩ Uy = ∅.

Let (X, T ) be a topological space and let Y ⊆ X . Define TY = {U ∩ Y :
U ∈ T }. As such, (Y, TY ) is a topological space, and TY is the induced topology
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on Y from (X, T ). Among other natural situations, the concept of induced
topology allows us to discuss the Borel algebra B(Y ) in terms of B(X), as
well as Borel measurable functions on Y when we are given B(X); e.g., see
Sections 2.4 and 8.7.

A set Y ⊆ X is dense in X if for each x ∈ X and each open set U
containing x there is a point y ∈ Y ∩ U . According to Definition 1.2.11a,
K ⊆ X is compact if every covering of K by open sets contains a finite
subcovering; and K ⊆ X is relatively compact if its closure (the smallest
closed set containing it) is compact. A topological space X is locally compact
if every point has at least one compact neighborhood, i.e., if

∀ x ∈ X, ∃ K ⊆ X, compact, and ∃ V ∈ T such that x ∈ V ⊆ K.

Recall that a function f : X1 → X2 is a bijection if f is one-to-one
(injective) and onto (surjective). Two topological spaces (Xi, Ti), i = 1, 2,
are homeomorphic if there is a bijection f : X1 → X2 such that

∀ U ∈ T1, f(U) ∈ T2 and ∀ V ∈ T2, f
−1(V ) ∈ T1.

In this case, f is a homeomorphism. These two conditions define the continuity
of f−1 and f on X2 and X1, respectively; cf. the equivalent definition of
continuity for metric spacesX and Y in Definition A.4.2. This latter definition
emphasizes the local nature of continuity by defining continuity at a point.

Theorem A.1.3. Urysohn lemma
Let X be a locally compact Hausdorff space. If K ⊆ X is compact and U ⊆ X
is an open set containing K, then there is a continuous function f : X → [0, 1]
such that f = 1 on K and f = 0 on U∼.

A topological space X is connected if it cannot be represented as a disjoint
union of two nonempty closed sets. A space X is locally connected if it has
the following property at each x ∈ X : Every neighborhood of x contains a
connected neighborhood of x. If X is a locally compact Hausdorff space and if
for every two points x, y ∈ X there exists a continuous function p : [0, 1] → X
such that p(0) = x and p(1) = y, we say that X is path connected.

Standard references for topological spaces include [279], [307].

Definition A.1.4. Metric space
a. A metric space X is a pair (X, ρ), where X is a nonempty set and ρ :
X ×X → R

+ satisfies the following conditions:
i. ∀ x, y ∈ X, ρ(x, y) ≥ 0,
ii. ∀ x, y ∈ X, ρ(x, y) = ρ(y, x),
iii. ∀ x, y, z ∈ X, ρ(x, z) ≤ ρ(x, y) + ρ(y, z) (triangle inequality),
iv. ∀ x, y ∈ X, ρ(x, y) = 0 ⇐⇒ x = y.

We call ρ a metric. If only the first three conditions are satisfied we say that
ρ is a pseudometric.
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b. The open ball B(x, r), with center x and radius r, in a metric space
X is

B(x, r) = {y ∈ X : ρ(x, y) < r}.

A metric space is a topological space and U is defined to be open if

∀ x ∈ U, ∃ B(x, r) ⊆ U.

Equivalently, we can define a basis B for the topology in a metric space X to
be {B(x, r) : x ∈ X, r > 0}.

In particular, metric spaces are Hausdorff.
c. A sequence {xn : n = 1, . . . } ⊆ X , where X is a metric space, is

Cauchy if

∀ ε > 0, ∃ N such that ∀ m,n > N, ρ(xm, xn) < ε.

If X is a metric space in which every Cauchy sequence {xn : n = 1, . . . }
converges to some element x ∈ X , i.e., ρ(xn, x) → 0, then X is complete.

d. Two metric spaces (Xi, ρi), i = 1, 2, are isometric if there is a bijection
f : X1 → X2 such that

∀ x, y ∈ X1, ρ1(x, y) = ρ2(f(x), f(y)).

In this case, f is an isometry.
e. Let (X, ρ) be a metric space. A subset V ⊆ X is closed if, whenever

{xn : n = 1, . . . } ⊆ V and ρ(xn, x) → 0 for some x ∈ X , we can conclude
that x ∈ V . The closure Y of a subset Y ⊆ X is the set of all elements x ∈ X
for which there is a sequence {xn : n = 1, . . . } ⊆ Y such that ρ(xn, x) → 0.
The complement of a closed set V is open and vice versa.

f. The diameter of a subset Y of a metric space (X, ρ), denoted by
diam (Y ), is

diam (Y ) = sup{ρ(x, y) : x, y ∈ Y }.

Theorem A.1.5. Compact metric spaces
Let (X, ρ) be a metric space. A subset K ⊆ X is compact if and only if every
sequence has a convergent subsequence.

Remark. If a topological space X has a countable basis then X is said to
satisfy the second axiom of countability. If X is a locally compact Hausdorff
space, then the second axiom of countability is equivalent to the existence of
a metric ρ on X and a sequence of compact sets Fn such that X =

⋃∞
n=1 Fn,

Fn ⊆ int Fn+1; see [278], Theorem I.5.3.

Example A.1.6. Hilbert cube
An important example of a metric space is the Hilbert cube [0, 1]ℵ0 . It is
defined to be the Cartesian product of countably infinitely many copies of
[0, 1] equipped with the metric
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ρ(x, y) =

( ∞∑

i=1

(min(1/i, |xi − yi|))2
)1/2

,

for x = {xi : i = 1, . . . } and y = {yi : i = 1, . . . }.

The following result should be compared with our construction of the
Cantor function in Example 1.2.7d.

Proposition A.1.7. There exists a continuous function f : C → [0, 1]ℵ0

that maps the Cantor set C onto the Hilbert cube [0, 1]ℵ0 .

An excellent reference for metric spaces is [198].
It is sometimes necessary to consider topological vector spaces in which

the topology cannot be described by a metric, e.g., in the theory of distribu-
tions; see Chapter 7, Example A.6.5, [242], [428], or [39], Chapter 2. In such
cases we would still like to have a notion of completeness, and this is accom-
plished through the theory of uniform spaces, e.g., [279].

Definition A.1.8. Uniform space
A uniform structure on a set X is a family X of subsets of X×X that satisfies
the following conditions:

i. ∀ V ∈ X , {(x, x) : x ∈ X} ⊆ V ,
ii. ∀ V ∈ X , {(y, x) : (x, y) ∈ V } ∈ X ,
iii. ∀ V ∈ X , ∃ V ′ ∈ X such that

{(x, y) : ∃ z ∈ X such that (x, z), (z, y) ∈ V ′} ∈ X ,

iv. ∀ V, V ′ ∈ X , V ∩ V ′ ∈ X ,
v. ∀ V ⊆ X ×X , for which ∃ V ′ ∈ X and V ′ ⊆ V , we have V ∈ X .
A uniform space (X,X ) is a topological space (X, T ) with the topology

T defined by sets of the form

U = {x : x ∈ X and ∃ y ∈ A ⊆ X such that (y, x) ∈ V ∈ X},

for all subsets A ⊆ X and for all sets V ∈ X .

A uniform structure X is pseudometrizable if its corresponding topology
T has a countable basis.

If {ρi, i = 1, . . . } is a family of pseudometrics, respectively, metrics, on
a nonempty set X , consider the uniform structure X on X defined by the
collection of sets

{(x, y) ∈ X ×X : ρi(x, y) < ε}, ε > 0, i = 1, . . . .

If the topology T corresponding to this uniform structure X has a countable
basis, then there exists a pseudometric, respectively, metric, ρ that induces
the same topology as (X,X ).

Standard references for uniform spaces are [279], [70].
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Definition A.1.9. Normed vector space and Banach space
Let X be a vector space over F, F = R or F = C. We call X a normed vector
space if there is a function ‖...‖ : X → R

+ such that
i. ∀ x ∈ X, ‖x‖ = 0 ⇐⇒ x = 0,
ii. ∀ x, y ∈ X, ‖x+ y‖ ≤ ‖x‖ + ‖y‖ (triangle inequality),
iii. ∀ a ∈ F, ∀ x ∈ X, ‖ax‖ = |a|‖x‖.

The function ‖...‖ is a norm. A normed vector space is a metric space with
metric ρ(x, y) = ‖x− y‖.

A complete normed vector space is a Banach space.

Let X be a normed vector space. We say that
∑
xn converges to x ∈ X ,

for xn ∈ X , n = 1, . . . , if

lim
N→∞

∥∥∥∥∥x−
N∑

n=1

xn

∥∥∥∥∥ = 0.

Moreover,
∑
xn is absolutely convergent if

∞∑

n=1

‖xn‖ < ∞.

We have the following characterization of Banach spaces.

Proposition A.1.10. A normed vector space X is a Banach space if and
only if every absolutely convergent series is convergent.

Proof. (=⇒) Take {xn : n = 1, . . . } ⊆ X for which
∑

‖xn‖ < ∞, and choose
ε > 0. If

∑∞
n=N ‖xn‖ < ε/2, then, for each n > m ≥ N ,

∥∥∥∥∥∥

n∑

j=m

xj

∥∥∥∥∥∥
< ε.

Thus,
∑
xn converges to some x ∈ X since X is complete.

(⇐=) Let {xn : n = 1, . . . } ⊆ X be a Cauchy sequence in X . Hence, for
each k there is nk ∈ N such that

∀ m,n ≥ nk, ‖xm − xn‖ <
1
2k

;

we can also choose nk+1 > nk. Set yk = xnk
− xnk−1 for k = 1, . . . , where

xn0 = 0. Therefore,
∑
yk is absolutely convergent, so that by hypothesis and

the fact that
m∑

k=1

yk = xnm ,

{xnm : m = 1, . . . } converges to some x ∈ X . It is easy to check that

lim
n→∞ ‖x− xn‖ = 0. ��
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Let X be a Banach space over F = R or F = C. A subset V ⊆ X is
a linear subspace of X if V is a vector space over F. If V ⊆ X is a linear
subspace then its closure V in X is also a linear subspace.

The span of a subset Z ⊆ X , designated span Z, is the set of all finite
linear combinations x =

∑
cnxn, where cn ∈ F and xn ∈ Z. (The notion

of span Z can be defined in any vector space.) Clearly, span Z is a linear
subspace of X ; its closure is designated by span Z.

Definition A.1.11. Hilbert space
Let F = R or F = C. A Hilbert space H is a Banach space with a function
〈..., ...〉 : H ×H → F that satisfies the following conditions:

i. ∀ x, y ∈ H, 〈x, y〉 = 〈y, x〉,
ii. ∀ x, y, z ∈ H, 〈x+ y, z〉 = 〈x, z〉 + 〈y, z〉,
iii. ∀ a ∈ F and ∀ x, y ∈ H, 〈ax, y〉 = a〈x, y〉,
iv. ∀ x ∈ H, ‖x‖ =

√
〈x, x〉.

〈..., ...〉 is an inner product.

The following result is straightforward to verify, and it does not require
completeness.

Proposition A.1.12. Let H be a Hilbert space. Then

∀ x, y ∈ H, |〈x, y〉| ≤ ‖x‖‖y‖ (A.1)

and
∀ x, y ∈ H, ‖x+ y‖2 + ‖x− y‖2 = 2(‖x‖2 + ‖y‖2). (A.2)

Remark. Inequality (A.1) is the Schwarz inequality, which in the case of
H = L2

μ(X) is the Hölder inequality; see Theorem 5.5.2b and Example A.2.3.
Of course, this does not mean that there is a simple proof of the Hölder
inequality by means of the elementary inequality (A.1). In fact, the Schwarz
inequality assumes the existence of an inner product; and the Hölder inequal-
ity shows the existence of an inner product for H .

Equation (A.2) is the parallelogram law; see Example A.2.5.

Excellent references for Banach and Hilbert spaces are [19], [200], [392],
[406], [465], [517].

A.2 Examples

1. a. Let X be a topological space and let C(X) be the vector space of
continuous functions f : X → C. We let Cb(X) denote the vector space of
functions f ∈ C(X) such that

‖f‖∞ = sup
x∈X

|f(x)| < ∞, (A.3)

i.e., f is bounded on X .
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b. Now let X be a locally compact Hausdorff space and let C0(X) be the
vector space of functions f ∈ Cb(X) such that

∀ ε > 0, ∃Kf ⊆ X, compact, for which ∀ x /∈ Kf , |f(x)| < ε. (A.4)

Intuitively, f “vanishes at infinity”. We denote by Cc(X) the vector space
of functions f ∈ C0(X) such that f vanishes outside of some compact set
Kf ⊆ X . Equation (A.3) defines a norm on Cb(X), and, with this norm,
Cb(X) and C0(X) are Banach spaces; C0(X) is a closed subspace of Cb(X).
With this norm on C0(X), Urysohn’s lemma gives

Cc(X) = C0(X).

In fact, for f ∈ C0(X), ε > 0, and Kf as in (A.4), choose g ∈ Cc(X) with
0 ≤ g ≤ 1 and g = 1 on Kf by Theorem A.1.3, set h = fg ∈ Cc(X), and
obtain ‖f − h‖∞ < ε.

If X is compact we write C(X) = Cb(X).
c. Let (X,A, μ) be a measure space that is also a topological space.

Since the uniform limit of continuous functions is continuous, Cb(X) can
be regarded as a closed subspace of L∞

μ (X), defined in Definition 2.5.9. It is
for this reason we use the notation ‖ . . . ‖∞ from Definition 2.5.9 in (A.3).

2. Lpμ(X), 1 ≤ p < ∞, with Lp-norm ‖ . . . ‖p defined in Definition 5.5.1,
is a Banach space (Theorem 5.5.2). Further, the set of simple functions∑n

j=1 aj�Aj , μ(Aj) < ∞, is dense in Lpμ(X) (Theorem 5.5.3). In the case
that X is a locally compact Hausdorff space and μ is a regular Borel mea-
sure, we noted that

Cc(X) = Lpμ(X)

(Theorem 7.2.6).

3. For any measure space (X,A, μ), L2
μ(X) is a Hilbert space with inner

product

〈f, g〉 =
∫

X

f(x)g(x) dμ(x).

The fact that the integral is defined follows from the Hölder inequality (Theo-
rem 5.5.2b). The structurally important converse is this: Let H be a nonzero
Hilbert space; then there are a set X and a linear bijection,

L : H → �2(X),

such that
〈x, y〉 =

∑

t∈X
(L(x))(t)(L(y))(t).

The fundamental elementary results of Hilbert space theory are used to prove
this fact and to determine card X uniquely in terms of the cardinality of
orthonormal sets; see Definition A.12.1.
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4. If the measure space (X,A, μ) is also a compact Hausdorff space and
if A contains the Borel algebra, then

C(X) ⊆ L∞
μ (X) ⊆ · · · ⊆ Lpμ(X) ⊆ Lrμ(X) ⊆ · · · ⊆ L1

μ(X), 1 ≤ r ≤ p.

In (X,P(X), c), where X is topologized with the metric ρ(x, y) = 0 if x = y
and ρ(x, y) = 1 if x �= y, we have

�1(X) ⊆ · · · ⊆ �p(X) ⊆ �r(X) ⊆ · · · ⊆ �∞(X) = Cb(X), 1 ≤ p ≤ r.

In both cases we have the inequality ‖ ‖p ≥ ‖ ‖r, so that the corresponding
injection is continuous (continuous functions are defined in Definition A.4.2).

5. a. A Banach space is a Hilbert space if and only if the parallelogram
law, ‖x + y‖2 + ‖x − y‖2 = 2(‖x‖2 + ‖y‖2), is valid; see Proposition A.1.12.
Using this fact we see that there are Banach spaces that are not Hilbert
spaces.

b. Next, we give a standard example of a nontrivial complete metric vector
space that is not a Banach space. Let X be the space of C∞-functions on
[0, 1]. Define the metric ρ by

ρ(f, g) =
∞∑

k=0

‖f − g‖(k)

2k(1 + ‖f − g‖(k))
,

where
‖f‖(k) = sup

0≤j≤k
‖f (j)‖∞.

As such, X is complete. If the complete metric space X is a normed vector
space with norm ‖...‖, it is possible to show that

∀ n = 1, . . . , ∃ Cn such that ∀ f ∈ X, for which ‖f‖ ≤ 1,

‖f (n)‖∞ ≤ Cn.

It is then not difficult to find f ∈ X such that

∀ n = 1, . . . , ‖f (n)‖∞ > nCn,

from which we obtain the desired contradiction to the hypothesis that X is
normed.

6. If (X, ρ) is a metric space there is a complete metric space (X̃, ρ̃) such
that X ⊆ X̃, ρ̃ = ρ on X×X , and X is dense in X̃. We may take X̃ to be the
set of equivalence classes of Cauchy sequences fromX , where {xn : n = 1, . . . }
is said to be equivalent to {yn : n = 1, . . . } if ρ(xn, yn) → 0. Let {xn} ⊆ X
be a Cauchy sequence, and let {{xn}} be the equivalence class of all Cauchy
sequences {zn} ⊆ X equivalent to {xn}, i.e., limn→∞ ρ(xn, zn) = 0. For two
equivalence classes, {{xn}} and {{yn}}, ρ̃ is defined by
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ρ̃({{xn}}, {{yn}}) = lim
n→∞ ρ(x′n, y

′
n),

where {x′n : n = 1, . . . } and {y′n : n = 1, . . . } are any representatives of
the equivalence classes {{xn}} and {{yn}}, respectively. We call (X̃, ρ̃) the
completion of (X, ρ). A relevant theorem using this concept is the following.
Define

∀ f, g ∈ C([a, b]), ρ(f, g) = R

∫ b

a

|f − g|;

then C̃([a, b]) = L1
m([a, b]) and ρ̃(f, g) =

∫ b
a
|f − g|; cf. Theorem 7.1.1 and the

Remark at the end of Section 7.3.
An even more basic example of the completion of a metric space is the

construction of real numbers from rational numbers mentioned in Chapter 1.
For an alternative way to describe the completion of a metric space (X, ρ),

let B(X) be the Banach space of bounded real functions on X with metric
σ(f, g) = sup{|f(x) − g(x)| : x ∈ X}. Fix x0 ∈ X and define the function
F : X → B(X), x �→ fx, where

fx(y) = ρ(x, y) − ρ(x0, y).

Then F is an isometry X → F (X) ⊆ B(X) and X̃ = F (X).

7. Let p ≥ 2 be a prime number. Any x ∈ Q \ {0} has the unique factor-
ization x = prq, where r ∈ Z and where the numerator and denominator of
q ∈ Q are both relatively prime to p. The p-adic norm ‖x‖ of x is ‖x‖ = p−r

and we define ‖0‖ = 0. It is elementary to check that

∀ x, y ∈ Q, ‖x+ y‖ ≤ max(‖x‖, ‖y‖) and ‖xy‖ = ‖x‖‖y‖. (A.5)

The function ρp(x, y) = ‖x − y‖ defines the p-adic metric on Q, and the
completion of Q with respect to ρp is the field Qp of p-adic numbers. The
completion Zp of Z with respect to ρp is the ring of p-adic integers. Note
the analogy with the construction of R from Q, as the completion of Q with
respect to the usual absolute value norm. For one entry into p-adic analysis,
see [398], [382].

We point out that Qp consists of all formal Laurent series in p with coeffi-
cients 0, 1, . . . , p − 1, with addition and multiplication as usual for Laurent
series, except with carrying of digits. For example, in Q5, we have

(3 + 2 · 5) + (4 + 3 · 5) = 2 + 1 · 5 + 1 · 52.

The field Qp is a locally compact abelian group under addition, with
topology induced by the p-adic norm; see Appendix B.9 for a definition of a
locally compact group. However, an important distinction between R and Qp,
driven by (A.5), is the fact that Zp is a compact open subgroup of Qp. This
property leads to fascinating analysis with far-reaching applications in sub-
jects as diverse as number theory, quantum field theory, and wavelet theory.
In this last area, see [40].
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A.3 Separability

A topological space is separable if it contains a countable dense subset. It is
not difficult to prove the following theorem.

Theorem A.3.1. Separability of some LpLpLp-spaces, p ∈ [1,∞)p ∈ [1,∞)p ∈ [1,∞)
Let (X,M(Rd),md) be a measure space, where X ⊆ R

d and where md is
Lebesgue measure on X. If p ∈ [1,∞), then Lp

md(X) is separable.

Example A.3.2. L∞
m ([0, 1])L∞
m ([0, 1])L∞
m ([0, 1]) is not separable

We shall prove that L∞
m ([0, 1]) is not separable. Let {fn : n = 1, . . . } be an

arbitrary sequence in L∞
m ([0, 1]) and write

(0, 1] =
∞⋃

n=1

(
1
2n
,

1
2n−1

]
=

∞⋃

n=1

En.

If
ess sup
x∈En

|fn(x)| ≤ 1
2
,

define g = 1 on En. (“ess sup” was defined in Definition 2.5.9.) Otherwise set
g = 0 on En. Consequently, g ∈ L∞

m ([0, 1]) and

∀ n = 1, . . . , ‖fn − g‖∞ ≥ 1
2
.

Thus, {fn : n = 1, . . . } is not dense in L∞
m ([0, 1]). Since {fn : n = 1, . . . } is

arbitrary, L∞
m ([0, 1] cannot be separable.

Example A.3.3. Nonseparability of some LpLpLp-spaces, p ∈ [1,∞)p ∈ [1,∞)p ∈ [1,∞)
The fact that a given space X is separable has no bearing on the separability
of Lpμ(X), 1 ≤ p < ∞. Take ([0, 1],P([0, 1]), c), where c is counting measure.
If f ∈ L1

c([0, 1]), then f = 0 outside of a countable set. Thus, if {fn : n =
1, . . . } ⊆ L1

c([0, 1]), then there is y ∈ [0, 1] such that fn(y) = 0 for each n.
Define g = �{y} ∈ L1

c([0, 1]) so that

∀ n = 1, . . . , ‖fn − g‖1 ≥ 1.

Theorem A.3.4. Sequential pointwise convergence of simple func-
tions
Let (X,A, μ) be a measure space, let Y be a separable complete metric space,
and let (Y, C, ν) be a measure space, where B(Y ) ⊆ C. If f : X → Y is mea-
surable, then there is a sequence {gk : k = 1, . . . } of simple functions X → Y
such that {gk : k = 1, . . . } converges pointwise to f .

Historically, a separable complete metric space is Polish.
The next theorem states that the Hilbert cube is “universal” for separable

metric spaces.
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Theorem A.3.5. Urysohn theorem
Every separable metric space X is homeomorphic to a subset of the Hilbert
cube [0, 1]ℵ0.

Corollary A.3.6. For every separable metric space X there exist a subset
A of the Cantor set C and a continuous surjective function f : A → X. If X
is compact, then A can be chosen to be closed.

Corollary A.3.6 is an extension of Proposition A.1.7 and Example 1.2.7d.

A.4 Moore–Smith and Arzelà–Ascoli theorems

Let (X, ρ) be a metric space. We say that {xm,n} → x, i.e., limm,n→∞ xm,n =
x, if

∀ ε > 0, ∃ N such that ∀ m,n > N, ρ(xm,n, x) < ε.

The following result can be generalized to uniform spaces with essentially the
same proof.

Theorem A.4.1. Moore–Smith theorem
Let {xm,n : m,n = 1, . . . } be a sequence in a complete metric space (X, ρ).
Assume

i. ∃ limn→∞ xm,n = ym uniformly in m,
ii. ∀ n = 1, . . . , ∃ limm→∞ xm,n = zn.

Then limn→∞ limm→∞ xm,n, limm→∞ limn→∞ xm,n, and limm,n→∞ xm,n all
exist and are equal.

Proof. Assumption i means that

∀ ε > 0, ∃ K > 0 such that ∀ n > K and ∀ m, ρ(ym, xm,n) < ε.

Using i and ii we show that {ym : m = 1, . . . } is Cauchy by computing

ρ(ym, xm,n) <
ε

4
and ρ(zk, xp.k) <

ε

4
.

Since X is complete, ym → w ∈ X ; and it is easy to check that

lim
m,n→∞xm,n = w. (A.6)

Thus,
lim
m→∞ lim

n→∞xm,n = lim
m,n→∞xm,n = w.

Finally, in order to prove that limn zn = w, take ε > 0 and write

ρ(zn, w) ≤ ρ(zn, xm,n) + ρ(xm,n, w).
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Since (A.6) holds,

∃ N ∈ N such that ∀ m,n > N, ρ(xm,n, w) < ε;

and so
∀ n > N, ρ(zn, w) ≤ lim

m→∞ ρ(zn, xm,n) + ε = ε. ��

Definition A.4.2. Continuity and equicontinuity
Let (X, ρ) and (Y, θ) be metric spaces. A function F : X → Y is continuous
at x ∈ X if

∀ ε > 0, ∃ δ > 0 such that ρ(z, x) < δ =⇒ θ(f(z), f(x)) < ε;

and f is continuous on X if it is continuous at each x ∈ X .
A sequence {fn : n = 1, . . . } of continuous functions is equicontinuous at

x ∈ X if

∀ ε > 0, ∃ δ > 0 such that ∀ n, ρ(z, x) < δ =⇒ θ(fn(z), fn(x)) < ε.

The sequence {fn : n = 1, . . . } is equicontinuous on X if it is equicontinuous
at each x ∈ X .

The notion of equicontinuity was introduced by Giulio Ascoli in 1883
[13], and the following theorem was proved by Arzelà in 1895 and 1899 [11],
[12]; cf. [237], [238]. Clearly, the theorem generalizes the Bolzano–Weierstrass
property of R.

Theorem A.4.3. Arzelà–Ascoli theorem
Let X be a separable metric space, let Y be a compact metric space, and let
{fn : n = 1, . . . } be an equicontinuous sequence of functions X → Y . Then
there is a subsequence of {fn : n = 1, . . . } that converges pointwise to a
continuous function.

Proof. Let {xn : n = 1, . . . } ⊆ X be dense. Since Y is compact,

∃ J1 ⊆ N such that {fn(x1) : n ∈ J1} is convergent.

Pick J2 ⊆ J1 such that {fn(x2) : n ∈ J2} is convergent, and continue in this
way. Consequently,

∀ j = 1, . . . , ∃ lim
k→∞

fnk
(xj) = g(xj),

where nk ∈ Jk and limk→∞ nk = ∞. Let z ∈ X \ {xn : n = 1, . . . } with
xqp → z as p → ∞. Then

lim
p→∞ fnk

(xqp ) = fnk
(z), uniformly in k = 1, . . . ,
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by the equicontinuity hypothesis. Also,

∀ p = 1, . . . , lim
k→∞

fnk
(xqp ) = g(xqp ).

Consequently, by the Moore–Smith theorem,

∃ lim
k→∞

fnk
(z) = g(z).

The continuity of g is straightforward to check. ��

Obviously the result is still true if, instead of assuming that Y is compact,
we assume that the range of each fn is compact in Y . It is also easy to prove
that the convergence of {fnk

: k = 1, . . . } is uniform on compact subsets of
X .

Remark. The notion of equicontinuity of a sequence can be generalized to
an equicontinuous set by replacing “∀ n” in Definition A.4.2 with “for all
elements of the set”. Specifically, if X is a compact set and S ⊆ C(X), then
Theorem A.4.3 can be formulated as follows: If S is pointwise bounded and
equicontinuous, then S is relatively compact in the sup norm topology on
C(X), and every sequence in S has a uniformly convergent subsequence.

A.5 Uniformly continuous functions

Definition A.5.1. Uniform continuity
Let (X, ρ) and (Y, θ) be metric spaces. A function f : X → Y is uniformly
continuous if

∀ ε > 0, ∃ δ > 0 such that ρ(x, y) < δ =⇒ θ(f(x), f(y)) < ε.

Remark. If X is a compact metric space and f : X → R is continuous then
f is uniformly continuous. The function f(x) = sin(1/x) is a bounded con-
tinuous mapping (0, 1] → [−1, 1], but it is not uniformly continuous. Observe
that

f : [0, 1) → [0,∞),

x �→ x

1 − x
,

is bijective and bicontinuous, i.e., a homeomorphism, whereas the Cauchy
sequence {1 − (1/n) : n = 1, . . . } in [0, 1) is transformed into the sequence
{n− 1 : n = 1, . . . }, which is not Cauchy. In this case the range space is com-
plete and [0, 1) is not complete. Such a phenomenon leads us to distinguish
between topological properties, dealing with homeomorphisms, and uniform
properties, dealing with Cauchyness, uniform continuity, and completeness.

Generally there are no relations between these two categories except the
following: Let X be a metric space; X is compact if and only if it is complete
and totally bounded ((X, ρ) is totally bounded if
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∀ ε > 0, ∃ x1, . . . , xn ∈ X such that X ⊆
n⋃

j=1

B(xj , ε)).

The proof of this theorem can be obtained by means of a circular chain of
implications in which Theorem A.1.5 is also proved; e.g., [198], pages 267–268.
In any case, for perspective, recall from Definition 1.2.11 that the compact
subsets of R

d are precisely the closed and bounded subsets of R
d.

Theorem A.5.2. Unique uniformly continuous extensions
Let X be a metric space and let Y be a complete metric space. Assume that
Z ⊆ X and that f : Z → Y is a uniformly continuous function. Then f has
a unique uniformly continuous extension to Z.

Definition A.5.3. Absolute continuity
Let (X, ρ) and (Y, θ) be metric spaces and let f : X → Y be a continuous
function. Then f is absolutely continuous if

∀ ε > 0, ∃ δ > 0 such that ∀ {x1, . . . , xn} ⊆ X,

n−1∑

j=1

ρ(xj , xj+1) < δ =⇒
n−1∑

j=1

θ(f(xj), f(xj+1)) < ε.

Remark. Let (X, ρ) and (Y, θ) be metric spaces and let f : X → Y be
absolutely continuous. If σ : X × X → R is defined by σ(x, y) = ρ(x, y) +
θ(f(x), f(y)), then (X, ρ) and (X,σ) have the same topologies and

f : (X,σ) → (Y, θ)

is absolutely continuous. For X = Y = R, taken with the absolute value
metric, this definition of absolute continuity characterizes the class of
Lipschitz functions, which, in turn, is properly contained in the class of
absolutely continuous functions on R as defined in Chapter 4.

Example A.5.4. Comparison between absolute and uniform conti-
nuity
Let (X, ρ) and (Y, θ) be metric spaces and let f : X → Y be a continuous
function. We shall show that it is not generally possible to find metrics σ and
τ on X and Y , respectively, such that f : (X,σ) → (Y, τ) is absolutely and
uniformly continuous. Take f : (0, 1] → [1,∞), f(x) = 1/x, with the usual
metrics. Assume that we can find σ, τ that yield both absolute and uniform
continuity. Then, from Theorem A.5.2, f has a unique uniformly continuous
extension [0, 1] → [1,∞), and this is obviously false.

A.6 Baire category theorem

An excellent reference for the Baire category theorem is [362]. A metric space
is Baire if every countable intersection of open dense sets is dense. Since R is
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a complete metric space, Theorem A.6.1 and Theorem A.6.2b yield the fact
that R is not a set of first category; see (1.12).

Theorem A.6.1. Baire category theorem I
Every complete metric space X is Baire.

Proof. i. We give Cantor’s necessary conditions for the completeness of a
metric space, as promised in Section 2.1. (The converse is true and easy.)
Take {An : n = 1, . . . } ⊆ X , where each An is closed, nonempty, and A1 ⊇
A2 ⊇ · · · . Assuming that limn→∞ sup{ρ(y, z) : y, z ∈ An} = 0 we verify that⋂
An = {x} ⊆ X for some x ∈ X .
For all n, let xn ∈ An. The sequence {xn : n = 1, . . . } is Cauchy, for if

m ≥ n, then

ρ(xm, xn) ≤ sup{ρ(y, z) : y, z ∈ An} = diam (An) → 0, n → ∞.

Here, for A ⊆ R
d, we write

diam (A) = sup {|x− y| : x, y ∈ A}.

By the completeness of X there is a point x ∈ X such that ρ(xn, x) → 0. Now,
for each n, xm ∈ An when m is sufficiently large. Consequently, x ∈

⋂
An

since An is closed. If y ∈
⋂
An, then ρ(x, y) ≤ diam (An) for each n, so that,

by hypothesis, ρ(x, y) = 0. Thus, x = y.
ii. Let Un be an open and dense subset of X . Thus, An = U∼

n is nowhere
dense, i.e., int An = ∅. Moreover, (

⋂
Un)∼ =

⋃
An = A, where each An is

closed. We prove that if V is open, then

V ∩
( ∞⋂

n=1

Un

)
�= ∅.

Choose an open set V1 such that V 1 ⊆ V and diam (V 1) < 1. Since V1 is not
a subset of A1,

V1 ∩ U1 �= ∅,
and V1 ∩ U1 is open.

Choose an open set V2 such that V 2 ⊆ V1 ∩ U1 and diam (V 2) < 1/2.
Generally, then, we choose open sets Vn with V n ⊆ Vn−1 ∩ Un−1 and
diam (V n) < 1/n. The hypotheses of part i are satisfied for V n, and hence⋂
V n = {x}. Therefore,

x ∈
∞⋂

n=1

(Vn ∩ Un) ⊆ V1 ∩
( ∞⋂

n=1

Un

)
. ��

Let X be a metric space. A set A ⊆ X is of first category if it is the count-
able union of nowhere dense sets, i.e., sets having empty interior. Any other
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subset of X is a set of second category. René Baire introduced these notions
in 1899. Among other results, he proved that the countable intersection of
open dense sets (in R) is dense, and this is our definition of a Baire metric
space. The following is straightforward to prove.

Theorem A.6.2. Baire category theorem II
The following are equivalent for a metric space X.

a. X is Baire.
b. Every countable union of closed nowhere dense sets has empty interior.
c. Every nonempty open set is of second category.
d. If

⋃
An, An closed, contains an open set, then some Aj contains an

open set.
e. The complement of every set of first category is dense in X.

Example A.6.3. Sets of first and second category
a. First category sets are not necessarily nowhere dense. In fact, take Q ⊆ R,
noting that Q is of first category and Q = R.

b. Let S ⊆ R. If {x− y : x, y ∈ S} is a set of first category, then S is a set
of first category; and so, if S is of second category, then {x− y : x, y ∈ S} is
of second category.

c. It is easy to construct a first-category set of Lebesgue measure 1 in
[0, 1]. Let En be a perfect symmetric set with m(En) ≥ 1 − (1/n). Then
E =

⋃
En does the trick; cf. Problem 2.9 and Problem 2.10.

d. Clearly, [0, 1] does not contain a countable dense Gδ, D =
⋂
Uj . In fact,

if D = {dj : j = 1, . . . } were such a set, then Vj = Uj \ (
⋃j
n=1 dn) would be

open and dense, and
⋂
Vj = ∅. This contradicts Baire category theorem I.

Example A.6.4. Open coverings of accessible points
Let E ⊆ [0, 1] be any perfect symmetric set. As such, it is associated with a
countable set A of accessible points. (A point a ∈ A ⊆ R is accessible if it
is the endpoint of a contiguous open interval.) Note that if {Uα} is an open
covering of A, it does not necessarily follow that E ⊆

⋃
Uα. For example, if

x ∈ E \A consider [0, x)∪ (x, 1]. For each an ∈ A let {Im,n : m = 1, . . . } be a
sequence of open intervals about a whose lengths tend to 0. Then {an : n =
1, . . . } =

⋂∞
m=1 Im,n. Now let Vm =

⋃∞
n=1 Im,n, so that E ∩ Vm is open and

dense in E. Observe that A ⊆
⋂∞
m=1(E ∩ Vm), properly. To prove this note

that Um = E ∩ Vm \ {a1, . . . , am} is open and dense in E, so that
⋂
Um is

dense. On the other hand, A ∩ (
⋂
Um) = ∅ and

⋂
(E ∩ Vm) = A ∪ (

⋂
Um).

Example A.6.5. A complete nonmetric space
Let Cc(R) be the vector space of continuous functions f : R → C that
vanish outside of some compact set, depending on f . We define sequential
convergence in Cc(R) as follows:

fn → f in Cc(R), fn, f ∈ Cc(R), if ‖fn − f‖∞ → 0 and

∃ r > 0 such that ∀ n, fn = 0 on [−r, r]∼.
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We shall prove that, with this convergence, Cc(R) cannot be a complete
metric space (Cc(R), ρ). If such a metric ρ exists, then Cc(R) is a Baire space.
We shall show that (Cc(R), ρ) is of first category to obtain the contradiction.

First, note that

Cc(R) =
∞⋃

n=1

Cc,n, Cc,n = {f ∈ Cc(R) : f = 0 on [−n, n]∼} .

Clearly, Cc,n = Cc,n, and it is sufficient to check that int Cc,n = ∅. Assume
not, and let V ⊆ Cc,n be an open neighborhood of 0 in Cc(R). Choose
fk ∈ Cc,n+1 \ Cc,n such that ρ(fk, 0) → 0. Consequently, fk ∈ V ⊆ Cc,n,
and this contradicts the definition of fk. There is, in fact, a (completely
regular) topology on Cc(R) whose uniform structure renders Cc(R) complete
and whose sequential convergence is that given above; cf. Section 7.3.

Example A.6.6. Everywhere continuous nowhere differentiable
functions
In Chapter 1 we discussed everywhere continuous nowhere differentiable func-
tions. The soft analysis proof of their existence uses Baire category theorem I.
Take C([0, 1]) with the ‖ . . . ‖∞ norm, so that C([0, 1]) is complete with the
metric ρ(f, g) = ‖f − g‖∞. Define

Fn =
{
f ∈ C([0, 1]) : ∃ x ∈ [0, 1] such that ∀ h > 0,

∣∣∣∣
f(x+ h) − f(x)

h

∣∣∣∣ < n

}
.

Each Fn is closed and nowhere dense, and so C([0, 1]) �=
⋃
Fn. Consequently,

the set of continuous nowhere differentiable functions is dense in C([0, 1]).

Example A.6.7. Sets AAA such that 0 < μ(A ∩ I) < μ(I)0 < μ(A ∩ I) < μ(I)0 < μ(A ∩ I) < μ(I) for all III
The proof of Problem 2.45b is elementary. First, let A1 ⊆ [0, 1] be a perfect
symmetric set of measure 1/4. Then let A2 =

⋃∞
j=1 Aj,2, where the measure of

A2 is 1/8 and where each Aj,2 is a perfect symmetric set of positive measure
in the jth contiguous interval of A1. Define all of the Aj in this way, and
set A =

⋃∞
j=1 Aj . A generalization of this result is due to R. B. Kirk [286]:

Let the measure space (X,A, μ) be a separable metric space with metric ρ,
assume that μ is continuous, and suppose B(X) ⊆ A; then there is A ∈ B(X)
such that for each open set I of positive measure we have

0 < μ(A ∩ I) < μ(I).

A.7 Uniform Boundedness Principle and Schur lemma

The Uniform Boundedness Principle, also known as the Banach–Steinhaus
theorem, is one of fundamental results in functional analysis. The first result
of this type was proved by Banach and Steinhaus in 1927 [24].
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Theorem A.7.1. Banach–Steinhaus Uniform Boundedness Princi-
ple
Let (X, ρ) be a complete metric space and let F be a set of continuous func-
tions X → C. Assume

∀ x ∈ X, ∃ Mx > 0 such that ∀ f ∈ F , |f(x)| ≤ Mx.

Then there are a nonempty open set U ⊆ X and a constant M such that

∀ x ∈ U and ∀ f ∈ F , |f(x)| ≤ M.

Proof. For each f ∈ F and m ∈ N, define

Am,f = {x : |f(x)| ≤ m} and Am =
⋂

f∈F
Am,f .

Since f is continuous, Am is closed. We show that X =
⋃
Am. In fact, if

x ∈ X choose m = Mx, so that x ∈ Am.
Consequently, from Baire category theorems I and II, U = int An �= ∅ for

some n and we take M = n. ��

See Theorem A.8.6 for a statement of the Uniform Boundedness Principle
in terms of Banach spaces.

As noted after Definition 6.3.1, sequential weak convergence in L1
μ(X) is

actually sequential convergence for a certain topology (called the weak topo-
logy) on L1

μ(X). We shall discuss the weak topology generally in Appendix A.9,
but for now consider a special result for the case of �1(N). This result, Theo-
rem A.7.3 (Schur’s lemma), is studied in greater detail in Chapter 6. The proof
we outline uses the Baire category theorems. To formulate Schur’s lemma we
need the following definition.

Definition A.7.2. The weak topology σ(�1(N), �∞(N))σ(�1(N), �∞(N))σ(�1(N), �∞(N))
Let F ⊆ �∞(N) be a finite set and let x ∈ �1(N). Define

U(F, x, ε) = {y ∈ �1(N) : ∀ x′ ∈ F, |x′(y − x)| < ε},

where, if x′ = {x′j} ⊆ C, y = {yj} ⊆ C, and x = {xj} ⊆ C, then the
operation of x′ on (y − x) is x′(y − x) =

∑∞
j=1 x

′
j(yj − xj). The family

{U(F, x, ε) : F ⊆ �∞(N), x ∈ �1(N), and ε > 0} is a basis for a topology
σ(�1(N), �∞(N)) on �1(N). This is the weak topology for �1(N).

If U is open for the ‖ . . . ‖1 topology on �1(N), then U ∈ σ(�1(N), �∞(N)).
It is not difficult to verify that

S =

⎧
⎨

⎩x ∈ �1(N) :
∞∑

j=1

|xj | = 1

⎫
⎬

⎭ is ‖ . . . ‖1 closed
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and
the weak closure of S is the ‖ . . . ‖1 closure of B(0, 1),

where the ball B(0, 1) is defined in terms of ‖ . . . ‖1. Consequently, the topo-
logy σ(�1(N), �∞(N)) is strictly weaker than the norm topology on �1(N). Note
that sequential weak convergence for �1(N) is precisely the analogue for N of
that defined for [0, 1] immediately after Theorem A.7.1.

Schur’s lemma [424] tells us that σ(�1(N), �∞(N)) and ‖ . . . ‖1 yield the
same convergent sequences in �1(N); see [19], pages 137–139; cf. [216], Section
3.2, and [465], pages 327–329, for selected results from [424].

Theorem A.7.3. Schur lemma
If {x(n) : n = 1, . . . } ⊆ �1(N) converges to 0 in σ(�1(N), �∞(N)), then
‖x(n)‖1 → 0.

Proof. Let Y = {x′ ∈ �∞(N) : sup |x′j | ≤ 1} and define

∀ x′, y′ ∈ Y, ρ(x′, y′) =
∞∑

j=1

|x′j − y′j|
2j

.

Then (Y, ρ) is complete, and sets of the form

∀ x′ ∈ Y, SJ,δ = {y′ : |x′j − y′j| < δ, |j| ≤ J}

are a basis at x′ for the topology of (Y, ρ). Next we define

∀ ε > 0 and ∀ m, Am =

⎧
⎨

⎩y
′ ∈ Y : ∀ n ≥ m,

∣∣∣∣∣∣

∞∑

j=1

y′jx
(n)
j

∣∣∣∣∣∣
≤ ε,

⎫
⎬

⎭ .

It can be shown that Am is closed in (Y, ρ) and Y =
⋃
Am, so that by

Baire category theorems I and II there is m such that int Am �= ∅. From this
point it is straightforward to prove that ‖x(n)‖1 → 0. ��

A.8 Hahn–Banach theorem

Our presentation of the Hahn–Banach theorem (Theorem A.8.3) is standard.
There are basically three distinct parts to the proof. The first and crucial step
is Lemma A.8.2 which allows us to extend continuous linear functionals from
a closed subspace Y to the closed subspace generated by Y and an element
x (the setting here is necessarily with real vector spaces). Second, an axiom
of choice argument is used to expand this finite procedure to extend maps
in the infinite-dimensional case. Finally, an ingenious trick due to Henri F.

Bohnenblust and Sobczyk yields the result for the complex case.
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Remark. Let X and Y be vector spaces over F = R or F = C, let V ⊆ X
be a linear subspace, and let L : V → Y be a linear function. Then there
exists K : X → Y such that K is linear on X and K = L on V . In infinite
dimensions the proof requires the axiom of choice, usually in the form of
Zorn’s lemma; see Section 2.6.1. The general problem of extending continuous
linear functions L : Z → Y , Z ⊆ X , is usually intractable.

Our setting for Appendix A.8 through Appendix A.11 will be nonzero
normed vector spaces, although many of the results are true for Hausdorff
locally convex topological vector spaces. There are just a few cases in which
we need this generality, e.g., in Chapter 7, so we have chosen to be efficient
spacewise (sic), at least in this case, and not write out all the details. See
Bourbaki’s Espaces Vectoriels Topologiques or [242] for classic and classical
presentations.

Proposition A.8.1. Let X and Y be normed vector spaces, and let L : X →
Y be a linear function.

a. L is continuous either at every x ∈ X or at no x ∈ X.
b. L is continuous on X if and only if

∃ C > 0 such that ∀ x ∈ X, ‖L(x)‖ ≤ C‖x‖.

Proof. Part a and the sufficient condition for continuity in part b are straight-
forward.

For the necessary condition in part b, assume that L is continuous at 0.
Thus,

∃ δ > 0 such that ‖x‖ < δ =⇒ ‖L(x)‖ < 1.

If x �= 0, let xδ = (δx)/(2‖x‖), and so ‖L(xδ)‖ < 1. Hence,

‖L(x)‖ =
2
δ
‖x‖‖L(xδ)‖ <

2
δ
‖x‖,

and so we set C = 2/δ. ��

If X and Y are normed vector spaces, Z ⊆ X is a linear subspace, and
L : Z → Y is linear, we define

‖L‖ = sup{‖L(x)‖ : ‖x‖ ≤ 1, x ∈ Z}. (A.7)

Thus, ‖L‖ is the smallest constant C such that ‖L(x)‖ ≤ C‖x‖ for all x ∈ Z.
If ‖L‖ < ∞, then, because of Proposition A.8.1, we say that L is a continuous
or bounded linear function Z → Y . Clearly, ‖L‖ depends on the subspace Z.
This is important in what follows.

The space of continuous linear functions X → C is denoted by X ′. It is
the dual space of X , and its elements are usually called continuous or bounded
linear functionals.
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Hilbert spaces H have the property that

H ′ = H. (A.8)

Equation (A.8) is the Riesz representation theorem for the case of Hilbert
spaces; see the last comment in Section 7.1.

Lemma A.8.2. Let X be a real normed vector space, Y ⊆ X a closed linear
subspace, and Z the closed linear subspace of X generated by Y and some
x ∈ X \ Y . If L : Y → R is linear and continuous, then there is a continuous
linear functional K : Z → R such that K = L on Y and ‖K‖ = ‖L‖.

Proof. If x, y ∈ Y , then

L(x) − L(y) ≤ ‖L‖‖x+ z‖ + ‖L‖‖y + z‖;

and so

sup
u∈Y

(−‖L‖‖u+ z‖ − L(u)) = a ≤ b = inf
u∈Y

(‖L‖‖u+ z‖ − L(u)) .

For fixed c ∈ [a, b] we define K(y+ rz) = L(y) + rc, where r ∈ R, y ∈ Y , and
{y + rz : r ∈ R, y ∈ Y } = Z. ��

Theorem A.8.3. Hahn–Banach theorem
a. Let Y ⊆ X be a linear subspace of the normed vector space X, and assume
that L : Y → C is linear and continuous. Then there is K ∈ X ′ such that
K = L on Y and ‖K‖ = ‖L‖.

b. If Y ⊆ X is a closed linear subspace of the normed vector space X and
z /∈ Y , then there is L ∈ X ′ such that L(z) �= 0 and L = 0 on Y .

Proof. a.i. We choose Y to be closed without any loss of generality. In fact,
it is easy to extend L to Y by Theorem A.5.2.

ii. We now prove part a for the real case, assuming that Y is closed and
that Y ⊆ X properly.

Let L be the family of all continuous linear functions K : Z → R such that
Y ⊆ Z, K = L on Y , and ‖K‖ = ‖L‖. From Lemma A.8.2, L is nontrivial.
We order L by setting K ≤ K1 if Z ⊆ Z1 and K1 = K on Z. From Zorn’s
lemma (Section 2.6.1), i.e., the axiom of choice, there is a maximal element
K : Z → R, and we easily check that Z = X .

iii. Let W be a complex vector space. If K : W → C is real linear then K
is complex linear if and only if K(ix) = iK(x). Let L : Y → C be complex
linear, as in part a. Set L1 = ReL, L2 = ImL, and note that L is real linear.
Thus, L(iy) = iL(y) on Y , and, using this fact, we compute that

∀ y ∈ Y, L2(y) = −L1(iy).

Because of part ii we can extend L1 to K1 on X , considered as a real vector
space, such that ‖L1‖ = ‖K1‖. Set K(x) = K1(x) − iK1(ix) on X .

Similar computations show that K has the desired properties.
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b. Part b is a consequence of part a. Indeed, define Lz(y+ rz) = r, where
y+ rz, for y ∈ Y and r ∈ R, is a typical element of the closed linear subspace
generated by Y and z. Note that

a = inf
y∈Y

‖z + y‖ > 0

and
|Lz(y + rz)| ≤ 1

a
‖y + rz‖.

Thus, we apply part a directly. ��

Remark. The Hahn–Banach theorem allows us to assert that if {xn : n =
1, . . . } ⊆ X, a Banach space, then span {xn} = X if and only if, whenever
L(xn) = 0 for all n for any given L ∈ X ′, we can conclude that L = 0.

By (A.8), the equivalent assertion for a Hilbert space H is that span {xn}
= H if and only if, whenever 〈y, xn〉 = 0 for all n and any given y ∈ H, we
can conclude that y = 0.

Example A.8.4. LpLpLp-duality
a. Let 1 ≤ p < ∞, let 1/p + 1/q = 1, and let μ be a σ-finite measure on
R. Then (Lpμ(R))′ = Lqμ(R), where g : Lpμ → C is well defined by g(f) =∫

R
f(t)g(t) dμ(t) for all f ∈ Lpμ(R); see Theorem 5.5.5. In particular, the

Hilbert space H = L2
μ(R) has the property that (L2

μ(R))′ = L2
μ(R).

b. Let (R,A, μ) be a measure space. Then, according to Theorem 5.5.7,
(L∞

μ (R))′ is the space of complex-valued finitely additive bounded set func-
tions on A; see also Example A.11.3 as well as [150], part I, Chapter IV,
Section 8.

Example A.8.5. Sufficiently many elements in X ′X ′X ′

Let X be a normed vector space, and choose x, y ∈ X , x �= y. By the Hahn–
Banach theorem we see that there is L ∈ X ′ such that L(x) �= L(y). In fact,
let Y be the linear subspace generated by x−y, define K(r(x−y)) = r‖x−y‖,
observe that ‖K‖ = 1, and use Theorem A.8.3.

The contrapositive equivalent assertion for x ∈ X is the following:

∀ L ∈ X ′, L(x) = 0 =⇒ x = 0.

The following restatement of Theorem A.7.1 does not require the Hahn–
Banach theorem, but it does use the terminology defined in this section.

Theorem A.8.6. Uniform Boundedness Principle for Banach spaces
Let X be a Banach space, let Y be a normed vector space, and let L be a set
of continuous linear functions X → Y . Assume that

∀ x ∈ X, ∃ Cx > 0 such that ∀ L ∈ L, ‖L(x)‖ ≤ Cx.

Then
∃ C > 0 such that ∀ L ∈ L, ‖L‖ ≤ C. (A.9)
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Corollary A.8.7. Let X be a Banach space, let Y be a normed vector space,
and let {Ln : n = 1, . . . } be a sequence of continuous linear functions X → Y .
Assume

∀ x ∈ X, ∃ L(x) ∈ Y such that lim
n→∞ ‖Ln(x) − L(x)‖ = 0.

Then L : X → Y is a continuous linear function.

Corollary A.8.8. Let X be a Banach space and let {yk : k = 1, . . . } ⊆ X ′,
y ∈ X ′. The following are equivalent.

a. supk≥1 ‖yk‖ < ∞ and yk → y on a dense subset of X.
b. yk → y uniformly on each compact subset of X.
c. ∀ x ∈ X, yk(x) → y(x).

A typical application of Theorem A.8.6 is to the case Y = C and L ⊆ X ′.
Theorems A.7.1 and A.8.6, as well as Corollaries A.8.7 and A.8.8, can

be formulated in somewhat different settings, e.g., [138], page 83, [406],
pages 43–46. Corollary A.8.7 is a useful form of the Banach–Steinhaus theo-
rem. Banach and Steinhaus’ original assertion in 1927 is more general;
see [19], pages 79–80.

Remark. Given the setting but not the assumption of Theorem A.8.6, the
Uniform Boundedness Principle is the following dichotomous assertion: Either
(A.9) holds or there is a nonempty set Z ⊆ X for which Z = X and

∀ x ∈ Z, sup
L∈L

‖L(x)‖ = ∞.

The set Z is also the intersection of a countable family of open sets.

Example A.8.9. Computation of ‖L‖‖L‖‖L‖
a.i. Let X and Y be normed vector spaces, let Z ⊆ X be a linear subspace,
and let L : Z → Y be a nonzero linear function. The quantity ‖L‖ defined
by (A.7) can also be written as

‖L‖ = sup{‖L(x)‖ : ‖x‖ = 1, x ∈ Z} (A.10)

and

‖L‖ = sup
{

‖L(x)‖
‖x‖ : x ∈ Z \ {0}

}
. (A.11)

a.ii. We shall verify the assertions of part a.i. If x ∈ Z \ {0}, then

‖L(x)‖
‖x‖ =

∥∥∥∥L
(

x

‖x‖

)∥∥∥∥ ≤ sup {‖L(z)‖ : ‖z‖ = 1, z ∈ Z} ;

and, if x ∈ Z, ‖x‖ = 1, then

‖L(x)‖ =
‖L(x)‖
‖x‖ ≤ sup

{
‖L(y)‖
‖y‖ : y ∈ Z \ {0}

}
.

Thus, the right sides of (A.10) and (A.11) are equal.
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Next, label either of these suprema as r > 0, and let ‖L‖ be defined by
(A.7). For any r > ε > 0, we can choose y ∈ Z \ {0} such that (r − ε)‖y‖ <
‖L(y)‖ by (A.11). Thus, (r − ε) ≤ ‖L‖, and so r ≤ ‖L‖.

We shall assume r < ‖L‖ and obtain a contradiction. Since ‖L‖ − r =
p > 0 we have r < ‖L‖ − p/2, so that

∀ x ∈ Z \ {0}, ‖L(x)‖
‖x‖ ≤ r < ‖L‖ − p

2
,

i.e., ‖L(x)‖ < (‖L‖ − p/2)‖x‖. This contradicts the definition of ‖L‖ as the
smallest constant C for which (A.7) holds.

b. The following situation frequently arises and the result is useful. Let
X be a Banach space over C, let Z ⊆ X be a dense linear subspace, and let
L : Z → C be a linear function for which

r = sup
{

|L(x)|
‖x‖ : x ∈ Z \ {0}

}
< ∞.

Then L ∈ X ′ and ‖L‖ = r. The proof is not difficult and first requires proving
that L is a well-defined linear function X → C. The hypotheses to the claim
can also be weakened.

c. Let X = C and let Z = C \ {z ∈ C : |z| = 1}. Let L ∈ X ′ \ {0}. Note
that with ‖L‖ defined by (A.7), we have

‖L‖ = sup
y∈Z\{0}

|L(y)|
‖y‖ �= sup

y∈Z,‖y‖=1

|L(y)|

since {y ∈ Z : ‖y‖ = 1} = ∅.

Example A.8.10. Hilbert–Schmidt operators and Schur lemma
a.i. Let (X,A, μ) be a σ-finite measure space, and let μ × μ be the corre-
sponding product measure on X ×X . If K ∈ L2

μ×μ(X ×X), then we define
the operator L as

(L(f))(x) =
∫

X

K(x, y)f(y) dμ(y).

It is not difficult to prove that L ∈ L(L2
μ(X)), the space of continuous

linear functions L2
μ(X) → L2

μ(X), where L2
μ(X) is given the L2-norm; see

Appendix A.10. In fact, one makes the estimate,

‖L‖2 ≤
∫

X

∫

X

|K(x, y)|2 dμ(x)dμ(y),

using the definition of ‖L‖. We call L a Hilbert–Schmidt integral operator.
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a.ii. A natural generalization of the notion of Hilbert–Schmidt integral
operators is that of Hilbert-Schmidt operators acting on a separable Hilbert
space H . We say that A ∈ L(H), the space of continuous linear functions on
H , is a Hilbert–Schmidt operator if there exists an ONB {en : n = 1, . . . } for
H such that ∞∑

n=1

‖A(en)‖2 < ∞.

We define the Hilbert–Schmidt norm of A to be

‖A‖HS =

( ∞∑

n=1

‖A(en)‖2

)1/2

.

b.i. We have seen versions of Schur’s lemma in Theorem 6.2.1 and Theo-
rem A.7.3. In this realm of ideas, Schur proved the following result. If {cm,n :
m,n ∈ Z} is a double sequence of complex numbers with the properties,

∑

n∈Z

|cm,n| ≤ C1, independent of m

and ∑

m∈Z

|cm,n| ≤ C2, independent of n,

then the linear operator L defined by the matrix (cm,n)m,n∈Z is an element
of L(�2(Z)). In fact, we have

‖L‖2 ≤ C1C2.

b.ii. Using Schur’s lemma from part b.i and Fubini’s theorem, we shall
prove that L ∈ L(L2

μ(X)), where the hypothesis on K from part a is replaced
by the conditions,

∃ C1 > 0 such that ∀ x ∈ X,

∫

X

|K(x, y)| dμ(y) ≤ C1

and
∃ C2 > 0 such that ∀ y ∈ X,

∫

X

|K(x, y)| dμ(x) ≤ C2.

The proof is based on the following calculation for f, g ∈ L2
μ(X):

(∫

X

∫

X

|K(x, y)||f(x)||g(y)| dμ(x)dμ(y)
)2

≤
(∫

X

∫

X

|K(x, y)||f(x)|2 dμ(x)dμ(y)
)(∫

X

∫

X

|K(x, y)||g(y)|2 dμ(y)dμ(x)
)

=
(∫

X

[∫

X

|K(x, y)| dμ(y)
]
|f(x)|2 dμ(x)

)

×
(∫

X

[∫

X

|K(x, y)| dμ(x)
]
|g(y)|2 dμ(y)

)
≤ C1C2‖f‖2

2‖g‖2
2.
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The following result depends on the compactness criteria in terms of sets
being totally bounded (Appendix A.5) as well as the Uniform Boundedness
Principle.

Theorem A.8.11. Compact subsets of a Banach space
Let X be a Banach space. A set Y ⊆ X is compact in X if and only if for
every sequence of linear functionals Ln : X → C, for which

∀ x ∈ X, Ln(x) → 0, (A.12)

we have
Ln → 0 uniformly on Y. (A.13)

Proof. We prove the necessary conditions for compactness, which require X
to be only a normed vector space. By the Uniform Boundedness Principle,
(A.12) implies that

∃ M such that ∀ n ∈ N, ‖Ln‖ ≤ M,

and, in particular, each Ln ∈ X ′.
Since Y is compact and hence totally bounded, we have

∀ ε > 0, ∃ y1, . . . , ym ∈ Y such that

∀ y ∈ Y, ∃ yj(y) ∈ {y1, . . . , ym} for which ‖y − yj(y)‖ <
ε

2M
.

By hypothesis,

∃ N = N(ε) such that ∀ n ≥ N and ∀ k = 1, . . . ,m, ‖Ln(yk)‖ < ε

2
.

Thus,

∀ n ≥ N and ∀ y ∈ Y,

‖Ln(y)‖ ≤ ‖Ln(yj(y))‖ + ‖Ln(y − yj(y))‖ <
ε

2
+M

ε

2M
.

This is the desired uniform convergence in Y . ��

See [275], pages 300–301, for a proof of the sufficient conditions; cf.
the Arzelà–Ascoli (Theorem A.4.3) and Kolmogorov compactness (Theo-
rem 6.6.1) theorems.

A.9 The weak and weak* topologies

Let X be a normed vector space. Then X ′ is a Banach space normed by

∀ x′ ∈ X ′, ‖x′‖ = sup{|x′(x)| : ‖x‖ ≤ 1}. (A.14)
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As such, X ′ is the dual of X . We then consider (X ′)′ = X ′′, normed analo-
gously, noting that X ′′ is a Banach space and that X can be embedded
isometrically and algebraically isomorphically onto a linear subspace of X ′′.
The mapping defining this isomorphism is given by

∀ x ∈ X, x(x′) = x′(x).

It should be pointed out that the proof that the natural mapping X →
(X ′)∗, x �→ Lx, defined by Lx(x′) = x′(x), is injective requires the Hahn–
Banach theorem in the form of Example A.8.5. ((X ′)∗ is the space of linear
functions (functionals) X ′ → C.)

The space X is reflexive if X = X ′′ under this canonical mapping.

Theorem A.9.1. The norm in terms of the dual space
Let X be a normed vector space, and let

B′ = {x′ ∈ X ′ : ‖x′‖ ≤ 1}.

Then
∀ x ∈ X, ‖x‖ = sup{|x′(x)| : x′ ∈ B′}.

In particular, for each fixed x ∈ X, the linear functional Lx : X ′ → C,
x′ �→ x′(x), is continuous, so that Lx ∈ X ′′ and ‖Lx‖ = ‖x‖.

Proof. Let x ∈ X . It is a consequence of the Hahn–Banach theorem (Theo-
rem A.8.3) that

∃ y′ ∈ B′ such that y′(x) = ‖x‖.
Also,

∀ x′ ∈ B′, |x′(x)| ≤ ‖x‖ ‖x′‖ ≤ ‖x‖.
Thus,

‖x‖ = y′(x) = |y′(x)| ≤ sup{|x′(x)| : x′ ∈ B′} ≤ ‖x‖,
and we have the result. ��
Definition A.9.2. The weak and weak* topologies
Let X be a normed vector space.

The weak topology on X , denoted by σ(X,X ′), has a basis at 0 ∈ X given
by sets of the form

{
x ∈ X :

∣∣x′j(x)
∣∣ < ε, j = 1, . . . , n

}
,

where ε > 0 and {x′1, . . . , x′n} is an arbitrary finite subset of X ′. Similarly, we
define σ(X ′, X ′′). See [465], pages 149, 151–154, 227–231, for a clear rationale
and exposition of the weak topology.

The weak* topology on X ′, denoted by σ(X ′, X), is defined analogously
with corresponding sets

{x′ ∈ X ′ : |x′(xj)| < ε, j = 1, . . . , n} ,

where ε > 0 and xj ∈ X , j = 1, . . . , n. Clearly, σ(X ′, X) is generally weaker
than σ(X ′, X ′′), i.e., σ(X ′, X) ⊆ σ(X ′, X ′′).
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The following theorem is a consequence of the Hahn–Banach theorem, a
finite-dimensional algebraic result, and the definitions of the weak and weak*
topologies; see [399], pages 31–33, for a most efficient proof. It is also true,
with analogous proof, for Hausdorff locally convex topological vector spaces
(LCTVSs).

Theorem A.9.3. Weak and weak* dual spaces
Let X be a normed vector space with dual space X ′.

a. The dual space of X taken with the weak topology σ(X,X ′) is X ′.
b. The dual space of X ′ taken with the weak* topology σ(X ′, X) is X.

A subset K of a vector space X is convex if, for each x, y ∈ K and
0 ≤ r ≤ 1,

rx + (1 − r)y ∈ K.

An important application of Theorem A.8.3 is the following fact.

Theorem A.9.4. Equivalent norm and weak closures
Let X be a normed vector space and let K ⊆ X be convex. Then K has the
same norm and σ(X,X ′) closure.

Banach proved the following result for the case of separable spaces in
1932 [19], Chapter VIII, Theorem 3. The general version was obtained by
Leonidas Alaoglu in 1940 [3].

Theorem A.9.5. Banach–Alaoglu theorem
Let X be a normed vector space. Then B′ is weak* compact.

Proof. For each x ∈ X define

Dx = {z ∈ C : |z| ≤ ‖x‖}.

Clearly, B′ ⊆ D =
∏
x∈X Dx. Since the product of compact spaces is com-

pact (this statement is equivalent to the axiom of choice and it is called the
Tychonov theorem) and since it is easy to check that B′ is closed in D, B′ is
a compact subset of D.

It is immediate from the definition that the induced product topology
on B′ is its weak* topology. (For the definition of the product topology see,
e.g., [279].) ��

In this regard we note the following fact.

Theorem A.9.6. Characterization of weak* compactness
Let X be a Banach space. Then Y ⊆ X ′ is weak* compact if and only if Y is
weak* closed and norm bounded.
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Proof. The sufficient condition for weak* compactness follows from Theo-
rem A.9.5.

For the necessary condition we must verify that weak* boundedness
implies norm boundedness (since weak* compactness yields weak* bound-
edness). This follows from Theorem A.7.1 or Theorem A.8.6, noting that X
is complete. ��

Since weak* boundedness implies norm boundedness in a Banach space,
we see that every weak* convergent sequence is norm bounded.

Remark. We require X to be complete in Theorem A.9.6. For a counter-
example let X be the vector space of all finite sequences of complex numbers
normed by ‖x‖ = sup{|xn|}, x = {xn : n = 1, . . . }. Set x′n(x) = n|xn| and
Y = {0} ∪ {x′n : n = 1, . . . } ⊆ X ′. Then x′n → 0 in σ(X ′, X), whereas
‖x′n‖ = n. The situation is corrected by the following result: Let X be a
normed vector space and let Y ⊆ X ′ be weak* compact; Y is norm bounded
if and only if the weak* closure of the smallest convex set containing Y is
weak* compact.

A useful result, e.g., [32], page 141, concerning weak* closures is the
Krein–Smulian theorem: Let X be a Banach space and let K ∈ X ′ be convex;
by definition, a net {x′α} ⊆ X ′ converges to 0 in the Krein–Smulian topo-
logy if x′α → 0 uniformly on compact sets of X ( [279], page 65); then the
Krein–Smulian and weak* closures of K are identical.

Note, of course, that the finite subsets of X are compact.

Example A.9.7. A weak* closure of characteristic functions
Define Y to be the space of functions f : [0, 1] → [0, 1] having the form
f = �A, where the subset A ⊆ [0, 1] is a finite disjoint union of intervals. The
weak* closure of Y , as a subset of L∞

m ([0, 1]), is

{f ∈ L∞
m ([0, 1]) : 0 ≤ f ≤ 1}.

Theorem A.9.8. Sequential weak* compactness
Let X be a separable normed vector space. Then B′ is sequentially compact
in the σ(X ′, X) topology; cf. Theorem A.9.5.

Proof. Let {x′k : k = 1, . . . } ⊆ B′ and let {xn : n = 1, . . . } be a countable
dense subset of X . By the expected diagonal argument there is a subsequence
{x′kj

: j = 1, . . . } ⊆ {x′k : k = 1, . . . } such that

∀ n ∈ N, lim
j→∞

x′kj
(xn) = x′(xn).
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For x ∈ X , let xnp → x, so that

lim
p→∞x′kj

(xp)

exists uniformly in j. We complete the proof by the Moore–Smith theorem.
��

Note that a compact topological space is metrizable if and only if it has a
countable basis. Thus, if a normed vector space X is separable, then B′ with
the weak* topology is metrizable (by definition of the weak* topology). How-
ever, X ′ is never metrizable in its weak* topology if X is infinite-dimensional.

If X is a normed vector space, then, as noted at the beginning of this
section, X ′ is a Banach space with the norm defined by (A.14).

Convergence criteria compatible with the weak topology require nets.
However, by definition, a sequence {xn : n = 1, . . . } ⊆ X converges to 0 ∈ X
if for every weak neighborhood U of 0, there is NU such that xn ∈ U for all
n ≥ NU . Thus, by the definition of U , not only do we have

‖xn‖ → 0 =⇒ xn → 0 in σ(X,X ′),

but we also have the following satisfying result; cf. Section 6.3.

Theorem A.9.9. Sequential weak convergence
Let X be a normed vector space and {xn : n = 1, . . . } a sequence in X. Then
xn → 0 in the weak topology σ(X,X ′) if and only if

∀ x′ ∈ X ′, lim
n→∞x′(xn) = 0.

An immediate corollary of the Uniform Boundedness Principle (Theo-
rem A.8.6) for the Banach space X ′ is the following result.

Theorem A.9.10. Boundedness of weakly convergent sequences
Let X be a normed vector space and assume xn → x in σ(X,X ′). Then
{‖xn‖ : n = 1, . . . } is bounded.

Using Theorem A.9.8 we can prove the following “converse” to Theo-
rem A.9.10.

Theorem A.9.11. Weak convergence of norm bounded sequences
Let X be a reflexive Banach space and let {xn : n = 1, . . . } be a norm bounded
sequence in X. Then there is a subsequence that converges to some x ∈ X in
the σ(X,X ′) topology; cf. Theorem 6.5.5.

If “subsequence” is replaced by “subnet” in Theorem A.9.11 the result
is immediate from the Banach–Alaoglu theorem. It is interesting to com-
pare this result with Theorem 6.3.2 noting that L1

m([0, 1]) is not reflexive.
Because of Theorem A.9.11 it is easy to check that reflexive Banach spaces
are sequentially weakly complete.

By Theorem A.9.3 and since Theorem A.8.3b is valid for Hausdorff locally
convex topological vector spaces, we obtain the following result.
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Theorem A.9.12. Hahn–Banach in the weak* setting
Let X be a normed vector space and let Y ⊆ X ′ be a σ(X ′, X) closed linear
subspace. If y′ ∈ X ′ \ Y , then there is x ∈ X such that y′(x) �= 0 and

∀ x′ ∈ Y, x′(x) = 0.

A.10 Linear maps

If X and Y are Banach spaces, L(X,Y ) denotes the space of continuous linear
functions X → Y . If X = Y we write L(X).

Proposition A.10.1. If X and Y are Banach spaces over F = R or F = C

(X a normed vector space is sufficient), then L(X,Y ) is a Banach space over
F, where L = c1L1 + c2L2 is defined by L(x) = c1L1(x) + c2L2(x), x ∈ X
and c1, c2 ∈ F, and where ‖L‖ is defined by (A.7).

By Theorem A.5.2 we have the following result.

Proposition A.10.2. a. Let X and Y be Banach spaces and let L ∈
L(X,Y ). Then L is uniformly continuous.

b. Let X and Y be Banach spaces and let Z ⊆ X be a linear subspace of
X. If L ∈ L(Z, Y ), then L has a unique continuous linear extension to Z.

Parts a and b of the following result are the Banach open mapping theorem
and Banach closed graph theorem, respectively.

Theorem A.10.3. Banach open mapping and closed graph theorems
a. Let L ∈ L(X,Y ) be bijective. Then L−1 ∈ L(X,Y ).

b. Let X and Y be Banach spaces and let L : X → Y be linear. Assume
that

‖xn − x‖ → 0 and ‖L(xn) − y‖ → 0 (A.15)

imply y = L(x). Then L ∈ L(X,Y ).

The proof of part a depends on the Baire category theorem. Part b is clear
from part a by applying part a to the setting

X × L(X) → X,

(x, L(x)) �→ x,

where the norm onX×L(X) is given by ‖(x, L(x))‖ = ‖x‖+‖L(x)‖. Criterion
(A.15) is used to check that X × L(X) is complete.

Remark. Let L ∈ L(X,Y ) be injective. If L is not surjective, then L(X) is
of first category in Y . To verify this fact, we assume that L(X) is of second
category in Y . Then it is not difficult to verify that
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∀ r > 0, ∃ R > 0 such that B(0, R) ⊆ L(B(0, r)). (A.16)

Take any y ∈ Y . For any r > 0, choose R as in (A.16). There is NR such that

∀ n > NR,
1
n
y ∈ B(0, R) ⊆ L(B(0, r)).

Thus, for any such n, there is x ∈ B(0, r) for which L(nx) = y. We conclude
that L(X) = Y .

Example A.10.4. What the Banach closed graph theorem asserts
The Banach closed graph theorem does not say that if X × L(X) is closed
in X × Y then L is continuous. It asserts the continuity of L if each (x, y) ∈
X × L(X) ⊆ X × Y can be approximated by {(xn, L(xn)) : n = 1, . . . }, for
some sequence {xn} ⊆ X .

Assume that {xα} ⊆ X and {yα} ⊆ Y are Hamel bases with ‖xα‖ ≤ 1,
sup ‖yα‖ = ∞. Taking card X = card Y we define L(xα) = yα, and extend
L linearly to all of X . Then L is a linear surjection and X ×L(X) = X × Y ,
but X × L(X) does not satisfy (A.15). Clearly, L is not continuous.

Example A.10.5. Discontinuous identity mappings on �∞(N)�∞(N)�∞(N)
We shall put two norms on �∞(N) such that �∞(N) is a Banach space for each
norm but such that neither identity mapping �∞(N) → �∞(N) is continuous.
Choose ‖ . . . ‖∞ for the first norm. To define the second norm first observe
that

card �1(N) = card �∞(N). (A.17)

To prove (A.17) consider the injection

�∞(N) → �1(N),
{xn : n = 1, . . . } �→ {xn/2n : n = 1, . . . }.

Thus, card �∞(N) ≤ card �1(N). On the other hand, card �1(N) ≤ card �∞(N)
since �1(N) ⊆ �∞(N). Equation (A.17) follows from the Schröder–Bernstein
theorem, e.g., Problem 1.6. Consequently, if Hp is a Hamel basis for �p(N),
then card H∞ = card H1, and so we choose any bijection b : H∞ → H1.
We extend b by linearity to a bijection L : �∞(N) → �1(N). By Theo-
rem A.10.3a, the nonseparability of �∞(N), and the separability of �1(N),
we see that L /∈ L(�∞(N), �1(N)).

The second norm on �∞(N) is then defined by

‖x‖ = ‖L(x)‖1.

It is easy to check that �∞(N) with this norm is complete.

The following was given by Carleson with regard to an interpolation
problem [88].
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Theorem A.10.6. Carleson open mapping theorem
Let X and Y be Banach spaces with norms ‖ . . . ‖X and ‖ . . . ‖Y , respectively.
Assume Y ⊆ X and ‖ . . . ‖Y ≥ ‖ . . . ‖X on Y . If

∃ M > 0 and ∃ {xn : n = 1, . . . } ⊆ Y such that,

∀ x′ ∈ X ′, ‖x′‖ ≤ M sup
n∈N

|x′(xn)|,

then X = Y and ‖ . . . ‖Y ≤ M‖ . . . ‖X.

Let X and Y be Banach spaces. If L ∈ L(X,Y ), then the adjoint, L′, of
L is the element of L(Y ′, X ′) defined by

∀ x ∈ X and ∀ y′ ∈ Y ′, (L′(y′))(x) = y′(L(x)).

We call L′ an open mapping if L′(U) ⊆ X ′ is open for every open set U ⊆ Y ′,
i.e., if

∃ C > 0 such that ∀ y′ ∈ Y ′, ‖y′‖Y ′ ≤ C‖L′(y′)‖X′ .

Theorem A.10.7. Surjectivity consequences of the Banach open
mapping theorem
Let X and Y be Banach spaces and assume that L ∈ L(X,Y ) is injective and
L(X) = Y . The following are equivalent:

a. L(X) = Y ,
b. L′ is an open mapping,
c. L′(Y ′) = X ′.

Part a of the following result is true when X and Y are normed vec-
tor spaces. As in Theorem A.10.7, it depends on the Banach open mapping
theorem.

Theorem A.10.8. Injectivity and surjectivity duality
Let X and Y be Banach spaces and let L ∈ L(X,Y ).

a. L′(Y ′) = X ′ ⇐⇒ L−1 exists and L−1 ∈ L(L(X), X).
b. L(X) = Y ⇐⇒ (L′)−1 exists and (L′)−1 ∈ L(L′(Y ′), Y ′). Further, if

L−1 exists then L−1 ∈ L(L(X), X).

A.11 Embeddings of dual spaces

Let B1 ⊆ B2, where B1 and B2 are normed vector spaces, and let Id :
B1 → B2textitId be the identity mapping with adjoint Id′ : B′

2 → B′
1 acting

between the dual Banach spaces. By definition,

∀x ∈ B1 and ∀y ∈ B′
2, (Id′(y))(x) = y(x),

i.e., Id′(y) = y on B1 ⊆ B2.
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Assume that Id, and hence Id′, are continuous. Note that if y ∈ B′
2, then

y|B1 , the restriction of y to B1, is an element of B′
1. To see this first note

that since B1 ⊆ B2 and y ∈ B′
2, then y|B1 is linear on B1. The mapping

y|B1 is also continuous on B1 because of the continuity of Id. In fact, since
y is continuous on B1 with the induced topology from B2, then it is contin-
uous on B1 with its given norm convergence because this latter topology is
stronger (finer) than the B2 criterion. (Continuity of a function for a given
topology on its domain implies continuity for any stronger topology on that
domain.)

Definition A.11.1. Embedding of dual spaces
We say that B′

2 is embedded in B′
1, in which case we write B′

2 ⊆ B′
1, if Id′

is a continuous injection. This means that whenever Id′(y) = 0 ∈ B′
1, then

y = 0, i.e., y(x) = 0 for all x ∈ B2.

With the above assumptions, we further assume that B1 = B2. Let y ∈ B′
2

have the property that Id′(y) = 0 ∈ B′
1. Suppose x ∈ B2 and limn→∞ ‖xn −

x‖B2 = 0, where {xn} ⊆ B1. Then limn→∞ y(xn) = y(x), and y(xn) =
(Id′(y))(xn) = 0. Thus, y(x) = 0, and so y ∈ B′

2 is the 0-element. Hence, Id′

is a continuous injection. Moreover, Id′ is also the identity function, i.e., for
all y ∈ B′

2, Id′(y) = y on a dense linear subspace of B2.
We can summarize what has been said by the following embedding

theorem.

Theorem A.11.2. Embedding theorem
Let B1 and B2 be normed vector spaces. If B1 ⊆ B2 in the sense that the
identity mapping Id : B1 → B2 is continuous, and if B1 = B2, then B′

2 ⊆ B′
1.

Example A.11.3. Cb(R),Mb(R)Cb(R),Mb(R)Cb(R),Mb(R), and duality
a. Let Cb(R) be the Banach space of continuous bounded functions on R

taken with the L∞-norm ‖...‖∞; and let C0(R) be the closed linear subspace
of Cb(R) whose elements f satisfy the condition that lim|t|→∞ f(t) = 0. Recall
from Theorem 7.2.7 (RRT) that (C0(R))′ = Mb(R).

Then Cb(R) is a closed linear subspace of L∞(R), and so it is natural
to describe the relation between (Cb(R))′ and the dual space of L∞

μ (R); see
Theorem 5.5.7. To this end, let A be the algebra generated by the closed
subsets of R. Then let FR(X) ⊆ F (X), defined before Theorem 5.5.7, be
the set of those elements ν ∈ F (X) for which |ν| is regular in the sense of
Definition 2.5.12. It is not difficult to prove that (Cb(R))′ = FR(X); see [150],
Part I, Chapter IV, Section 6.

b. Since the continuous identity mapping Id : C0(R) → Cb(R) is not
dense, we can not conclude that (Cb(R))′ ⊆ Mb(R), as is apparent from the
characterizations of (C0(R))′ and (Cb(R))′; cf. Theorem A.11.2.

c. The characterizations of (C0(R))′ and (Cb(R))′ do imply, however, that

Mb(R) ⊆ (Cb(R))′. (A.18)
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In this regard, if μ ∈ (C0(R))′, then μ extends to an element μe ∈ (Cb(R))′

by the Hahn–Banach theorem. Of course, there is no a priori guarantee of a
unique extension.

On the other hand, and without invoking the characterization of (Cb(R))′,
we can see the validity of (A.18) in the following way.

Let μ ∈ Mb(R). If f ∈ Cb(R) we can choose {fn} ⊆ C0(R) for which
limn→∞ fn = f pointwise on R and supn ‖fn‖∞ = ‖f‖∞ < ∞. Then we apply
LDC for L1

|μ|(R), which allows us to assert that f ∈ L1
|μ|(R) and limn→∞ ‖fn−

f‖1 = 0. The integral μ(f) is well defined, i.e., it is independent of the
sequence {fn} ⊆ C0(R). Further, μ : Cb(R) → C is linear. To prove the
continuity of μ on Cb(R), let f ∈ Cb(R), let ε > 0, and choose {fn} as above.
Then,

∃N > 0 such that ∀n ≥ N, |μ(f − fn)| < ε;

and so, for such n,

|μ(f)| ≤ ε + |μ(fn)| ≤ ε+ ‖μ‖1‖f‖∞.

This is true for all ε > 0, and so μ ∈ (Cb(R))′. We designate μ so defined on
Cb(R) by μ∗.

The inclusion (A.18) is accomplished by the mapping μ �→ μ∗. The fact
that many extensions μe of μ exist does not contradict (A.18). In fact, νe =
μe−μ∗ ∈ (Cb(R))′ vanishes on C0(R); and if νe is not identically 0 on Cb(R),
then μe is not countably additive on B(R) and so it does not correspond to
an element of Mb(R).

A.12 Hilbert spaces

Definition A.12.1. Orthonormal set and orthonormal basis (ONB)
a. Let H be a Hilbert space. Elements x, y ∈ H are orthogonal if 〈x, y〉 =

0; and this property is denoted by x ⊥ y. An element x ∈ H is orthogonal to
the set S ⊆ H , denoted by x ⊥ S, if 〈x, y〉 = 0 for all y ∈ S. A set S ⊆ H is
an orthogonal set if x ⊥ y for all x, y ∈ S for which x �= y. A set S ⊆ H is an
orthonormal set if it is orthogonal and if ‖x‖ = 1 for each x ∈ S.

b. A countable orthonormal set S = {xn : n = 1, . . . } is an orthonormal
basis (ONB) for H if

∀ x ∈ H, ∃ {cn : n = 1, . . . } ⊆ C such that x =
∞∑

n=1

cnxn in H.

Proposition A.12.2. Let S = {xα} be an orthonormal set in a separable
Hilbert space H. Then S is a countable set.

Proof. By separability, let D = {yn : n = 1, . . . } be a countable dense subset
of H . Since S is orthonormal, we can assert that
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∀ α, β for which α �= β, ‖xα − xβ‖ =
√

2. (A.19)

Using the density, we have

∀ α, ∃ n = n(α) ∈ N, such that ‖xα − yn(α)‖ <
√

2
2
. (A.20)

We are forced into choosing a different n(α) for each α, for, otherwise, if yn(α)

corresponds to both xα and xβ in the sense of (A.20), then

‖xα − xβ‖ ≤ ‖xα − yn(α)‖ + ‖yn(α) − xβ‖ <
√

2,

and this contradicts (A.19). Thus, (A.20) gives rise to an injective mapping
S → D, and hence S is countable. ��

Example A.12.3. Hilbert spaces and ONBs
a. H = L2(T2Ω) is a Hilbert space with inner product defined by 〈F,G〉 =∫

T2Ω
F (x)G(x) dx, where T2Ω = R/(2ΩZ), F and G are 2Ω-periodic on R,

and
∫

T2Ω
F (x) dx is defined as the Lebesgue integral 1

2Ω

∫ Ω
−Ω F (x) dx. The

sequence {e−πinx/Ω : n ∈ Z} is an ONB for L2(T2Ω), e.g., Proposition B.8.1.
b. H = �2(Zd) is defined to be the vector space of all sequences f : Z

d → C

with the property that

‖f‖�2(Zd) =

⎛

⎝
∑

n∈Zd

|f [n]|2
⎞

⎠
1/2

< ∞.

With this norm, �2(Zd) is a Hilbert space, and its inner product is given by

∀ f, g ∈ �2(Zd), 〈f, g〉 =
∑

n∈Zd

f [n]g[n].

Let un ∈ �2(Zd) be defined by un[m] = δ(m,n), for m,n ∈ Z
d, where

δ(m,n) =
{

1, if m = n,
0, if m �= n.

It is easy to check that the sequence {un} is an ONB for �2(Zd).
c. H = L2(R) is a Hilbert space with inner product defined by 〈f, g〉 =∫

R
f(t)g(t) dt. The Hermite functions, hn(x) = e−πx

2
Hn(2

√
πx), n = 0, . . . ,

where
∀ n = 0, . . . , Hn(x) = (−1)nex

2/2 d
n

dxn
e−x

2/2,

are an ONB for L2(R); see, e.g., [505], [35], and Remark 2.4.11 in [39]. The
concept of a multiresolution analysis in wavelet theory leads to the construc-
tion of many other ONBs for L2(R), e.g., [118], [348]; cf. [475].
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d. H = PWΩ = {f ∈ L2(R) : supp f̂ ⊆ [−Ω,Ω]} is a closed linear sub-
space of L2(R), and is the so-called Paley–Wiener space of Ω-band-limited
functions. We denote by f̂ the Fourier transform of f ; see Appendix B.
Furthermore, PWΩ is a Hilbert space with inner product induced from L2(R).
The sequence {( 1√

2Ω
)τn/(2Ω)(d2πΩ) : n ∈ Z} is an ONB for PWΩ, where

τx(f)(y) = f(y − x) and where

d2πΩ(t) =
sin(2πΩt)

πt
.

In light of our mention of multiresolution in part c, we note that PWΩ can
be considered as part of a multiresolution analysis of L2(R) for the so-called
Shannon wavelet system, e.g., [118], [348], [112], [113]; cf. [475]

The following is an immediate, useful consequence of the Schwarz
inequality.

Proposition A.12.4. Continuity of the inner product
Let H be a Hilbert space. The inner product is continuous on H × H, i.e.,
if {xn : n = 1, . . . } ⊆ H converges to x ∈ H and {yn : n = 1, . . . } ⊆ H
converges to y ∈ H, then

lim
n→∞〈xn, yn〉 = 〈x, y〉.

Theorem A.12.5. Consequences of orthonormality
Let H be a Hilbert space and let {xn : n = 1, . . . } be an orthonormal sequence.

a. Bessel inequality. The mapping

L : H −→ �2(N),
y �−→ {〈y, xn〉},

(A.21)

is well defined, linear, and continuous; in fact

∀ y ∈ H,

∞∑

n=1

|〈y, xn〉|2 ≤ ‖y‖2.

b. For each y ∈ H,
∑

〈y, xn〉xn converges in H.
c.
∑
cnxn converges in H if and only if c = {cn : n = 1, . . . } ∈ �2(N).

d. If y =
∑
cnxn converges in H, then each cn = 〈y, xn〉.

Proof. i. Let y ∈ H , let F ⊆ N be finite, and suppose {cn : n ∈ F} ⊆ C.
Using orthonormality, two direct calculations yield

∥∥∥∥∥
∑

n∈F
cnxn

∥∥∥∥∥

2

=
∑

n∈F
|cn|2 (A.22)
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and

0 ≤
∥∥∥∥∥y −

∑

n∈F
〈y, xn〉xn

∥∥∥∥∥

2

= ‖y‖2 −
∑

n∈F
|〈y, xn〉|2. (A.23)

ii. The Bessel inequality (part a) is immediate from (A.23). In particular,
{〈y, xn〉} ∈ �2(N). Since H is complete, to prove part b we need only show
that

{sN} =

{
N∑

n=1

〈y, xn〉xn

}
, N > 0,

is a Cauchy sequence in H . This is a consequence of (A.22) and the fact that
{〈y, xn〉} ∈ �2(N), which, in turn, was a consequence of part a. Part c also
follows from (A.22).

iii. To prove part d , we use the orthonormality and the continuity of inner
products (Proposition A.12.4) to compute

〈y, xn〉 = lim
N→∞

〈
N∑

m=1

cmxm, xn

〉
= cn. ��

The following result is also elementary to verify. One efficient route is to
prove the implications a implies b implies c implies d implies e implies a.

Theorem A.12.6. Parseval formula and ONB
Let H be a Hilbert space and let {xn : n = 1, . . . } be an orthonormal sequence.
The following are equivalent.

a. {xn} is an ONB for H.
b. Parseval formula:

∀ x, y ∈ H, 〈x, y〉 =
∞∑

n=1

〈x, xn〉〈y, xn〉.

c. The mapping L of (A.21) (in Theorem A.12.5a) is a linear surjective
isometry, and, in fact,

∀ y ∈ H, ‖y‖ =

( ∞∑

n=1

|〈y, xn〉|2
)1/2

.

d. span {xn} = H.
e. If 〈y, xn〉 = 0 for each n ∈ N, then y = 0.

Because of Example A.12.3a, the coefficients 〈y, xn〉 for an ONB {xn} ⊆
H are called the Fourier coefficients of y ∈ H ; cf. Definition B.5.1.
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Theorem A.12.7. Hilbert space Fourier series
Let H be a Hilbert space and let {xn : n = 1, . . . } be an ONB for H. Then

∀ y ∈ H, y =
∞∑

n=1

〈y, xn〉xn in H.

Proof. If y ∈ H , then
∑

〈y, xn〉xn = x in H for some x ∈ H by Theorem
A.12.5b. Hence,

∀ n ∈ Z
d, 〈x, xn〉 = 〈y, xn〉,

by Theorem A.12.5d . The result follows by Theorem A.12.6, using the equiv-
alence either of parts a and c or of parts a and e. ��

Remark. a. By the definition of an ONB, if H contains an ONB, then H
is separable. The converse is also true: If H is a separable Hilbert space,
then H contains an ONB. The proof of the converse has four elementary
steps. First, if S = {xn : n = 1, . . . } is a countable dense subset of H , then
span {xn} = H . Next, we choose a linearly independent subset {yn} of {xn},
that also has the property that span {yn} = H . This can be accomplished
both constructively and iteratively by throwing out those xn that are linear
combinations of finite sets {xj : j ∈ F and j �= n}. Third, the Gram–Schmidt
orthogonalization procedure, e.g., [200], pages 21–22, constructs {un} in terms
of {yn} with the properties that {un} is orthonormal and span {un} = H .
Finally, we invoke Theorem A.12.6 to complete the proof.

b. Let X be a Banach space over C. A sequence {xn : n = 1, . . . } ⊆ X
is a Schauder basis for X if each x ∈ X has a unique representation x =∑∞

n=1 cn(x)xn, where each cn(x) ∈ C and where the series converges in X in
the ordinary sense that

lim
N→∞

N∑

n=1

cn(x)xn = x.

If {xn} is a Schauder basis for X and if we consider {cn(x)} as a sequence
of mappings cn : X → C, x �→ cn(x), then each cn ∈ X ′, e.g., [443], page 20.
The situation in part a leads to the question (the basis problem), posed
by Banach in 1932 [19], whether every separable Banach space contains
a Schauder basis. Using Walsh functions and lacunary Fourier series, Per

Enflo proved in 1973 that there are separable Banach spaces having no
Schauder basis [158]; see [419], especially Sections 1.1 and 5.6.

Definition A.12.8. Direct sum and orthogonal complement
a. Let B be a Banach space, and let X,Y ⊆ B be linear subspaces of B for
which X ∩ Y = {0} and X + Y = {x + y : x ∈ X, y ∈ Y } = B. We denote
this situation by

B = X ⊕ Y,

and B is the direct sum of X and Y .
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b. Suppose B = X⊕Y . Let z ∈ B and assume z = x1+y1 = x2+y2, where
xj ∈ X and yj ∈ Y . Then x1 − x2 = y2 − y1. Thus, x1 − x2, y2 − y1 ∈ X ∩Y ,
and so x1 = x2 and y1 = y2. Therefore, if B = X ⊕ Y , then each z ∈ B has
a unique representation z = x+ y for some x ∈ X and y ∈ Y .

c. Let H be a Hilbert space, and let X ⊆ H be a subset of H . The
orthogonal complement X⊥ of X is the set {y ∈ H : ∀x ∈ X,x ⊥ y}.

d. Let X be a closed linear subspace of H . It is not difficult to prove
that for each z ∈ H there are unique elements x ∈ X and y ∈ X⊥ such that
z = x+ y. The proof requires the following two results.

i. For each z ∈ H there is a unique element x ∈ X such that

‖z − x‖ = inf{‖z − w‖ : w ∈ X}.

ii. If z ∈ H and x ∈ X , then 〈z − y, w〉 = 0 for all w ∈ X if and only if

‖z − x‖ = inf{‖z − u‖ : u ∈ X}.

e. From part d , we see that if X �= {0} is a closed linear subspace of H,
then X⊥ is a closed linear subspace of H ,

H = X ⊕X⊥,

and (X⊥)⊥ = X . We refer to X ⊕ X⊥ as an orthogonal complement direct
sum.

A.13 Operators on Hilbert spaces

In the case of Hilbert spaces H1 and H2 over F = R or F = C, we write

∀ x ∈ H1 and ∀ y ∈ H2, 〈L(x), y〉H2 = 〈x, L′(y)〉H1 (A.24)

to define the adjoint L′ of L ∈ L(H1, H2). The adjoint was defined for Banach
spaces after Theorem A.10.6. In (A.24) we have used the fact that Hilbert
spaces H have the property that H ′ = H of (A.8); cf. Example A.8.4b.

We shall now make use of the orthogonal complement (Definition A.12.8)
and of the range and kernel of an operator L ∈ L(H1, H2). The range of L,
also called the image of L, is defined as R(L) = {Lx : x ∈ H1} ⊆ H2; and
the kernel of L, also called the null space of L, is defined as the closed linear
subspace kerL = {x ∈ H1 : Lx = 0 ∈ H2}.

Theorem A.13.1. Kernel and range properties for Hilbert space
operators
Let H1 and H2 be Hilbert spaces over F = R or F = C, and let L ∈ L(H1, H2).

a. L′(H2) = H1 if and only if L−1 exists and L−1 ∈ L(L(H1), H1).
b. L(H1) = H2 if and only if (L′)−1 exists and (L′)−1 ∈ L(L′(H2), H2).

Further, if L−1 exists, then it is in L(L(H1), H1).



A.13 Operators on Hilbert spaces 481

c. If L−1 exists and L−1 ∈ L(H2, H1), then (L′)−1 ∈ L(H1, H2) and

(L′)−1 = (L−1)′.

d. kerL = (R(L′))⊥, kerL′ = (R(L))⊥, R(L) = (kerL′)⊥, and R(L′) =
(kerL)⊥.

Let H be a Hilbert space over C and let X �= {0} be a closed linear
subspace of H . Then P : H → H is the orthogonal projection onto X if

∀ x ∈ X and ∀ y ∈ X⊥, P (x+ y) = x.

The orthogonal projection onto X is an element of L(H), and, in fact,
‖P‖ = 1. We say that L ∈ L(H) is self-adjoint or Hermitian if L′ = L.
The orthogonal projections of H are the building blocks for the theory of
self-adjoint operators in the sense that every L ∈ L(H) is the limit in norm
of a sequence of linear combinations of orthogonal projections; see [200].

An elementary calculation yields the following result.

Proposition A.13.2. Let H be a Hilbert space over C. Then P ∈ L(H) is
an orthogonal projection onto some closed linear subspace of H if and only if
P is self-adjoint and P 2 = P .

Let X ⊆ H \ {0} be a closed linear subspace of the Hilbert space H over
C, and let L ∈ L(H). We call X an L-invariant subspace if L(X) ⊆ X . There
is the following relationship between invariant subspaces and orthogonal pro-
jections.

Theorem A.13.3. Invariant subspaces and orthogonal projections
Let X ⊆ H \ {0} be a closed linear subspace of the Hilbert space H over C,
and let L ∈ L(H). Then X is L-invariant if and only if LP = PLP , where
P is the orthogonal projection onto X.

Remark. The invariant subspace problem is to determine whether for any
given Hilbert space H over C, every L ∈ L(H) has a nontrivial L-invariant
subspace. There is a spectacular positive solution due to Victor

Lomonosov, which is valid even for Banach spaces for the case of com-
pact operators. (Compact operators L ∈ L(H) are those for which any
sequence {xn : n = 1, . . . } ⊆ H of unit norm elements has the property
that {L(xn) : n = 1, . . . } has a convergent subsequence in H .) There has
been progress since Lomonosov, but the general problem is open; see [369].

Remark. It is elementary to check that L ∈ L(H) is self-adjoint if and
only if 〈L(x), x〉 ∈ R for all x ∈ H . One direction is immediate: L′ = L
implies 〈L(x), x〉 = 〈x, L(x)〉 = 〈L(x), x〉. Conversely, 〈L(z), z〉 ∈ R implies
〈L(x+ cy), x+ cy〉 = 〈x+ cy, L(x+ cy)〉 for all x, y ∈ H and c ∈ C; and using
the hypothesis again on this equality we can calculate that Im 〈cL(y), x〉 =
Im 〈cy, L(x)〉, which in turn gives L′ = L by considering c = 1 and c = i.
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We shall say that L ∈ L(H) is positive if 〈L(x), x〉 ≥ 0 for all x ∈ H .
By the above observation we see that if H is a complex Hilbert space and
L ∈ L(H) is positive, then L self-adjoint.

Let H1, H2 be Hilbert spaces over C. We call U ∈ L(H1, H2) an isometry
if ‖U(x)‖H2 = ‖x‖H1 for all x ∈ H1. If H = H1 = H2 and U ∈ L(H) is a
surjective isometry, then U is a unitary operator.

Proposition A.13.4. Let H1 and H2 be Hilbert spaces over C, and let U ∈
L(H1, H2).

a. The following are equivalent:
i. U is an isometry;
ii. U ′U is the identity mapping Id on H1;
iii. ∀ x, y ∈ H1, 〈U(x), U(y)〉H2 = 〈x, y〉H1 .

Further, if U is a surjective isometry then U ′U is the identity mapping Id on
H2.

b. Let H = H1 = H2. Then U ∈ L(H) is unitary if and only if U−1

exists on H and U−1 = U ′. Thus, unitary operators U are characterized by
the property that

UU ′ = Id = U ′U.

Example A.13.5. Unitary operators
The Fourier transform mapping F on L2

md(Rd), the DFT mapping FN on
L2
c(ZN ), and the Hilbert transform mapping H on L2(R) are all unitary

operators; see Appendix B.

A.14 Potpourri and titillation

1. At the beginning of the Preface we referred to this book as a paean to
twentieth-century real analysis. This development of real variables, measure
theory, and integration theory was one of several interleaving intellectual
threads through the century. One such journey is the theory of frames.

With Theorem A.12.6 as a backdrop we make the following definition,
which, at first blush, may seem to be an effete generalization of an ONB. Let
H be a separable Hilbert space. A sequence {xn : n = 1, . . . } ⊆ H is a frame
for H if there are A,B > 0 such that

∀ x ∈ H, A‖x‖2 ≤
∞∑

n=1

|〈x, xn〉|2 ≤ B‖x‖2.

The constants A and B are frame bounds, and a frame is tight if A = B.
A frame is an exact frame if it is no longer a frame whenever any of its
elements is removed. The following is the basic decomposition theorem for
frames.
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Theorem A.14.1. Frame decomposition
Let {xn : n = 1, . . . } ⊆ H be a frame for H, and define the mapping

S : H → H,

x �→
∞∑

n=1

〈x, xn〉xn.

Then S is a continuous bijection onto H, and

∀ x ∈ H, x =
∞∑

n=1

〈x, S−1(xn)〉xn =
∞∑

n=1

〈x, xn〉S−1(xn). (A.25)

In Theorem A.14.1, the assertion that S is a continuous bijection onto H
implies that S−1 : H → H is continuous by Theorem A.10.3. Generally, we
refer to any continuous bijection L : H → H as a topological isomorphism;
see [45], Chapters 3 and 7.

Expositions of the theory of frames are found in [518], [118], [45], and [103].
The theory was explicitly formulated by Richard J. Duffin (1909–1996)
and Albert C. Schaeffer (1952) [147]. What is truly remarkable is the
genuine applicability of the theory of frames in addressing sampling problems,
erasure problems associated with the Internet, quantization problems arising
in audio, image-processing problems, and a host of other problems, e.g., see
[99], [100], [320], [466]. A reason for this applicability is the effectiveness of
frames in providing numerically stable, robust, and generally “inexpensive”
decompositions; and this reason is due to the fact that frames are generally
not ONBs or even Schauder bases, even though there are representations such
as (A.25).

In order to describe some of the early developments of frames, we first
expand on the definition of a Schauder basis in the setting of a separable
Hilbert space H . A Schauder basis {xn : n = 1, . . . } for H is an unconditional
basis for H if

∃ C > 0 such that ∀ F ⊆ N, where card F < ∞,

and ∀ bn, cn ∈ C, where n ∈ F and |bn| < |cn|,∥∥∥∥∥
∑

n∈F
bnxn

∥∥∥∥∥ ≤ C

∥∥∥∥∥
∑

n∈F
cnxn

∥∥∥∥∥ .

An unconditional basis is a bounded unconditional basis for H if

∃ A,B > 0 such that ∀ n ∈ N, A ≤ ‖xn‖ ≤ B.

Finally, a Schauder basis {xn : n = 1, . . . } for H is a Riesz basis for H if
there is a topological isomorphism on H mapping {xn : n = 1, . . . } onto an
ONB for H .
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In 1936 Köthe [301] proved that bounded unconditional bases are exact
frames, and the converse is straightforward. Also, the category of Riesz bases
is precisely that of exact frames. Thus, the following three notions are equiva-
lent: Riesz bases, exact frames, and bounded unconditional bases. Besides the
article by Duffin and Schaeffer, Bari’s characterization of Riesz bases
(1951) [26] is fundamental in this realm of ideas. From our point of view, her
work has all the more impact because it was motivated in part by her early
research, with others in the Russian school, in analyzing Riemann’s sets of
uniqueness for trigonometric series; see Section 3.8.4.

From a functional-analytic point of view, in 1921 Vitali [487] proved that
if {xn : n = 1, . . . } is a tight frame with A = B = 1 and with ‖xn‖ = 1 for
all n, then {xn : n = 1, . . . } is an ONB. Actually, Vitali’s result is stronger
for the setting H = L2([a, b]) in which he dealt.

Frames have also been studied in terms of the celebrated Naimark dilation
theorem (1943), a special case of which asserts that any frame can be obtained
by “compression” from a basis. The rank-1 case of the Naimark theorem is
the previous assertion for tight frames. The finite-decomposition rank-1 case
of the Naimark theorem antedates Mark A. Naimark’s paper, and it is due
to Hugo Hadwiger (1940) and Gaston Julia (1942). This is particularly
interesting in light of modern applications of finite unit-norm tight frames
in communications theory. In this context, we mention Chandler Davis’
use of Walsh functions to give explicit constructions of dilations [125]. Davis

[126] also provides an in-depth perspective of the results referred to in this
paragraph.

Other applications of the Naimark theorem in the context of frames
include feasibility issues for von Neumann measurements in quantum signal
processing.

The general theory of frames was inspired by the study of nonharmonic
Fourier series and Fourier frames. Just as we define Fourier series in Exam-
ple 3.3.4 and Appendix B, we define nonharmonic Fourier series to be of the
form

∑
λ∈Λ cλeλ, where Λ ⊆ R is countable and eλ = e−2πixλ. Typically, we

investigate the elements of L2([−R,R]) that can be represented in L2-norm
by such series in a manner analogous to Theorem A.14.1. As such, Fourier
frames can be thought of as going back to Dini (1880) and his book on Fourier
series [140], pages 190 ff. There he gives Fourier expansions in terms of the
set {eλ : λ ∈ Λ} of harmonics, where each λ is a solution of the equation

x cos(πx) + a sin(πx) = 0. (A.26)

Equation (A.26) was chosen because of a problem in mathematical physics
from Riemann and Heinrich Weber’s classical treatise [387], pages 158–
167. Dini returned to this topic in 1917, just before his death, with a signifi-
cant generalization including Fourier frames that are not ONBs [141].

The inequalities defining a Fourier frame {eλ : λ ∈ Λ} for L2([−R,R])
(of which our definition of a frame is a natural generalization) were explic-
itly written by Paley and Wiener [363], page 115, inequalities (30.56).
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The book by Paley and Wiener (1934), and to a lesser extent a stability
theorem by Birkhoff (1917), had tremendous influence on mid-twentieth-
century harmonic analysis. Although nonharmonic Fourier series expansions
were developed, the major effort in the study of Fourier systems emanating
from [363] addressed completeness problems of sequences {eλ : λ ∈ Λ} ⊆
L2([−R,R]), i.e., on determining when the closed linear span of {eλ : λ ∈ Λ}
is all of L2([−R,R]). This culminated in the profound work of Beurling

and Malliavin in 1962 and 1966 [59], [60], [295]; see [43], Chapter 1, for a
technical overview.

A landmark on the road to the results of Beurling and Malliavin

is the article by Duffin and Shaeffer. In retrospect, their paper was
underappreciated when it appeared in 1952. The authors defined Fourier
frames as well as the general notion of a frame for a Hilbert space H . They
emphasized that frames {xn : n = 1, . . . } ⊆ H provide discrete representa-
tions x =

∑∞
n=1 cnxn in norm, as opposed to the previous emphasis on com-

pleteness. These discrete representations for Fourier frames provide a natural
setting for nonuniform sampling, e.g., [43], Chapter 1, [229], [515], [169], [222].
Duffin and Shaeffer understood that the Paley–Wiener theory for Fourier
systems is equivalent to the theory of exact Fourier frames. (We noted above
that Paley and Wiener used precisely the inequalities defining Fourier
frames.) Duffin and Shaeffer also knew that generally they were deal-
ing with overcomplete systems, a useful feature in noise-reduction problems
and the other applications we have mentioned.

The next step on this path created by Duffin and Shaeffer is the article
by Ingrid Daubechies, Alex Grossmann, and Meyer [119]. From the
point of view of the affine and Heisenberg groups, and inspired by Duffin

and Shaeffer, this article establishes the basic theory of wavelet and Gabor
frames. About 1990, Duffin expressed satisfactory surprise to one of the
authors that the theory of frames had risen like a phoenix almost 40 years
after its creation.
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B.1 Fourier transforms

Throughout the text of this book there are many examples and problems
dealing with the notion of Fourier series and Fourier transforms; see, e.g.,
Examples 3.3.4, 3.6.6, 4.4.7, 4.5.7, and Problems 3.14, 3.28, 4.5, 4.17, 4.44,
5.20. In this appendix we give a brief outline of the basic elementary theory
of classical Fourier analysis. There are many excellent texts and expositions
including [39], [66], [276], [298], [450], [524], [155], [270], [469], [27].

Definition B.1.1. Fourier transform on L1
m(R)L1
m(R)L1
m(R)

a. The Fourier transform of f ∈ L1
m(R) is the function F defined as

F (ξ) =
∫

R

f(x)e−2πixξ dx, ξ ∈ R̂ = R. (B.1)

Notationally, we write the pairing between the functions f and F in the
following way:

f̂ = F.

The space of Fourier transforms of L1
m(R) functions is denoted by A(R̂), i.e.,

A(R̂) = {F : R̂ → C : ∃ f ∈ L1
m(R) such that f̂ = F}.

b. Let f ∈ L1
m(R). The Fourier transform inversion formula is

f(x) =
∫

�R
F (ξ)e2πixξ dξ.

We use the notation F̌ = f to denote this inversion. See [39], pages 2–3, for
a formal intuitive derivation of the Fourier transform inversion formula by
means of a form of the uncertainty principle. The Jordan pointwise inversion
formula gives an explicit theorem. Also, see Theorem B.3.7.

Theorem B.1.2. Jordan inversion formula
Let f ∈ L1

m(R). Assume that f ∈ BV ([x0 − ε, x0 + ε]), for some x0 ∈ R and
ε > 0. Then

f(x0+) + f(x0−)
2

= lim
M→∞

∫ M

−M
f̂(ξ)e2πixξ dξ.

©
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Example B.1.3. f ∈ L1
m(R)f ∈ L1
m(R)f ∈ L1
m(R) does not imply f̂ ∈ L1

m(R̂)f̂ ∈ L1
m(R̂)f̂ ∈ L1
m(R̂)

Let
f(x) = H(x)e−2πirx,

where r > 0 and H is the Heaviside function, i.e., H = �[0,∞). Then

f̂(ξ) =
1

2π(r + iξ)
/∈ L1

m(R̂).

Theorem B.1.4. Algebraic properties of Fourier transforms
a. Let f1, f2 ∈ L1

m(R), and assume c1, c2 ∈ C. Then

∀ ξ ∈ R̂, (c1f1 + c2f2)̂ (ξ) = c1f̂1(ξ) + c2f̂2(ξ).

b. Let f ∈ L1
m(R) and assume F = f̂ ∈ L1

m(R̂). Then

∀ x ∈ R, F̂ (x) = f(−x).

c. Let f ∈ L1
m(R). Then

∀ ξ ∈ R̂, f̂(ξ) = f̂(ξ).

For a fixed γ ∈ R we set

eγ(x) = e2πixγ .

For a fixed t ∈ R and for a given function f : R → C, the translation operator
τt is defined as

τt(f)(x) = f(x− t),

and, for a fixed λ ∈ R \ {0} and for a given function f : R → C, the dilation
operator is defined by the dilation formula,

fλ(x) = λf(λx).

Example B.1.5. Dilation and the Poisson function
If f(x) = e−2πr|x|, r > 0, then

f̂(ξ) =
1
r
P1/r(ξ) =

1
r

1
π(1 + ξ2/r2)

∈ L1
m(R̂),

where P (ξ) = 1/(π(1 + ξ2)) is the Poisson function.

Proposition B.1.6. Let f ∈ L1
m(R), let t ∈ R, let γ ∈ R̂, and let λ ∈ R̂\{0}.

Then
i. (eγf )̂ (ξ) = τγ(f̂)(ξ),
ii. (τt(f))̂ (ξ) = e−t(ξ)f̂(ξ),
iii. (fλ)̂ (ξ) = (λ/|λ|)f̂ (ξ/λ).
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In the following result we shall assume the existence of a pair (f, F ) of
functions such that

F = f̂ and f = F̌ . (B.2)

We shall not be concerned with correct mathematical hypotheses for asserting
the existence of the Fourier transform or of the inversion formula.

Proposition B.1.7. Assume that there exists a pair (f, F ) of functions that
satisfies (B.2).

a. f is real if and only if

F (ξ) = F (−ξ).

In this case,

F (ξ) =
∫

R

f(x) cos(2πxξ) dx− i

∫

R

f(x) sin(2πxξ) dx

and
f(x) = 2Re

∫ ∞

0

F (ξ)e2πixξ dξ.

b. f is real and even if and only if F is real and even. In this case,

F (ξ) = 2
∫ ∞

0

f(x) cos(2πxξ) dx

and
f(x) = 2

∫ ∞

0

F (ξ) cos(2πxξ) dξ.

c. f is real and odd if and only if F is odd and imaginary. In this case,

F (ξ) = −2i
∫ ∞

0

f(x) sin(2πxξ) dx

and
f(x) = 2i

∫ ∞

0

F (ξ) sin(2πxξ) dξ.

Example B.1.8. The Gaussian
Let f(x) = e−πrx

2
, r > 0. We could calculate f̂ by means of contour inte-

grals, but we choose a real, and by now classical, approach [172], page 476.
By definition of f̂ , which is real and even, we have

(f̂)′(ξ) = −2πi
∫

R

te−πrx
2
e−2πixξ dx. (B.3)

Noting that
d

dx
(e−πrx

2
) = −2πrx e−πrx

2
,
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we rewrite (B.3) as

(f̂)′(ξ) = −2πi
∫ −1

2πr
(e−πrx

2
)′e−2πixξ dx

=
i

r

[
e−πrx

2
e−2πixξ

∣∣∣
∞

−∞
−
∫

R

e−πrx
2
(−2πiξ)e−2πixξ dx

]

=
−2πξ
r

f̂(ξ).

Thus, f̂ is a solution of the differential equation,

F ′(ξ) = −2πξ
r
F (ξ), (B.4)

and (B.4) is solved by elementary means with solution

F (ξ) = Ce−πξ
2/r.

Taking ξ = 0 and using the definition of the Fourier transform, we see
that

C =
∫

R

e−πrx
2
dx.

In order to calculate C we first evaluate a =
∫∞
0
e−u

2
du:

a2 =
∫ ∞

0

e−s
2
ds

∫ ∞

0

e−t
2
dt

=
∫ ∞

0

∫ ∞

0

e−(s2+t2) dsdt =
∫ π/2

0

∫ ∞

0

e−r
2
rdrdθ

=
π

4

∫ ∞

0

e−u du =
π

4
.

Thus, a =
√
π

2 , and so ∫

R

e−u
2
du =

√
π.

Consequently,

C =
∫

R

e−πrx
2
dt =

1√
πr

∫

R

e−u
2
du =

1√
r
.

Therefore, we have shown that

f̂(ξ) =
1√
r
e−πξ

2/r.
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We write
G(x) =

1√
π
e−x

2
,

so that if λ > 0, then
(Gλ )̂ (ξ) = e−(πξ/λ)2 .

In particular,
1√
r

(G√
πr

)̂ = G√
π/r

and hence (G√
π )̂ = G√

π. We refer to G as the Gauss function or Gaussian,
and note that

∫
R
G(x) dx = 1.

B.2 Analytic properties of Fourier transforms

Theorem B.2.1. Boundedness and continuity of Fourier transforms
Assume f ∈ L1

m(R).
a. ∀ ξ ∈ R̂, |f̂(ξ)| ≤ ‖f‖1.
b. ∀ ε > 0, ∃ δ > 0 such that ∀ ξ and ∀ ζ, for which |ζ| < δ, we have

|f̂(ξ + ζ) − f̂(ξ)| < ε, i.e., f̂ is uniformly continuous.

Proof. a. Part a is immediate from the definition of Fourier transform.
b. First, we note that

|f̂(ξ + ζ) − f̂(ξ)| ≤
∫

R

|f(x)|
∣∣e−2πixζ − 1

∣∣ dx.

Let gζ(x) = |f(x)|
∣∣e−2πixζ − 1

∣∣. Since limζ→0 gζ(x) = 0 for all x ∈ R, and
since |gζ(x)| ≤ 2|f(x)|, we can use LDC to obtain

lim
ζ→0

∫

R

gζ(x) dx = 0.

This limit holds independently of ξ. Consequently, we have

∀ε > 0, ∃ζ0 > 0 such that ∀ ζ ∈ (−ζ0, ζ0) and ∀ ξ ∈ R̂, |f̂(ξ+ζ)−f̂ (ξ)| < ε.

This is the desired uniform continuity. ��

The next result has essentially the same proof as the Riemann–Lebesgue
lemma for L1

m(T); see Theorem 3.6.4.

Theorem B.2.2. Riemann–Lebesgue lemma for L1
m(R)L1
m(R)L1
m(R)

Assume f ∈ L1
m(R). Then

lim
|ξ|→∞

f̂(ξ) = 0.
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Theorem B.2.3. Differentiation of Fourier transforms
a. Assume that f (n), n ≥ 1, exists everywhere and that

f(±∞) = · · · = f (n−1)(±∞) = 0.

Then
(f (n))̂ (ξ) = (2πiξ)nf̂(ξ).

b. Assume that xnf(x) ∈ L1
m(R), for some n ≥ 1. Then xkf(x) ∈ L1

m(R),
k = 1, . . . , n− 1, (f̂)′, . . . , (f̂)(n) exist everywhere, and

∀ k = 0, . . . , n,
(
(−2πi·)kf(·)

)
(̂ξ) = f̂ (k)(ξ).

Proof. a. In the statement of the theorem, f(±∞) = 0 denotes the facts that
limx→±∞ f(x) = 0. Using integration by parts (Theorem 4.6.3) we compute

∫ T

−S
f (n)(x)e−2πixξ dx = f (n−1)(x)e−2πixξ

∣∣∣
T

−S

+ 2πiξ
∫ T

−S
f (n−1)(x)e−2πixξ dx.

Iterating this procedure we obtain that

∫ T

−S
f (n)(x)e−2πixξ dx =

n−1∑

j=0

(2πiξ)j f (n−(j+1))(x)e−2πixξ
∣∣∣
T

−S

+ (2πiξ)n
∫ T

−S
f(x)e−2πixξ dx.

Letting S, T → ∞, the right-hand side converges to (2πiξ)nf̂(ξ) and the
result is proved.

b. Without loss of generality we assume that n = 1 and we fix ξ ∈ R̂.
Then

f̂(ξ + ζ) − f̂(ξ)
ζ

=
∫

R

f(x)e−2πixξ

(
e−2πixζ − 1

ζ

)
dx.

If we denote the integrand on the right-hand side by f(x, ζ), then we have

|f(x, ζ)| ≤ 4π|xf(x)|,

which follows from the inequality
∣∣∣∣
e−2πixζ − 1

ζ

∣∣∣∣ ≤ 4π|x|.

Moreover, we have that

lim
ζ→0

f(x, ζ) = −2πixf(x)e−2πixξ.
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Thus, we can use LDC to assert that

lim
ζ→0

f̂(ξ + ζ) − f̂(ξ)
ζ

=
∫

R

(−2πix)f(x)e−2πixξ dx. ��

Example B.2.4. The role of absolute continuity
a. We recall from Section 4.6 that the facts that f is differentiable m-a.e. and
that f, f ′ ∈ L1

m(R) do not imply that f ′ is absolutely continuous. Therefore,
it is not necessarily true that

∀ ξ ∈ R̂, (f ′)̂ (ξ) = 2πiξf̂(ξ). (B.5)

Consider the Cantor function CC associated with the usual Cantor set C; see
Example 1.3.17. Let

f(x) = CC(x+ 1)�[−1,0] + (1 − CC(x))�[0,1].

Clearly, f is a continuous compactly supported function of bounded variation
on R for which f ′ = 0 m-a.e. In particular, f, f ′ ∈ L1

m(R) and (B.5) fails; cf.
Theorem 4.6.8.

b. In obtaining the formula
∫

R

f (n)(x)e−2πixξ dx = (2πiξ)nf̂(ξ), (B.6)

we use a subtle fact that everywhere differentiability of f (n−1) allows us to
deduce that it is absolutely continuous; see Theorem 4.6.7.

Equation (B.6) is also valid, without the aforementioned subtlety, if the
hypotheses, that f (n−1) is everywhere differentiable and f (n) ∈ L1

m(R), are
replaced by the hypothesis that f (n) is piecewise continuous.

c. The assumption in Theorem B.2.3 that f(±∞) = · · · = f (n−1)(±∞) =
0 is not necessary. For simplicity, let n = 1, and assume that f, f ′ ∈ L1

m(R)
and that f is absolutely continuous. For fixed a ∈ R and c ∈ C, set F (x) =
c +

∫ x
a
f ′(t) dt. By FTC-I, F is absolutely continuous and F ′ = f ′ m-a.e.

Since f is absolutely continuous, we have f = F + C on [a,∞), for some
C ∈ C, and consequently,

∀ x ∈ [a,∞), f(x) = F (a) + C +
∫ x

a

f ′(t) dt.

Therefore, f(a) = F (a) + C and

f(x) − f(a) =
∫ x

a

f ′(t) dt.

This observation, combined with the fact that f ′ ∈ L1
m(R), implies that

limx→±∞ f(x) exist. Moreover, since f ∈ L1
m(R), limx→±∞ f(x) = 0.
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Example B.2.5. C0(R̂) \A(R̂) �= ∅C0(R̂) \A(R̂) �= ∅C0(R̂) \A(R̂) �= ∅
Theorems B.2.1 and B.2.2 allow us to conclude that A(R̂) ⊆ C0(R̂). It is not
difficult to see that the inclusion is proper. Indeed, let F be defined as

F (ξ) =

{
1

log(ξ) , if ξ > e,
ξ
e , if 0 ≤ ξ ≤ e,

on [0,∞) and as −F (−ξ) on (−∞, 0]. Then F ∈ C0(R̂). The fact that F /∈
A(R̂) depends on the divergence of

∫ ∞

e

1
ξ log(ξ)

dξ;

cf. [39], [201].
This function F is not an isolated example. In fact, A(R̂) is a set of first

category in C0(R̂); see the Remark after Theorem A.10.3. Even more, a Baire
category argument can also be used to show the existence of F ∈ Cc(R̂) for
which F /∈ A(R̂). Explicit examples of such functions are more difficult to
construct, but it is possible to do. For example, define the butterfly function,

B(ξ) =

{
1
n sin(2π4nξ), if 1

2n+1 < |ξ| ≤ 1
2n ,

0, if ξ = 0 or |ξ| > 1
2 ;

see [230].

B.3 Approximate identities

In Problem 3.5 we defined the convolution f ∗ g of f, g ∈ L1
m(R) to be

f ∗ g(x) =
∫

R

f(t)g(x− t) dt =
∫

R

f(x− t)g(t) dt.

Proposition B.3.1. Let f, g ∈ L1
m(R). Then f ∗ g ∈ L1

m(R) and

(f ∗ g)̂ (ξ) = f̂(ξ)ĝ(ξ).

Proof. The assertion that f ∗ g ∈ L1
m(R) is part of Problem 3.5. Thus, we

can use the Fubini–Tonelli theorems (Theorem 3.7.5 and Theorem 3.7.8) to
compute

(f ∗ g)̂ (ξ) =
∫

R

∫

R

f(x− t)g(t)e−2πixξ dt dx

=
∫

R

∫

R

f(x− t)g(t)e−2πi(x−t)ξe−2πitξ dt dx
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=
∫

R

(∫

R

f(x− t)e−2πi(x−t)ξ dx
)
g(t)e−2πitξ dt

=
∫

R

f̂(ξ)g(t)e−2πitξ dt = f̂(ξ)ĝ(ξ). ��

This innocent proposition is actually a raison d’être for transform methods
generally and for the Fourier transform in particular, see [39].

The following notion is critical in approximating δ ∈ Mb(R), and for
providing examples in applications including signal processing and spectral
estimation.

Definition B.3.2. Approximate identity
An approximate identity is a family {K(λ) : λ > 0} ⊆ L1

m(R) of functions
with the following properties:

i. ∀λ > 0,
∫

R
K(λ)(x) dx = 1;

ii. ∃ M > 0 such that ∀ λ > 0, ‖K(λ)‖1 ≤ M ,
iii. ∀ δ > 0, limλ→∞

∫
|x|≥δ |K(λ)(x)| dx = 0;

cf. Problem 3.28c.

Proposition B.3.3. Let K ∈ L1
m(R) have the property that

∫
R
K(x) dx = 1.

Then the family {Kλ : Kλ(x) = λK(λx), λ > 0} ⊆ L1
m(R) of dilations of K

is an approximate identity.

Example B.3.4. Approximate identities
a. The Fejér function W is defined as

W (x) =
1

2π

(
sin(x/2)
x/2

)2

;

cf. Problem 3.28. The Fejér function W is nonnegative and
∫

R
W (x) dx = 1.

Thus, the Fejér kernel {Wλ : λ > 0} ⊆ L1
m(R), defined as the family of

dilations of W , is an approximate identity. Fejér’s name at birth was Weisz,
whence W . (In Hungarian, “white” is “fehér”.)

b. The Dirichlet function D is the function

D(x) =
sin(x)
πx

.

Although
∫

R
D(t) dt = 1, we have D /∈ L1

m(R), and so the Dirichlet kernel
{Dλ : λ > 0} is not an approximate identity.

c. The Poisson function, defined in Example B.1.5, is

P (x) =
1

π(1 + x2)
,

and it satisfies
∫

R
P (x) dx = 1. Thus, the Poisson kernel {Pλ : λ > 0} ⊆

L1
m(R) is an approximate identity.
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d. The Gauss function defined in Example B.1.8 is

G(x) =
1√
π
e−x

2
.

We see that G is positive and
∫

R
G(x) dx = 1; and, thus, the Gauss kernel

{Gλ : λ > 0} ⊆ L1
m(R) is an approximate identity.

Theorem B.3.5. Approximation and uniqueness
Let f ∈ L1

m(R).
a. If {K(λ) : λ > 0} ⊆ L1

m(R) is an approximate identity, then

lim
λ→∞

‖f − f ∗K(λ)‖1 = 0.

b. We have

lim
λ→∞

∫

R

∣∣∣∣∣f(x) −
∫ λ/2π

−λ/2π

(
1 − 2π|ξ|

λ

)
f̂(ξ)e2πixξ dξ

∣∣∣∣∣ dx = 0.

c. If f̂ = 0 on R̂, then f is the 0 function.

Proof. a. We use the fact that
∫

R
K(λ)(x) dx = 1 to compute

‖f − f ∗K(λ)‖1 =
∫

R

∣∣∣∣
∫

R

K(λ)(t)f(x) dt−
∫

R

K(λ)(t)f(x− t) dt
∣∣∣∣ dx

≤
∫

R

|K(λ)(t)|
(∫

R

|f(x) − f(x− t)| dx
)
dt.

Let ε > 0. Using the result from Problem 3.14b, there is δ > 0 with the
property that

∀ |t| < δ,

∫

R

|f(x) − f(x− t)| dx < ε

M
,

where ‖K(λ)‖1 ≤ M . Therefore, we have the estimate

‖f − f ∗K(λ)‖1 ≤ 2‖f‖1

∫

|t|≥δ
|K(λ)(t)| dt+

ε

M

∫

|t|≤δ
|K(λ)(t)| dt

≤ 2‖f‖1

∫

|t|≥δ
|K(λ)(t)| dt+ ε.

Consequently, by the definition of approximate identity, we have

lim
λ→∞

‖f − f ∗K(λ)‖1 ≤ ε.

Since ε was arbitrary, the proof of part a is complete.
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b. It is not difficult to calculate that the Fejér kernel satisfies

Wλ(x) =
∫ λ/2π

−λ/2π

(
1 − 2π|ξ|

λ

)
e2πixξ dξ;

see, e.g., [39]. Then, by the definition of convolution and an application of
the Fubini–Tonelli theorems, we compute

f ∗Wλ(x) =
∫ λ/2π

−λ/2π

(
1 − 2π|ξ|

λ

)
f̂(ξ)e2πixξ dξ.

Since {Wλ} is an approximate identity, part b follows from part a.
c. Part c is immediate from part b. ��

Proposition B.3.6. Let f ∈ L∞
m (R) be continuous on R. If {K(λ) : λ >

0} ⊆ L1
m(R) is an approximate identity, then

∀ x ∈ R, lim
λ→∞

f ∗K(λ)(x) = f(x).

If f ∈ L1
m(R) and f̂ ∈ L1

m(R̂), we can use Theorem B.3.5 to obtain
the following pointwise inversion theorem. What we explicitly mean in its
statement is that if f ∈ L1

m(R) and f̂ ∈ L1
m(R̂), then the formula in (B.7)

is true m-a.e., and that if f is continuous then (B.7) is true for all x ∈ R.
Compare the proof of Theorem B.3.7 with that in [39], pages 38–39.

Theorem B.3.7. Inversion formula for L1
m(R) ∩A(R)L1
m(R) ∩A(R)L1
m(R) ∩A(R)

Let f ∈ L1
m(R) ∩A(R). Then

∀ x ∈ R, f(x) =
∫

�R
f̂(ξ)e2πixξ dξ. (B.7)

Proof. The statement of the theorem follows from two observations. First,
if {K(λ) : λ > 0} ⊆ L1

m(R) is an approximate identity, then there exists a
subsequence {λn : n = 1, . . . } such that

lim
n→∞ f ∗K(λn) = f m-a.e.

This fact is a consequence of Theorem B.3.5a. Second, assume that f̂ ∈
L1
m(R̂), that (K(λ))̂ ∈ L1

m(R̂), and that

∀ x ∈ R, K(λ)(x) =
∫

�R
(K(λ))̂ (ξ)e2πixξ dξ.

Then

lim
λ→∞

∥∥∥∥
∫

�R
f̂(ξ)e2πixξ dξ − f ∗K(λ)(x)

∥∥∥∥
∞

= 0. ��
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Remark. It follows from the first observation in the proof of Theorem B.3.7
that if f ∈ L1

m(R), then there exists a sequence {λn : n = 1, . . . } ⊆ (0,∞)
such that

lim
λn→∞

∫ λn/2π

−λn/2π

(
1 − 2π|ξ|

λn

)
f̂(ξ)e2πixξ dξ = f(x) m-a.e.

It turns out that λn can be replaced by λ in the above, and that the conver-
gence m-a.e. can be enlarged to include all x in the Lebesgue set for f ; see,
e.g., [201], as well as Example 4.4.7, Definition 8.4.8, and Section 8.8.4.

B.4 The L2
m(R)L2
m(R)L2
m(R) theory of Fourier transforms

We have defined the Fourier transform for functions f ∈ L1
m(R). Now our goal

is to extend this transform to the space L2
m(R). Clearly, L2

m(R) �⊆ L1
m(R),

and so we cannot use the formula (B.1), since the function under the integral
sign may not be integrable.

Lemma B.4.1. Let f ∈ Cc(R). Then f̂ ∈ L2
m(R̂) and

‖f‖2 = ‖f̂‖2.

Proof. Let f̃(t) = f(−t). Clearly, f̂ ∈ A(R̂), since Cc(R) ⊆ L1
m(R). Define

g = f ∗ f̃ . Thus, g is continuous, g ∈ L1
m(R) ∩ L∞

m (R), and

g(0) = ‖f‖2
2.

Moreover, using Fubini’s theorem and the translation invariance of Lebesgue
measure, we have

∀ξ ∈ R̂, ĝ(ξ) = |f̂(ξ)|2.
By Proposition B.3.6 and since g is continuous, we deduce that

g(0) = lim
λ→∞

∫ λ/2π

−λ/2π

(
1 − 2π|ξ|

λ

)
|f̂(ξ)|2 dξ.

Finally, the Levi–Lebesgue theorem allows us to assert that f̂ ∈ L2
m(R̂) and

that
‖f̂‖2

2 = g(0) = ‖f‖2
2. ��

Theorem B.4.2. Plancherel theorem
There is a unique linear bijection F : L2

m(R) → L2
m(R̂) with the following

properties:
a. ∀ f ∈ L1

m(R) ∩ L2
m(R) and ∀ ξ ∈ R̂, f̂(ξ) = F(f)(ξ);

b. ∀ f ∈ L2
m(R), ‖f‖2 = ‖F(f)‖2.
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Proof. i. We first define the action of the operator F on Cc(R) by

F(f) = f̂ .

It follows from Lemma B.4.1 that, for f ∈ Cc(R), F(f) ∈ L2
m(R̂).

ii. Next, we shall prove that F(Cc(R)) ⊆ A(R̂)∩L2
m(R̂) is a dense subspace

of L2
m(R̂). Indeed, let g ∈ L2

m(R̂) and suppose that

∀ f ∈ Cc(R),
∫

R

f̂(ξ)g(ξ) dξ = 0. (B.8)

If f ∈ Cc(R), then the function τu(f)(x) = f(x − u) is also an element of
Cc(R), and so (B.8) implies that

∀ f ∈ Cc(R) and ∀ u ∈ R,

∫

R

f̂(ξ)g(ξ)e−2πiuξ dξ = 0. (B.9)

By Hölder’s inequality, f̂ g ∈ L1
m(R̂), and so (B.9) allows us to invoke the

uniqueness theorem (Theorem B.3.5c) to conclude that f̂ g = 0 m-a.e. for
each f ∈ Cc(R).

Note that

∀ f ∈ Cc(R) and ∀ ξ ∈ R̂, e2πixξf(x) ∈ Cc(R).

Thus, F(Cc(R)) is translation-invariant, i.e.,

∀ f ∈ Cc(R) and ∀ ξ ∈ R̂, τu(f̂) ∈ F(Cc(R)).

From this we conclude that, for each ξ0 ∈ R̂, there is f ∈ Cc(R) for which
|f̂ | > 0 on some interval centered about ξ0. To verify this claim, suppose
there is ξ0 such that for each f ∈ Cc(R) and for each interval I centered at
ξ0, f̂ has a zero in I. Consequently, f̂(ξ0) = 0 for each f ∈ Cc(R). By the
translation invariance of F(Cc(R)), τη(f̂) ∈ F(Cc(R)) for each η ∈ R̂, and so

∀ f ∈ Cc(R) and ∀ η ∈ R̂, τη(f̂)(ξ0) = 0,

i.e., f̂ = 0 on R̂ for each f ∈ Cc(R). This contradicts Theorem B.3.5c, and
the claim is proved.

Therefore, if we assume (B.8) we can conclude that g = 0 m-a.e. Conse-
quently, by the Hahn–Banach theorem (Theorem A.8.3) and by the fact that
L2
m(R̂) is its own dual, we have that F(Cc(R)) is dense in L2

m(R̂).
iii. We have shown that F is a continuous linear injection Cc(R) → L2

m(R̂)
when Cc(R) is endowed with the L2

m(R) norm, and so F has a unique linear
injective extension to L2

m(R). Also, F(Cc(R)) is closed and dense in L2
m(R̂)

by Lemma B.4.1 and by part ii. Thus, F is also surjective.
Property a now follows since Cc(R) is dense in L1

m(R), when equipped
with the L1

m(R) norm; and property b is an immediate consequence of the
continuity of F . ��
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Notationally, because of Plancherel’s theorem, we refer to F(f) as the
Fourier transform of f ∈ L2

m(R). We often write

f̂ = F(f).

Theorem B.4.3. Parseval formula
Let f, g ∈ L2

m(R). Then the following formulas hold:
∫

R

f(x)g(x) dx =
∫

�R
f̂(ξ)ĝ(ξ) dξ (B.10)

and ∫

R

f(x)g(x) dx =
∫

�R
f̂(ξ)ĝ(−ξ) dξ. (B.11)

Proof. Equation (B.10) is a consequence of Theorem B.4.2b and the fact that

4fg = |f + g|2 − |f − g|2 + i|f + ig|2 − i|f − ig|2.

Equation (B.11) can be proved similarly. ��

We shall refer to Theorems B.4.2 and B.4.3 as the Parseval–Plancherel
theorem. Marc-Antoine Parseval was a French engineer who gave a for-
mal verification of the Fourier series version of Theorem B.4.2b in 1799; his
publication is dated 1805.

Example B.4.4. An idempotent problem in L1
m(R)L1
m(R)L1
m(R) and L2

m(R)L2
m(R)L2
m(R)

Consider the equation
f = f ∗ f. (B.12)

a. If we ask whether (B.12) has a solution f ∈ L1
m(R) \ {0}, the answer

is no. Indeed, if there were such an f , then we would have f̂ = (f̂)2 so
that f̂ would take only the values 0 and 1. If f̂ = 0 on R̂, then f = 0 by
Theorem B.3.5c. If f̂ = 1 on R̂, then f /∈ L1

m(R) since A(R̂) ⊆ C0(R̂). If f̂
takes both 0 and 1 values we contradict the continuity of f̂ .

b. If we ask whether (B.12) has a solution f ∈ L2
m(R) \ {0}, the answer is

yes. In fact, let f̂ = �A, where m(A) < ∞. We are using here the Parseval–
Plancherel theorem to assert the existence of f ∈ L2

m(R) for which f̂ = �A.
See the related discussion in [39], Example 1.10.6 and Remark 3.10.13.

Example B.4.5. Hilbert transform
a. Formally, the Hilbert transform H(f) of f : R → C is the convolution

H(f)(t) = lim
ε→0

1
π

∫

|t−x|≥ε

f(x)
t− x

dx.

The Hilbert transform opens the door to a large and profound area of
harmonic analysis associated with the theory, relevance, and importance of
singular integrals, e.g., [448], [190]; cf. [357] for a magnificent introduction.
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b. As mentioned in Example A.13.5, H ∈ L(L2
m(R)), and H is a unitary

operator on L2
m(R). Further, H ◦ H = −Id on L2

m(R), and

H = F−1σ(H)F ,

where σ(H)(γ) = −isgn (γ).
c. Let f : R → C satisfy supp (f) ⊆ [0,∞), and define the unilateral

Laplace transform of f as L(f)(t) =
∫∞
0
f(x)e−tx dx. A formal calculation,

which is valid under mild hypotheses, shows that

∀ t > 0, L(L(f))(t) = −πH(f)(−t).

See [39], Problem 2.57, for a role of H in signal processing as related to the
Paley–Wiener logarithmic integral theorem [363].

B.5 Fourier series

In Section 3.3 we defined the Fourier series of a function f ∈ L1
m(T), where

T = R/Z. We now elaborate.

Definition B.5.1. Fourier series
a. Let f ∈ L1

m([−Ω,Ω)). The Fourier series of f is the series

∀ x ∈ [−Ω,Ω), S(f)(x) =
∑

n∈Z

cne
−πinx/Ω, (B.13)

where the coefficients are defined as

cn =
1

2Ω

∫ Ω

−Ω
f(x)eπinx/Ω dx.

The cn are the Fourier coefficients of f .
b. If the sequence c = {cn : n ∈ Z} satisfies

∑
n∈Z

|cn| < ∞, then the
right-hand side of (B.13) is well defined, and we say that it is the Fourier
transform ĉ of {cn : n ∈ Z}.

In Definition B.5.1, instead of thinking about functions defined on a finite
interval, we can think of functions f that are 2Ω-periodic, Lebesgue measur-
able functions that are integrable on all compact subsets of R, i.e., locally
integrable functions. The set of all locally integrable functions is denoted
by L1

loc(R), e.g., Section 5.5. If Ω > 0 and f ∈ L1
loc(R) is 2Ω-periodic,

then we write f ∈ L1(T2Ω). We identify T2Ω with R/2ΩZ. The L1-norm
of f ∈ L1(T2Ω) is

‖f‖L1(T2Ω) =
1

2Ω

∫ Ω

−Ω
|f(x)| dx.
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If f is a 2Ω-periodic, Lebesgue measurable function, and f2 ∈ L1(T2Ω),
then we write f ∈ L2(T2Ω). The L2-norm of f ∈ L2(T2Ω) is

‖f‖L2(T2Ω) =

(
1

2Ω

∫ Ω

−Ω
|f(x)|2 dx

)1/2

.

By Hölder’s inequality, L2(T2Ω) ⊆ L1(T2Ω), and we have

∀ f ∈ L2(T2Ω), ‖f‖L1(T2Ω) ≤ ‖f‖L2(T2Ω).

Definition B.5.2. Fourier transform on L1(T2Ω)L1(T2Ω)L1(T2Ω)
If f ∈ L1(T2Ω), its Fourier transform is the sequence f̂ = {f̂(n) : n ∈ Z},
where

∀ n ∈ Z, f̂(n) =
1

2Ω

∫ Ω

−Ω
f(x)e−πinx/Ω dx.

In Appendix B.1, we defined the Fourier transform of f ∈ L1
m(R) to be

a function on R̂ = R. Here we have two dual settings. First, for a sequence
c = {cn : n ∈ Z} such that

∑
|cn| < ∞, the Fourier transform of c is defined

on T2Ω. Second, for f ∈ L1(T2Ω), the Fourier transform of f is defined on Z.
Mathematically, R and R̂ are locally compact abelian groups (LCAGs) that are
dual, in a technical sense, to each other; see Appendix B.9 and Appendix B.10.
Similarly, the discrete LCAG Z is the dual group of the compact LCAG T2Ω ,
and vice versa, e.g., [404], [155], [33].

We shall use the Riemann–Lebesgue lemma, Theorem 3.6.4, to verify
Dirichlet’s fundamental theorem, which provides sufficient conditions on a
function f ∈ L1(T2Ω) so that S(f)(x0) = f(x0) for a given point x0. The
following ingenious proof is due to Paul Chernoff [101]; cf. [323] and the
classical proof as found in [524]. The Dirichlet theorem for Fourier series
naturally preceded the analogous inversion theorem for Fourier transforms,
as formulated in Theorem B.1.2 and Section B.3.

Theorem B.5.3. Dirichlet theorem
If f ∈ L1(T2Ω) and f is differentiable at x0, then S(f)(x0) = f(x0) in the
sense that

lim
M,N→∞

N∑

n=−M
cne

−πinx0/Ω = f(x0),

where c = {cn : n ∈ Z} is the sequence of Fourier coefficients of f .

Proof. i. Without loss of generality, assume x0 = 0 and f(x0) = 0. In fact, if
f(x0) �= 0, then consider the function f − f(x0) instead of f , which is also
an element of L1(T2Ω), and then translate this function to the origin.

ii. Since f(0) = 0 and f ′(0) exists, we can verify that

g(x) =
f(x)

e−πix/Ω − 1



B.6 The L1(T2Ω) theory of Fourier series 503

is bounded in some interval centered at the origin. To see this note that

g(x) =
f(x)
x

1∑∞
j=1(−πi/Ω)j(1/j!)xj

,

and hence g(x) is close to −Ωf ′(0)/(πi) in a neighborhood of the origin.
The boundedness near the origin, coupled with integrability of f on T2Ω ,

yields the integrability of g on T2Ω . Therefore, since f(x) = g(x)(e−πix/Ω−1),
we compute cn = dn+1−dn, where d = {dn : n ∈ Z} is the sequence of Fourier
coefficients of g. Thus, the partial sum

∑N
n=−M cne

−πinx0/Ω is the telescoping
series

N∑

n=−M
(dn+1 − dn) = dN+1 − d−M .

Consequently, we can apply the Riemann–Lebesgue lemma to the sequence
of Fourier coefficients of g to obtain

lim
M,N→∞

N∑

n=−M
cne

−πinx/Ω = 0. ��

With regard to Theorem B.5.3, we can further assert that if f ∈ BVloc(R),
f is 2Ω-periodic, and f is continuous on a closed subinterval I ⊆ T2Ω, then

N∑

n=−N
f̂(n)e−πinx/Ω

converges uniformly to f on I; cf. [524], Volume I, pages 57–58. The Dirichlet
theorem and this version of it for intervals of continuity are often referred to
as the Dirichlet–Jordan test.

B.6 The L1(T2Ω)L1(T2Ω)L1(T2Ω) theory of Fourier series

Definition B.6.1. A(T2Ω)A(T2Ω)A(T2Ω) and A(Z)A(Z)A(Z)
a. If c = {cn : n ∈ Z} is a sequence such that

∑
|cn| < ∞ and if Ω > 0, then

ĉ is an absolutely convergent Fourier series, and the space of such series is
denoted by A(T2Ω). By definition, the norm of ĉ ∈ A(T2Ω) is

‖ĉ‖A(T2Ω) = ‖c‖1 =
∑

n∈Z

|cn|.

We have the proper inclusions

A(T2Ω) ⊆ C(T2Ω) ⊆ L∞(T2Ω) ⊆ L2(T2Ω) ⊆ L1(T2Ω).

b. Let A(Z) be the space of all sequences c = {cn : n ∈ Z} such that
ĉ ∈ L1(T2Ω). The space �2(Z) of square-summable sequences (defined in
Section 5.5) is a subset of A(Z).
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Example B.6.2. Trigonometric series
a. The Riemann–Lebesgue lemma asserts that if f ∈ L1(T2Ω), then

lim
n→±∞ cn = 0,

where c = {cn : n ∈ Z} is the sequence of Fourier coefficients of f . On the
other hand, suppose we are give a trigonometric series

∑
cne

−2πinx for which
limn→±∞ cn = 0. Then it is not necessarily true that this series is the Fourier
series of some function f ∈ L1(T2Ω). Indeed, the trigonometric series,

∞∑

n=2

sin(πnx/Ω)
log(n)

,

converges pointwise for each x ∈ R, but it is not the Fourier series of an
element f ∈ L1(T2Ω). This is an analogue of Example B.2.5.

b. Let Ω > 0. Then the series,

∞∑

n=3

sin(πnx/Ω)
n log(n)

,

converges uniformly on R to a function f ∈ C(T2Ω) \A(T2Ω).

Remark. If f ∈ L1(T2Ω) and if we let

SN (f)(x) =
N∑

n=−N
cne

−πinx/Ω,

where c = {cn : n ∈ Z} is the sequence of Fourier coefficients of f , then it is
known that the desirable statement,

lim
N→∞

‖SN (f) − f‖L1(T2Ω) = 0, (B.14)

is not true for all f ∈ L1(T2Ω). On the other hand, a sequence {fn : n =
1, . . . } ⊆ L1(T2Ω) converges to f ∈ L1(T2Ω) weakly, i.e.,

∀ g ∈ L∞(T2Ω), lim
n→∞

1
2Ω

∫ Ω

−Ω
(fn(x) − f(x))g(x) dx = 0,

cf. Definition 6.3.1, if and only if

lim
n→∞

∫

A

(fn(x) − f(x)) dx = 0 (B.15)

for every Lebesgue measurable set A ⊆ T2Ω . If we have weak convergence, or,
equivalently, (B.15), then it follows from Theorem 6.5.1 that (B.14) is true
for Sn(f) = fn if {fn : n ∈ N} converges to f in measure.
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Definition B.6.3. Convolution
a. Let f, g ∈ L1(T2Ω). The convolution of f and g, denoted by f ∗ g, is

f ∗ g(x) =
1

2Ω

∫ Ω

−Ω
f(x− y)g(y) dy =

1
2Ω

∫ Ω

−Ω
f(y)g(x− y) dy;

cf. Problem 3.28. As with L1
m(R), see Problem 3.5, it is not difficult to prove

that f ∗ g ∈ L1(T2Ω) and

∀ f, g ∈ L1(T2Ω), ‖f ∗ g‖L1(T2Ω) ≤ ‖f‖L1(T2Ω)‖g‖L1(T2Ω).

b. With the operations of addition and convolution, L1(T2Ω) is a com-
mutative algebra, i.e., it is a complex vector space under addition, and con-
volution is distributive with respect to addition, as well as associative and
commutative; L1(T2Ω) is a commutative Banach algebra when normed by
‖...‖L1(T2Ω).

Proposition B.6.4. Let f, g ∈ L1(T2Ω), with corresponding sequences c =
{cn : n ∈ Z}, d = {dn : n ∈ Z} ∈ A(Z) of Fourier coefficients. Then the
sequence c · d = {cndn : n ∈ Z} ∈ A(Z) is the sequence of Fourier coefficients
of f ∗ g ∈ L1(T2Ω), i.e.,

∀ n ∈ Z, cndn =
1

2Ω

∫ Ω

−Ω
f ∗ g(x)eπinx/Ω dx.

Definition B.6.5. Approximate identity
An approximate identity is a family {KN : N = 1, . . . } ⊆ L1(T2Ω) of func-
tions with the following properties:

i. ∀ N = 1, . . . , 1
2Ω

∫ Ω
−ΩKN(x) dx = 1,

ii. ∃ M > 0 such that ∀ N = 1, . . . , ‖KN‖L1(T2Ω) ≤ M ,
iii. ∀ δ ∈ (0, Ω], limN→∞ 1

2Ω

∫
δ≤|x|≤Ω |KN (x)| dx = 0.

The following theorem is the analogue for Fourier series of Theorem B.3.5
and Proposition B.3.6; see Problem 3.28.

Theorem B.6.6. Approximation and uniqueness
a. Let f ∈ C(T2Ω), and let {KN : N = 1, . . . } ⊆ L1(T2Ω) be an approximate
identity. Then

lim
N→∞

‖f − f ∗KN‖L∞(T2Ω) = 0.

b. Let f ∈ L1(T2Ω), and let {KN : N = 1, . . . } ⊆ L1(T2Ω) be an approxi-
mate identity. Then

lim
N→∞

‖f − f ∗KN‖L1(T2Ω) = 0;

cf. Theorem B.3.5a.
c. Let f ∈ L1(T2Ω), and let c = {cn : n ∈ Z} be its sequence of Fourier

coefficients. If cn = 0 for each n ∈ Z, then f = 0 m-a.e.
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B.7 The Stone–Weierstrass theorem

In 1904, Fejér proved the following fundamental approximation theorem
using the fact that the Fejér kernel {WN : N ≥ 0}, defined in Problem 3.28,
is an approximate identity, without explicitly defining the general concept of
an approximate identity.

Theorem B.7.1. Fejér theorem
a. Let f ∈ C(T2Ω). Then

lim
N→∞

‖f − f ∗WN‖L∞(T2Ω) = 0. (B.16)

b. Let f ∈ Lpm(T2Ω), 1 ≤ p < ∞. Then

lim
N→∞

‖f − f ∗WN‖Lp(T2Ω) = 0.

Theorem B.7.1 and the Weierstrass approximation theorem are concep-
tually closely related. We note that Weierstrass’ original proof (1885) also
used a convolution approximate identity argument [81], pages 269–273.

Theorem B.7.2. Weierstrass approximation theorem
Let f : [α, β] → C be a continuous function. There is a sequence {QN : N =
1, . . . } of polynomials for which

lim
N→∞

‖f −QN‖L∞
m ([α,β]) = 0. (B.17)

Equation (B.17) can be derived from (B.16) in the following way. By trans-
lation we can take f ∈ C([−Ω,Ω]). Next choose c such that g(−Ω) = g(Ω),
where g(x) = f(x) − c for x ∈ [−Ω,Ω]. In fact, let

c =
f(Ω) − f(−Ω)

2Ω
.

Apply (B.16) to g considered as an element of C(T2Ω). Finally, uniformly
approximate the trigonometric polynomials g∗WN on [−Ω,Ω] by polynomial
approximants of their Taylor series expansions.

A monumental journey in effective abstraction was undertaken by
Marshall H. Stone in 1937 [454], and has resulted in the Stone–Weierstrass
theorem.

Stone’s own works [455], [456] are a readable paradigm of the creative
inquiry required to formulate fundamental abstract ideas resulting from and
embedded in classical results.

In order to state a useful version of Stone’s theorem, let X be a locally
compact Hausdorff space, and note that the complex Banach space C0(X)
(defined in Section A.2) is also in algebra. This means that C0(X) is not only
a vector space, but that it is closed under pointwise multiplication, and that
the commutative, associative, and distributive laws hold. A subset S ⊆ C0(X)
is separating if

∀ x1, x2 ∈ X, ∃ f ∈ S such that f(x1) �= f(x2).
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Theorem B.7.3. Stone–Weierstrass theorem
Let X be a locally compact Hausdorff space, and let S ⊆ C0(X) be a separating
subalgebra with the following properties:

i. ∀ f ∈ S, f ∈ S,
ii. ∀ x ∈ X, ∃f ∈ S such that f(x) �= 0.

Then S is dense in C0(X).

If X is compact we refer to [329], pages 11–12, for a brief proof based
on [455] by Stone, and to [235], pages 90–99, for a more complete treatment.

B.8 The L2(T2Ω)L2(T2Ω)L2(T2Ω) theory of Fourier series

Recall that according to Definition A.12.1 an orthonormal basis for L2(T2Ω)
is an orthonormal sequence {en : n ∈ Z} ⊆ L2(T2Ω) such that

∀ f ∈ L2(T2Ω), ∃ {cn : n ∈ Z} ⊆ C such that f =
∑

n∈Z

cnen in L2(T2Ω).

In fact, L2(T2Ω) is a Hilbert space with inner product defined in Exam-
ple A.12.3a, where the following result was also stated.

Proposition B.8.1. The sequence {en(x) = e−πinx/Ω : n ∈ Z} ⊆ L2(T2Ω)
is an orthonormal basis for L2(T2Ω).

Theorem B.8.2 is a special case of Theorem A.12.6, once it is proved that
L2(T2Ω) is a Hilbert space. The following proof is self-contained.

Theorem B.8.2. Parseval formula
Let f, g ∈ L2(T2Ω) with corresponding sequences c = {cn : n ∈ Z}, d = {dn :
n ∈ Z} of Fourier coefficients of f and g. Then c, d ∈ �2(Z) and

1
2Ω

∫ Ω

Ω

f(x)g(x) dx =
∑

n∈Z

cndn;

and, in particular,
1

2Ω

∫ Ω

Ω

|f(x)|2 dx =
∑

n∈Z

|cn|2.

Proof. We first observe that for any f ∈ L2(T2Ω) and for any N ∈ N,

0 ≤ ‖f − SN (f)‖2
L2(T2Ω) = ‖f‖2

L2(T2Ω) −
∑

|n|≤N
|cn|2,

which implies ∑

|n|≤N
|cn|2 ≤ ‖f‖2

L2(T2Ω). (B.18)
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Further, if N > M , then

‖SN (f) − SM (f)‖2
L2(T2Ω) =

∑

M<|n|≤N
|cn|2,

and so, by (B.18), {SN (f) : N ∈ N} is a Cauchy sequence in L2(T2Ω). Thus,∑
cne

−πinx/Ω converges to some h ∈ L2(T2Ω) since L2(T2Ω) is complete.
Now, for any f ∈ L2(T2Ω) and corresponding h we have, by Proposition B.8.1,
that

1
2Ω

∫ Ω

−Ω
(f(x) − h(x))eπinx/Ω dx

= cn − lim
N→∞

∑

|m|≤N
cm

1
2Ω

∫ Ω

−Ω
e−πi(m−n)x/Ω dx = 0.

Therefore, f = h m-a.e. in T2Ω , or, in other words,

lim
N→∞

‖f − SN (f)‖L2(T2Ω) = 0.

Using this fact, we obtain

1
2Ω

∫ Ω

Ω

f(x)g(x) dx = lim
N→∞

1
2Ω

∫ Ω

Ω

SN (f)(x)SN (g)(x) dx

= lim
N→∞

∑

|m|,|n|≤N
cmdn

1
2Ω

∫ Ω

Ω

e−πi(m−n)x/Ω dx

=
∑

n∈Z

cndn,

where the last equality again follows from Proposition B.8.1. ��

The inequality (B.18) is called the Bessel inequality; cf. Theorem A.12.5a.
It implies that if f ∈ L2(T2Ω), then the sequence c = {cn : n ∈ Z} of Fourier
coefficients of f is square summable, i.e.,

∑

n∈Z

|cn|2 < ∞.

F. Riesz’ formulation of the Riesz–Fischer theorem completes the picture as
follows; see Section 5.6.2.

Theorem B.8.3. l2(Z) −→ L2(T2Ω)l2(Z) −→ L2(T2Ω)l2(Z) −→ L2(T2Ω)
There is a unique linear bijection F : l2(Z) −→ L2(T2Ω) with the following
properties:

a. ∀ c ∈ l2(Z), ‖c‖l2(Z) = ‖F(c)‖L2(T2Ω),
b. ∀ f ∈ L2(T2Ω), F−1(f) is the sequence of Fourier coefficients of f .
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B.9 Haar measure

An additive group G with a locally compact Hausdorff topology is a locally
compact group if the function G×G → G, (x, y) �→ x− y, is continuous. For
significant classical treatises on locally compact groups, that were begun in
the 1930s, see [375] and [497] by Lev S. Pontryagin and André Weil,
respectively.

A complex vector space X that is also a topological space is a topological
vector space if the functions C × X → X , (c, x) �→ cx, and X × X → X ,
(x, y) �→ x + y, are continuous. Let X be a Hausdorff topological vector
space. Then K ⊆ X is absorbing if

∀ x ∈ X, ∃ ε > 0 such that 0 < |c| ≤ ε =⇒ cx ∈ K.

Moreover, K ⊆ X is balanced if

|c| ≤ 1 =⇒ cK ⊆ K.

In both cases, c ∈ C.
A fundamental result in harmonic analysis is that if G is a locally compact

group then there is a Borel measure mG on G such that

∀ B ∈ B(G) and ∀ x ∈ G, mG(B) = mG(B + x),

where B + x = {y + x : y ∈ B}. In this case mG is a right Haar measure on
G, and, when B + x is replaced by x + B, mG is a left Haar measure on G.
Thus, the crucial feature of translation invariance for Lebesgue measure on
the line extends to locally compact groups. If every right Haar measure is a
left Haar measure on a locally compact group G, and vice versa, then G is
unimodular. Every compact group and every locally compact abelian group
(LCAG) is unimodular.

We shall prove the existence of a Haar measure on G compact and abelian
using the Markov–Kakutani fixed-point theorem, which we shall also prove.
It is easy to show that there is only one such mG that ensures that mG(G) = 1
for G compact; see Theorem B.9.3.

Theorem B.9.1. Markov–Kakutani fixed-point theorem
Let X be a Hausdorff topological vector space, take a compact and convex set
K ⊆ X, and let {Tα} be a family of continuous linear maps Tα : X → X
that satisfies

∀ α, Tα(K) ⊆ K

and
∀ α, β Tα ◦ Tβ = Tβ ◦ Tα. (B.19)

Then there is k ∈ K such that

∀ α, Tα(k) = k.
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Proof. Let

T (n)
α =

Id+ Tα + · · · + T n−1
α

n
,

where Id : X → X is the identity map and T jα is the composition Tα ◦· · ·◦Tα,
j times. Clearly, each T

(n)
α : X → X is continuous and linear. We write

T = {T nα } and let T̃ be the set of finite products, under composition, of
elements from T . Note that for each u ∈ T̃ , u(K) ⊆ K. This follows by
the convexity of K. Thus, u ◦ v(K) ⊆ u(K) for u, v ∈ T̃ . Further, because
of (B.19), u ◦ v = v ◦ u for u, v ∈ T̃ ; and hence v ◦ u(K) ⊆ v(K) implies
u ◦ v(K) ⊆ v(K).

Let K̃ =
⋂

{u(K) : u ∈ T̃} and note that

∀ u, v ∈ T̃ , u(K) ∩ v(K) �= ∅;

in fact,

u ◦ v(K) = u ◦ v(K) ∩ u ◦ v(K) ⊆ u(K) ∩ u ◦ v(K) ⊆ u(K) ∩ v(K).

Since K is compact, u(K) is compact for each u ∈ T̃ . Consequently, because
u(K) ∩ v(K) �= ∅ for u, v ∈ T̃ , since each u(K) ⊆ K, and because K is
compact, there is k ∈ K such that for all u ∈ T̃ , k ∈ u(K). Therefore, k ∈ K̃.

In particular, for each α and n, k ∈ T
(n)
α (K), so that there is t ∈ K

(depending on α and n) such that T (n)
α (t) = k. Thus,

Tα(k) =
Tα(t) + · · · + T nα (t)

n
,

and hence

Tα(k) − k = − t

n
+
T nα (t)
n

(B.20)

since T (n)
α (t) = k.

Note that the function K ×K → X , (s, t) �→ s − t, takes K ×K into a
compact set E.

Because of (B.20) and the fact that T nα (t) ∈ K we have

Tα(k) − k =
T nα (t) − t

n
∈ 1
n
E. (B.21)

We shall show that ∞⋂

n=1

(
1
n
E

)
= {0}, (B.22)

so that since (B.21) is true for each n, Tα(k) − k = 0, and we are done.
Let V ⊆ U be a balanced set for which 0 ∈ int V . By the definition of a

topological vector space there is a balanced and absorbing open set W ⊆ X
containing 0 such that W +W ⊆ V . {x+W : x ∈ X} is an open cover of E,
so that by the compactness there are points xi, i = 1, . . . ,m, such that
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E ⊆
m⋃

i=1

(xi +W ).

Since W is absorbing, we have rxi ∈ W for i = 1, . . . ,m and for some
r ∈ (0, 1]. Therefore,

r(E ∩ (xi +W )) ⊆ W + rW, i = 1, . . . ,m. (B.23)

Because the right-hand side of (B.23) is independent of i,

rE =
m⋃

i=1

r(E ∩ (xi +W )) ⊆ W + rW.

Thus, E ⊆ (1/r)V , noting that W + rW ⊆ W +W ⊆ V ; and so if 1/n < r,
then

1
n
E ⊆ 1

nr
V ⊆ r

r
V = V.

Consequently,
⋂∞
n=1(1/n)E ⊆ V , so that since X is Hausdorff and V is

arbitrary we have (B.22). ��
Theorem B.9.2. Existence of Haar measure
Let G be a compact abelian group. Then there is a Haar measure mG on G.

Proof. Let M1(G) = {μ ∈ Mb(G) : ‖μ‖1 ≤ 1}. By the Banach–Alaoglu
theorem, M1(G) is weak* compact in Mb(G). Let M+

1 (G) = {μ ∈ M1(G) :
μ(1) = 1}.

Note that μ is positive if μ ∈ M+
1 (G); to prove this we assume the

opposite and obtain a contradiction using the fact that ‖μ‖1 = μ(1); e.g., [69],
page 101.

If Mb(G) is taken with the weak* topology, then the map Mb(G) → C,
μ �→ μ(1), is continuous. Hence, {μ ∈ Mb(G) : μ(1) = 1} is weak* closed.
Thus, M+

1 (G) is weak* compact. It is easy to check that M+
1 (G) is convex.

For x ∈ G and μ ∈ Mb(G) we define the translation τx(μ) as

τx(μ)(f) =
∫
f(y − x) dμ(y),

where f ∈ C(G). Then for each x ∈ G we define the map Tx : Mb(G) →
Mb(G), μ �→ τx(μ). Note that Tx is continuous with the weak* topology on
both domain and range, linear, and

∀ x, y ∈ G, Tx ◦ Ty = Tx+y = Ty ◦ Tx,

since G is abelian.
It is also elementary to check that, for each x ∈ G,

Tx(M+
1 (G)) ⊆ M+

1 (G).

Therefore, by Theorem B.9.1, there is mG ∈ M+
1 (G) such that τx(mG) = mG,

for all x ∈ G, the required translation invariance. Further, ‖mG‖1 = 1,
mG(1) = 1, and mG is positive. ��
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Remark. The question of existence of Haar measures goes back to Sophus

Lie. Haar (1933) [209] proved the existence of translation-invariant measures
on separable compact groups. As a matter of fact, Haar credits Adolf

Hurwitz for a remark in [249] that is essential for proving the existence of
a Haar measure on a Lie group; see [209]. Existence of a Haar measure on a
general locally compact group was first proved by Weil [497] and, later the
same year, by Henri Cartan [94].

Besides the existence, it is natural to ask about the uniqueness of Haar
measure on locally compact groups. This question was first answered by von

Neumann for compact groups [490]. Von Neumann later extended his own
result to second countable locally compact groups [491] (employing a different
technique). Here we prove the uniqueness of Haar measure in the simple
context of an LCAG. We follow the proof of [404]; see also [72], [328], [354],
[416], and [497]. For an short proof in the nonabelian case, which uses a
notion of an approximate identity, we refer the reader to [262].

Theorem B.9.3. Uniqueness of Haar measure
Let G be an LCAG. Let m1

G and m2
G be two Haar measures on G. Then there

exists C > 0 such that m1
G = Cm2

G.

Proof. Let g1 ∈ C+
c (G) be chosen such that

∫
G g1 dm

1
G = 1, and let C =∫

G
g1(−x) dm2

G(x). Then, for all g2 ∈ C+
c (G), we have

∫

G

g2 dm
2
G =

∫

G

g1(x1) dm1
G(x1)

∫

G

g2(x2) dm2
G(x2)

=
∫

G

(∫

G

g2(x2) dm2
G(x2)

)
g1(x1) dm1

G(x1)

=
∫

G

(∫

G

g2(x1 + x2) dm2
G(x2)

)
g1(x1) dm1

G(x1)

=
∫

G

∫

G

g1(x1)g2(x1 + x2) dm2
G(x2) dm1

G(x1)

=
∫

G

∫

G

g1(x1)g2(x1 + x2) dm1
G(x1) dm2

G(x2)

=
∫

G

∫

G

g1(y1 − y2)g2(y1) dm1
G(y1) dm2

G(y2)

=
∫

G

∫

G

g1(y1 − y2)g2(y1) dm2
G(y2) dm1

G(y1)

=
∫

G

(∫

G

g1(y1 − y2) dm2
G(y2)

)
g2(y1) dm1

G(y1)

=
(∫

G

g1(−y2) dm2
G(y2)

)∫

G

g2(y1) dm1
G(y1) = C

∫

G

g2 dm
1
G.

��
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Example B.9.4. Examples of Haar measures
a. Let G = R

d be considered as an additive group. With topology defined
by the Euclidean norm, G is an LCAG. Then the Lebesgue measure md is a
Haar measure on G.

b. Let G = R\{0} be the multiplicative group of real numbers taken with
the topology induced from the Euclidean norm topology from R. Then G is
an LCAG. Further, mG(A) =

∫
A

(1/|x|) dm(x) defines a Haar measure on G.
c. Let G = C be the additive group of complex numbers with the

usual topology of the complex plane. Then G is an LCAG, and mG(A) =∫
A dx dy =

∫
A dm2(z), z = x + iy, is a Haar measure. This is the product

measure on R × R, which is isomorphic to C.
d. Let G = C\{0}, 0 ∈ C, be the multiplicative group of complex numbers

with the induced topology from C. Then G is an LCAG, and mG(A) =∫
A

(1/|z|2) dm2(z) defines a Haar measure on G.
The group T = R/Z, identified with {z ∈ C : |z| = 1}, is a compact sub-

group ofG. Note that mG(T) = 0. However, there is a natural locally compact
topology on T and corresponding Haar measure mT when T is identified with
the additive group [0, 1) with addition defined mod 1. In this case, T and
mT can be identified with ([0, 1),M,m). We mention this because of the
discussion of the dual group in Appendix B.10.

e. Let G = (R+ \ {0})×R be a group with group action defined by (a, b) ·
(a′, b′) = (aa′, ab′ + b). Note that, in general, (aa′, ab′ + b) �= (a′a, a′b+ b′). G
is a nonabelian locally compact group, and it is called the affine group. In this
case, a left Haar measure is defined by mL

G(A) =
∫
A(1/a2) dm(a) dm(b); and

a right Haar measure on G is defined by mR
G(A) =

∫
A

(1/a) dm(a) dm(b).
They are distinct.

f. Let G be a discrete group. Then, mG =
∑
g∈G δg.

g. The general linear group G = GL(d,R) with matrix multiplication
is a nonabelian locally compact group, whose topology is induced from the
product topology on the d2-direct product R × · · · × R. The group G played
a role in Section 8.7. In this case, mG(A) =

∫
A

| det(X)|−ddmd2(X) defines
both a left and a right Haar measure on G.

It is well known that every locally compact topological group is complete
with its right uniform structure. We shall verify this general statement for
the metrizable setting.

Theorem B.9.5. Completeness of locally compact groups
Let G be a metrizable locally compact group with metric ρ : G×G → [0,∞).
Then G is complete.

Proof. Since G is a metrizable topological space, it is completely regular and
has a countable open basis at the origin 0 ∈ G. Therefore, since G is a T0

topological group, the metric can be taken to be right-translation-invariant,
i.e.,

∀ x, y, z ∈ G, ρ(x, y) = ρ(x+ z, y + z);
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see [233], pages 68–70, for a proof of translation invariance using a countable
basis at the origin.

To prove that G is complete, let {xn : n = 1, . . . } ⊆ G be Cauchy and
find x0 ∈ G such that

∀ ε > 0, ∃ Nε > 0 such that ∀ n ≥ Nε, ρ(xn, x0) < ε. (B.24)

By local compactness let C be a compact neighborhood of the origin and
choose r > 0 such that B(0, r) = {x ∈ G : ρ(x, 0) < r}. Since {xn : n =
1, . . . } is Cauchy,

∃ Nr such that ∀ n ≥ Nr, ρ(xn, xNr ) = ρ(xn − xNr , 0) < r,

and so {yn = xn − xNr : n ≥ Nr} ⊆ B(0, r) ⊆ C. Thus, there are a sub-
sequence {xmn : n = 1, . . . } and yr ∈ G such that limn→∞ ρ(ymn , yr) = 0.
We set x0 = yr + xNr , and hence

0 = lim
n→∞ ρ(xmn − xNr , x0 − xNr) = lim

n→∞ ρ(xmn , x0). (B.25)

We now verify (B.24). By (B.25),

∃ N1 such that ∀ mn > N1, ρ(xmn , x0) <
ε

2
. (B.26)

Also,
∃ N2 such that ∀ m,n > N2, ρ(xn, xm) <

ε

2
(B.27)

since {xn : n = 1, . . . } is Cauchy; and hence if Nε = max(N1, N2), then
(B.27) implies that

∀ n,mk > Nε, ρ(xn, xmk
) <

ε

2
. (B.28)

Therefore, by (B.26) and (B.28), if n > Nε, then

ρ(xn, x0) ≤ ρ(xn, xmk
) + ρ(xmk

, x0) < ε,

where we have chosen xmk
> Nε. ��

Section B.9 is the beginning of the story of abstract harmonic analysis.
Rudin’s [404] and Edwin Hewitt and Kenneth A. Ross’ [233] treatises
are a superb next step.

B.10 Dual groups and the Fourier analysis of measures

Let G be an LCAG. The collection Γ of all continuous group homomorphisms
γ : G → T is the dual group of G. With pointwise multiplication, Γ is an
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abelian group. The fact that Γ is a group follows from the definition of
γ1 + γ2 by the rule (γ1 + γ2)(x) = γ1(x)γ2(x), x ∈ G. Then if Γ is equipped
with the “weak* topology” σ(Γ,G), it becomes an LCAG. In fact, we have
not defined the weak* topology on groups, so, to be precise, let us define
a basis B for such a topology. For each compact K ⊆ G and r > 0, let
N(K, r) = {γ ∈ Γ : ∀ x ∈ K, |1 − γ(x)| < r}. Set B = {N(K, r) + γ : γ ∈
Γ, K ⊆ G is compact, and r > 0}.

Given a Haar measure mG on G, we define the Fourier transform of
f ∈ L1

mG
(G) as

∀ γ ∈ Γ, F(f)(γ) =
∫

G

f(x)γ(x) dmG(x). (B.29)

Then F : L1
mG

(G) → C0(Γ ) is a homomorphism, where multiplication is
convolution in L1

mG
(G) and pointwise multiplication of functions in C0(Γ ).

This notion of Fourier transform can be extended to bounded Radon measures
on G by means of the formula,

∀ μ ∈ Mb(G), F(μ)(γ) =
∫

G

γ(x) dμ(x). (B.30)

Thus F(μ) is a bounded uniformly continuous function on Γ .

Example B.10.1. Homomorphisms and transforms
a. If G = R, then L1

mR) ⊆ Mb(R) ⊆ S′(R) with analogous inclusions for
G = R

d; see Definition 7.5.7. In this case, the dual group Γ can be identified
with R, which we denoted by R̂ in Definition B.1.1. The identification can
be made by proving that if γ ∈ Γ is a continuous homomorphism G → T,
then there is a real number ξ = ξγ ∈ R̂ such that γ(x) = e2πixξ. Clearly, if
γ is of this form, then γ ∈ Γ . Thus, (B.29) is the same definition of Fourier
transform as given in Definition B.1.1.

b. Let A be an algebra, such as L1
m(R) with multiplication defined by

convolution. If A is a topological algebra such as the Banach algebra L1
m(R)

with topology defined by the norm ‖...‖1, then we can consider the subspace
H ⊆ A′ of continuous linear homomorphisms A → C. This setting gives
rise to a transform T for which there is an all-important exchange formula,
T (f ∗ g) = T (f)T (g), where f, g ∈ A.

For example, if A = L1
m(R) as in part a, then H can be defined by

{e2πixξ : ξ = ξγ and γ ∈ Γ = R̂} and T is the usual Fourier transform F as
given in Definition B.1.1.

This is the basis of the Gelfand theory, and this particular point of view
is expanded in [33].

c. Another example of part b is the case of E ′(R) ⊆ S′(R), the topological
algebra of distributions having compact support with multiplication defined
by convolution. When properly topologized, the dual of E ′(R) is C∞(R) [428],
and H is defined by {esx : s ∈ C}. In this case, the transform T is the classical
bilateral Laplace transform.
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d. Let ZN be the set of integers 0, 1, . . . , N − 1 under addition modulo
N . Then ZN is a commutative group with this definition of addition, and
it is a compact abelian group when it is taken with the discrete topology,
i.e., every element is defined to be an open set. Then, the dual group ẐN is
ZN . Further, the Fourier transform defined by (B.29) is the classical discrete
Fourier transform (DFT) FN defined for f ∈ L1

c(ZN ) by

∀ n = 0, 1, . . . , N − 1, FN (f)[n] =
1√
N

N−1∑

m=0

f [m]e−2πimn/N .

In Example A.13.5, we noted that FN : L2
c(ZN ) → L2

c(ZN ) is a unitary
operator. Of course, in the setting of ZN , L1

c(ZN ) = L2
c(ZN ) = C

N .
For a useful introduction to the DFT and its fast algorithm, the fast

Fourier transform (FFT), see [39], Sections 3.8–3.10. For comprehensive treat-
ments, see [74], [467], and [495].

Remark. One of the landmarks of Schwartz’ theory of distributions is
that the Fourier transform can be defined in a meaningful and productive
way. In fact, if T ∈ S′(R), then the Fourier transform T̂ of T is defined by
the Parseval duality formula,

∀ f ∈ S(R), T̂ (f̂) = T (f); (B.31)

cf. Theorem 8.7.6. In this case, T̂ ∈ S′(R). If T = μ ∈ Mb(R), then μ̂ defined
by (B.31) is the same as F(μ) defined by (B.30).

It should be pointed out that the theory of distributions and correspond-
ing harmonic analysis is highly developed on locally compact groups.

Definition B.10.2. Positive definite functions
a. Let G be an LCAG with the dual group Γ . R : Γ → C is positive
definite if

∀ c1, . . . , cn ∈ C and ∀ γ1, . . . , γn ∈ Γ,
n∑

j,k=1

cjckR(γj − γk) ≥ 0.

b. Let F ∈ L2
mΓ

(Γ ), and define the involution F̃ (γ) = F (−γ). Then a
straightforward calculation shows that R = F ∗ F̃ is a continuous positive
definite function.

c. Another elementary calculation shows that if μ ∈ Mb(G) is positive,
then F(μ) is a continuous positive definite function. The Bochner theorem,
which we now state, is the converse. It was first published by Gustav

Herglotz (1911) for Γ = Z. Bochner (1933) proved it for Γ = R̂ and
Weil published the proof for any LCAG. For positive definite distributions
and their extensions, see [189].
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Theorem B.10.3. Bochner theorem
Let R be a continuous positive definite function on Γ . Then there exists a
unique positive bounded Radon measure μ ∈ Mb(G) such that R = F(μ)
on Γ .

There are several accessible conceptually different proofs, e.g., [143], [276],
[404]; cf. [428].

Remark. Because of our decomposition theorems for measures, the Bochner
theorem allows us to assert that F : Γ → C is of the form F(μ), for some
μ ∈ Mb(G), if and only if F is a finite linear combination of positive defi-
nite functions. This does not give a useful, implementable, intrinsic charac-
terization of F(Mb(G)). For perspective, such a characterization does exist
for F(L2

mG
(G)) because of Plancherel’s theorem, which is valid for LCAGs.

This characterization for F(L2
mG

(G)) is that F ∈ F(L2
mG

(G)) if and only if
F ∈ L2

mΓ
(Γ ).

The problem for such an intrinsic characterization of F(Mb(G)) or even
F(L1

m(R)) is unsolved. We know that F(L1
m(R)) ⊆ C0(R̂), but we do not

have implementable conditions on F ∈ C0(R̂) as a function on R̂ that are
necessary and sufficient to assert that F ∈ F(L1

m(R)).

Example B.10.4. Lévy continuity theorem
a. In Section 6.6.5 we defined a sequence {μn : n = 1, . . . } ⊆ M+

1 (Rd) to be
tight if

∀ ε > 0, ∃ Kε ⊆ R
d, compact, such that ∀ n = 1, . . . , μn(Kε) > 1 − ε.

(Besides being defined in Section 6.6.5, the space M+
1 (Rd) was also defined,

in a slightly different way, in Theorem B.9.2.) We then stated the Prohorov
theorem, which describes the relation between convergence in the sense of
Bernoulli and tight sequences. These ideas have far-reaching consequences
for the convergence of probability distributions, for example, in dealing with
probability measures on certain infinite-dimensional spaces. See [335] for the
“down-to-earth” theory on R

d. An important result in this area is the Lévy
continuity theorem proved by Paul Lévy in 1925, e.g., [61].

b. A central part of the Lévy continuity theorem, which is also appropriate
for this section, is the following result: Given {μn, μ : n = 1, . . . } ⊆ M+

1 (Rd),
then {μn : n = 1, . . . } converges to μ in the sense of Bernoulli if and only if

∀ γ ∈ R̂
d, lim

n→∞ μ̂n(γ) = μ̂(γ). (B.32)

For each fixed γ ∈ R̂
d, e−2πix·γ ∈ Cb(Rd) as a function of x, and so (B.32)

is a consequence of Bernoulli convergence. The proof that (B.32) implies
convergence in the sense of Bernoulli is more substantial, and we give an
outline.
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c. Assume (B.32). We know that μ̂ is continuous on R̂
d, although for

this proof we need it to be continuous only at 0 ∈ R̂
d. By (B.32), μ̂(0) =

limn→∞ μ̂n(0) = 1. Let ε > 0. By the continuity,

∃ δ > 0 such that ∀ ξ ∈ Qδ, |1 − μ̂(ξ)| < ε

2
, (B.33)

where Qδ = {ξ ∈ R̂
d : ∀ j = 1, . . . , d, |ξj | ≤ δ}. Let A = {ξ ∈ R̂

d : ∀ j =
1, . . . , d, |xj | ≤ 1

πδ }. Thus, if x = (x1, . . . , xd) ∈ A∼, then some |xk| > 1/(πδ),
and so ∣∣∣∣∣∣

d∏

j=1

sin(2πxjδ)
2πxjδ

∣∣∣∣∣∣
<

1
2
.

Further,

∀ x ∈ R
d,

1
md(Qδ)

∫

Qδ

e−2πix·ξ dξ =
d∏

j=1

sin(2πxjδ)
2πxjδ

.

Therefore, for each n ≥ 1,

1
md(Qδ)

∫

Qδ

(1 − μ̂(ξ)) dξ =
∫

Rd

(
1 − 1

md(Qδ)

∫

Qδ

e−2πix·ξ dξ
)
dμn(x)

≥
∫

A∼

(
1 − 1

md(Qδ)

∫

Qδ

e−2πix·ξ dξ
)
dμn(x)

>
1
2
μn(A∼).

(B.34)
Because of (B.32) and the fact that ‖μ̂n‖∞ ≤ ‖μ‖1 = 1, we can use (B.33),
(B.34), and LDC to assert that

lim
n→∞μn(A∼) ≤ lim

n→∞
2

md(Qδ)

∫

Qδ

(1 − μ̂n(ξ)) dξ

=
2

md(Qδ)

∫

Qδ

(1 − μ̂(ξ)) dξ < ε.

Consequently, we choose N such that μn(A∼) < ε for all n > N . Next,
choose compact Kε ⊇ A for which μn(Kε) ≥ 1 − ε for 1 ≤ n ≤ N . Thus,
μn(Kε) ≥ 1 − ε for all n ≥ 1, and {μn : n = 1, . . . } is tight.

Thus, by part b of the Prohorov theorem (Theorem 6.6.5), there are ν ∈
M+

1 (Rd) and a subsequence {μnk
: k = 1, . . . } ⊆ {μn : n = 1, . . . } for which

{μnk
: k = 1, . . . } converges to ν in the sense of Bernoulli. Now, by the

Fourier uniqueness theorem for measures and another application (perhaps
“corollary” is more accurate) of the Prohorov theorem, it is elementary to
prove that {μn : n = 1, . . . } converges to ν in the sense of Bernoulli and that
ν = μ. This completes the proof.
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B.11 Radial Fourier transforms

To outline Fourier analysis on R (or Z or T2Ω) and then to define an essen-
tially qualitative theory on LCAGs, as we have done, may be said to have
missed a very big point. There remains the quantitative Fourier analysis of
R
d, with unresolved geometric intricacies in topics such as spectral synthesis

and with analytic mysteries beyond extensions of the Paley–Littlewood the-
ory and the singular integral operators that generalize the Hilbert transform.
Some difficulties are implied in Sections 8.8.2–8.8.5, but, notwithstanding
twentieth-century accomplishments, e.g., [202], much is yet to be fathomed;
see [167].

On the other hand, the radial theory, with its one degree of freedom, is
highly developed. A function f : R

d → C is radial if f(x) = g(‖x‖), for some
g : [0,∞) → C, where ‖x‖ = (x2

1 + · · · + x2
d)

1/2. An equivalent definition was
given in Example 8.6.2c. Thus, f is radial if and only if f(S(x)) = f(x) for
all S ∈ SO(d,R). We record some useful facts in this area. To whet one’s
appetite we give two useful examples, compute the Fourier transform of a
radial function, and state a fascinating theorem.

Definition B.11.1. Fourier transform on L1
md(Rd)L1
md(Rd)L1
md(Rd)

The Fourier transform of f ∈ L1
md(Rd) is the function F defined as

∀ ξ ∈ R̂
d = R

d, F (ξ) =
∫

Rd

f(x)e−2πix·ξ dx.

Also, the dilation fλ, λ > 0, is fλ(x) = λdf(λx). In particular,
∫

Rd fλ(x) dx =∫
Rd f(x) dx.

Example B.11.2. The Gaussian in R
dR
d

R
d

Let f(x) = e−πr‖x‖
2
, r > 0, x ∈ R

d. By Example B.1.8 and Fubini’s theorem,
the Fourier transform F of f is

F (ξ) = r−d/2e−π‖ξ‖
2/r.

Setting Gd(x) = G(x1) · · ·G(xd), we have
∫

Rd G
d(x) dx = 1 and

(Gdλ )̂ (ξ) = e−(π‖ξ‖/λ)2 .

Example B.11.3. The Poisson function
We shall define and compute the Fourier transform of the natural generali-
zation to R

d of the Poisson function on R, as defined in Example B.1.5 and
Example B.3.4.

a. We begin on R, using either Theorem B.1.2 or Theorem B.3.7, to
compute

e−2πr|γ| =
2r
π

∫ ∞

0

cos(2πtγ)
r2 + t2

dt. (B.35)
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If r = 1, we use (B.35) to obtain

e−2π|γ| =
2
π

∫ ∞

0

cos(2πtγ)
(∫ ∞

0

e−ue−ut
2
du

)
dt

=
2
π

∫ ∞

0

e−u
(

1
2

∫ ∞

−∞
e−ut

2
e2πitγ dt

)
du.

We apply Example B.1.8 to the right side, so that

e−2π|γ| =
1√
π

∫ ∞

0

e−u√
u
e−(πγ)2/u du.

Thus, for r > 0 and γ ∈ R,

e−2πr|γ| =
1√
π

∫ ∞

0

e−u√
u
e−(πrγ)2/u du. (B.36)

b. Next, we recall the definition of the gamma function Γ :

∀ u > 0, Γ (u) =
∫ ∞

0

xu−1e−x dx.

Using the Laplace transform L in Example B.4.5c, and for fixed u > −1, we
have

∀ s such that Re (s) > 0, L(xu)(s) =
1

su+1
Γ (u+ 1),

as a function of s. It is easy to see that if u = m ∈ N then L(xm)(s) =
m!/sm+1, and so Γ (m+ 1) = m!. Further, Γ (u + 1) = uΓ (u) and Γ (1/2) =√
π.

c. Now consider e−2πr‖ξ‖, ξ ∈ R̂
d, and take its inverse Fourier transform

using (B.36) and Example B.11.2:
∫

�Rd

e−2πr‖ξ‖e2πix·ξ dξ =
1√
π

∫ ∞

0

e−u√
u

(∫

�Rd

e−(πr‖ξ‖)2/ue2πix·ξ dξ
)
du

=
1

rdπ(d+1)/2

∫ ∞

0

e−u(1+‖x‖2/r2)u(d−1)/2 du

=
r

π(d+1)/2

1
(r2 + ‖x‖2)(d+1)/2

∫ ∞

0

e−vv(d−1)/2 dv.

Therefore,
∫

�Rd

e−2πr‖ξ‖e2πix·ξ dξ =
rΓ ((d+ 1)/2)
π(d+1)/2

1
(r2 + ‖x‖2)(d+1)/2

. (B.37)

The right side of (B.37) is the Poisson function on R
d and e−2πr‖ξ‖ is its

Fourier transform on R̂
d.
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Example B.11.4. Bessel functions on RRR

We shall use Bessel functions of the first kind,

Jν(x) =
(x/2)ν√

πΓ (ν + 1/2)

∫ π

0

e−ix cos(θ) sin2ν(θ) dθ,

for the case ν = (d − 2)/2. The functions Jν arose as solutions of the differ-
ential equation,

z2 d
2w

dz2
+ z

dw

dz
+ (z2 − ν2)w = 0;

see [360].

Theorem B.11.5. Fourier transform of radial functions
Let f ∈ L1

md(Rd) be radial. Then its Fourier transform F is radial. Further,

F (‖ξ‖) =
2π

‖ξ‖(d−2)/2

∫ ∞

0

rd/2J(d−2)/2(2πr‖ξ‖)φ(r) dr, (B.38)

where r = ‖x‖ and φ(r) = f(‖x‖).

The proof that F is radial comes down to checking that F (ξ) is invari-
ant with respect to rotations about the origin. The formula (B.38) results
from Theorem 8.7.10, Example 8.7.11, and Example B.11.4, e.g., [426],
pages 222–227.

Example B.11.6. Radial Fourier transforms for d = 1, 2, 3d = 1, 2, 3d = 1, 2, 3
Given the notation of Theorem B.11.5. If d = 1, then

F (|ξ|) = 2
∫ ∞

0

cos(2πr|ξ|)φ(r) dr

as predicted from Proposition B.1.7. If d = 2, then

F (‖ξ‖) = 2π
∫ ∞

0

rJ0(2πr‖ξ‖)φ(r) dr.

If d = 3, then

F (‖ξ‖) =
2

‖ξ‖

∫ ∞

0

r sin(2πr‖ξ‖)φ(r) dr.

We close this section with Schoenberg’s surprising result (1938); see
[420], [143], pages 201–206.

Theorem B.11.7. Schoenberg theorem
Let F : [0,∞) → C be continuous, and, for all d ≥ 1, define R(ξ) = F (‖ξ‖),
ξ ∈ R̂

d. Then R is positive definite on R̂
d for all d ≥ 1 if and only if

∃ μ ∈ Mb([0,∞)), μ ≥ 0, such that ∀ γ ≥ 0, F (γ) =
∫ ∞

0

e−xγ
2
dμ(x),

noting that this integral is the Laplace transform L(μ)(γ2).
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B.12 Wiener’s Generalized Harmonic Analysis (GHA)

In this section not only do we have a chance to advertise Wiener’s beautiful
theory of Generalized Harmonic Analysis (GHA), but the theory itself com-
bines many of the ideas we have introduced including the Bochner theorem
and distribution theory. It is particularly exciting because of the continu-
ing applicability of these notions, e.g., power spectra and spectrograms, in
physics and signal processing. See the penultimate bullet in Section 9.6.4.

In 1930, Wiener [511], Volume II, pages 183–324, proved an analogue
of the Parseval–Plancherel formula, ‖f‖2 = ‖f̂‖2, for functions that are not
elements of L2(R). We refer to his formula as the Wiener–Plancherel formula,
e.g., (B.40). It became a beacon in his perception and formulation of the sta-
tistical theory of communication, e.g., [508], [317]. Wiener [511] even chose
to have the formula appear on the cover of his autobiography, I Am a Mathe-
matician. (This is a twentieth-century analogue of Archimedes’ tombstone,
which had a carving of a sphere inscribed in a cylinder to commemorate his
“1:2:3” theorem; see Section 3.9.1 for details concerning the mathematical
results, Cicero’s role, and a recent update.)

Besides the use of GHA as an explanation of the polychromatic nature
of sunlight, Wiener discussed the background for GHA in [511], Volume
II, pages 183–324; and this background has been explained scientifically and
historically in a virtuoso display of scholarship by Masani, e.g., Masani’s
remarkable commentaries in [511], Volume II, pages 333–379, as well as [341].
Two precursors, whose work Wiener studied and who should be mentioned
vis-à-vis GHA, were Sir Arthur Schuster and Sir Geoffrey I. Taylor.
Schuster pointed out analogies between the harmonic analysis of light and
the statistical analysis of hidden periods associated with meteorological and
astronomical data. Taylor conducted experiments in fluid mechanics deal-
ing with the onset to turbulence, and formulated a special case of correla-
tion. A third scientist, whose work (1914) vis-à-vis GHA was not known
to Wiener, was Einstein. Einstein writes, “Suppose the quantity y (for
example, the number of sun spots) is determined empirically as a function
of time, for a very large interval, T . How can one represent the statistical
behavior of y?” In his heuristic answer to this question he came close to
the notions of autocorrelation and power spectrum, e.g., B.12.5; cf. [341],
pages 112–113, Einstein’s paper [157], and commentaries by Masani [340]
and A. M. Yaglom [516].

The Fourier analysis of L1(R) or L2(R) and the theory of Fourier series
were inadequate tools to analyze the issues confronting Schuster, Taylor,
and Einstein. On the other hand, GHA became a successful device to gain
some insight into their problems, as well as other problems in which the
data and/or noises cannot be modeled by the Fourier transform decay, finite
energy, or periodicity inherent in the above classical theories, e.g., [9], Chap-
ter II, [29], [386].
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The material in this section outlines GHA and is due to Wiener [511],
Volume II, pages 183–324 and pages 519–619, and [505]; cf. [33] Chapter 2,
[52]. The higher-dimensional theory, with its geometrical ramifications, is
found in [41], [37]; cf. [6].

Definition B.12.1. Bounded quadratic means
The space BQM(R) of functions having bounded quadratic means is the set
of all functions f ∈ L2

loc(R) for which

sup
T>0

1
2T

∫ T

−T
|f(t)|2 dt < ∞.

The Wiener space W (R) is the set of all functions f ∈ L2
loc(R) for which

∫ |f(t)|2
1 + t2

dt < ∞.

Theorem B.12.2. Inclusions for GHA
The following inclusions hold:

L∞
m (R) ⊆ BQM(R) ⊆ W (R) ⊆ S′(R).

Moreover, all the inclusions are proper.

Definition B.12.3. The Wiener sss-function
The Wiener s-function associated with f ∈ BQM(R) is defined as the sum
s = s1 + s2, where

s1(ξ) =
∫ 1

−1

f(t)
e−2πitξ − 1

−2πit
dt

and

s2(ξ) =
∫

|t|≥1

f(t)
e−2πitξ

−2πit
dt.

Since f ∈ L1[−1, 1], we have s1 ∈ C(R) and |s1(ξ)| ≤ 2|ξ|‖f‖L1[−1,1]. Since
f ∈ BQM(R), Theorem B.12.2 and the Parseval–Plancherel theorem allow
us to conclude that s2 ∈ L2

m(R̂). In particular, s ∈ L2
loc(R̂) ∩ S′(R̂).

Theorem B.12.4. The derivative of the Wiener sss-function
Let f ∈ BQM(R). Then f ∈ S′(R) and

s′ = f̂ ,

where s ∈ L2
loc(R̂) ∩ S′(R̂) is the Wiener s-function associated with f .

Definition B.12.5. Deterministic autocorrelation
The deterministic autocorrelation R of a function f : R → C is formally
defined as
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R(t) = lim
T→∞

1
2T

∫ T

−T
f(u+ t)f(u) du.

To fix ideas, suppose R exists for each t ∈ R. It is easy to prove that R is
positive definite, and so R = Ŝ for some positive bounded Radon measure S ∈
Mb(R̂) by Theorem B.10.3. There is also a notion of stochastic autocorrelation
arising in the study of stationary stochastic processes; see [293], [292], [144],
[61]. Deterministic and stochastic autocorrelation are the same if the process
has the property of being correlation ergodic; see [366]. This notion is not
unrelated to the ergodic theorem discussed in Section 8.8.6. The measure S
is called the power spectrum of f , and, in applications, letters such as S are
used instead of μ.

The Wiener–Plancherel formula is equation (B.40) in the following result.

Theorem B.12.6. Wiener–Plancherel formula
Let f ∈ BQM(R), and suppose its deterministic autocorrelation R = Ŝ exists
for each t ∈ R.

a. Then

∀ t ∈ R, R(t) = lim
ε→0

2
ε

∫
|Δεs(ξ)|2e−2πitξ dξ, (B.39)

where Δεs(ξ) = 1
2 (s(ξ + ε) − s(ξ − ε)).

b. In particular,

lim
T→∞

1
2T

∫ T

−T
|f(t)|2 dt = lim

ε→0

2
ε

∫
|Δεs(ξ)|2 dξ. (B.40)

Example B.12.7. Related formulas and spectral estimation
a. Because of (B.39) and assuming the setup of Theorem B.12.6, the following
formulas are true under the proper hypotheses, e.g., [33], page 90, [36], page
847:

lim
ε→0

2
ε
|Δεs(ξ)|2 = S (B.41)

and ∫
|k̂(ξ)|2 dS(ξ) = lim

T→∞
1

2T

∫ T

−T
|k ∗ f(t)|2 dt

= lim
ε→0

2
ε

∫
|k̂(ξ)Δεs(ξ)|2 dξ.

(B.42)

b. Formally, (B.42) is (B.40) for the case k = δ. For k ∈ Cc(R) the
first equality of (B.42) is not difficult, e.g., [36], pages 847–848. The second
equality, or, equivalently, Theorem B.12.6, requires the Wiener Tauberian
theorem (Theorem B.12.9).

c. The following diagram illustrates the action and “levels” of the func-
tions and measure in Theorem B.12.6 for a given signal f .
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f ←→ f̂ = s′ s

↓ ↓

R = Ŝ ←→ S
{

2
ε |Δεs|2|

}

d. Since S is the “power” spectrum, (B.40) and (B.41) allow us to assert
that

lim
T→∞

1
2T

∫ T

−T
|f(t)|2 dt

is a measure of the total power of f ; cf. Wiener’s comparison of energy
and power in [508], pages 39–40 and 42. In light of the spectral estimation
problem, see, e.g., [39], Definition 2.8.6, the middle term of (B.42) is a measure
of the power in a frequency band [α, β] if k̂ = �[α,β] in the first term of (B.42);
cf. [36], Theorem 5.2.

Remark. The Parseval–Plancherel formula, ‖f‖2 = ‖f̂‖2, allowed us to
define the Fourier transform of a square-integrable function (Theorem B.4.2),
and, at certain levels of abstraction, it is considered to characterize what
is meant by a harmonic analysis of f . On the other hand, for most appli-
cations in R, the formula assumes the workaday role of an effective tool
used to obtain quantitative results. It is this latter role that was envisaged
for the Wiener–Plancherel formula in dealing with the non-square-integrable
case. After all, distribution theory gives the proper definition of the Fourier
transform of tempered distributions. The real issue is to obtain quantitative
results for problems where a harmonic analysis of a non-square-integrable
function is desired. As mentioned above, a host of such problems comes
under the heading of a harmonic (spectral) analysis of signals containing non-
square-integrable noise and/or random components, whether it be speech
recognition, image processing, geophysical modeling, or turbulence in fluid
mechanics. Such problems can be attacked by Beurling’s profound theory
of spectral synthesis, e.g., [33], as well as by the extensive multifaceted theory
of time series, e.g., [378]. Beurling’s spectral synthesis does not deal with
energy and power considerations, i.e., quadratic criteria; and the theory of
time series relies on a stochastic point of view. The Wiener–Plancherel for-
mula deals with these problems deterministically, and hence with potential
for real implementation.

Example B.12.8. Elementary power spectra
a. The value of an autocorrelation R is that it can be measured in many
cases in which the underlying signal f cannot be quantified. This is the
basis of the Michelson interferometer. Also, the discrete part of the power
spectrum S characterizes periodicities in f , e.g., [507], Chapter X. This can
be illustrated by taking f(t) =

∑n
k=1 rke

−2πitλk , rk ∈ C, λk ∈ R̂. The
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L2-autocorrelation is not defined, but the deterministic autocorrelation is
R(t) =

∑n
k=1 |rk|2e−2πitλk (by direct calculation); and hence the power spec-

trum is

S =
n∑

k=1

|rk|2 δλk
.

b. If f : R → C has the property that lim|t|→±∞ f(t) = 0, then
S = 0. It is elementary to construct examples f for which S = 0 whereas
lim|t|→±∞ |f(t)| > 0; cf. [505], pages 151–154, [29], pages 99–100, [33],
pages 84 and 87, [35], Section IV.

As mentioned in Example B.12.7, the following result is required to prove
the Wiener–Plancherel formula. It was stated in the Remark after Prob-
lem 5.8.

Theorem B.12.9. Wiener Tauberian theorem
Let f ∈ L1

m(R) have a nonvanishing Fourier transform and let
g ∈ L∞

m (R). If

lim
t→∞ f ∗ g(t) = r

∫ ∞

−∞
f(u) du, (B.43)

then
∀h ∈ L1

m(R), lim
t→∞ h ∗ g(t) = r

∫ ∞

−∞
h(u) du. (B.44)

Remark. a. Theorem B.12.9 has the format of classical Tauberian theorems:
A boundedness (or related) condition and “summability” by a certain method
yield “summability” by other methods. In Theorem B.12.9, the boundedness
or “Tauberian” condition is the hypothesis that g ∈ L∞

m (R). The given sum-
mability is (B.43), where f represents a so-called summability method. The
conclusion (B.44) of the theorem is summability for a whole class of summa-
bility methods, viz., for all h ∈ L1

m(R). A classical and masterful treatment
of summability methods is due to Hardy [216].

If G is the Gaussian defined in Example B.1.8, then Ĝ never vanishes.
Thus, in this case, if g ∈ L∞

m (R) has the property that

lim
t→∞G ∗ g(t) = r,

then
∀ λ, lim

t→∞Wλ ∗ g(t) = r,

where {Wλ} is the Fejér kernel.
The particular functions used by Wiener to prove his Wiener Tauberian

formulas are found in [505], [33], pages 91–92.
b. Modern Tauberian theorems have an algebraic and/or functional-

analytic flavor to them. For example, the Wiener Tauberian theorem is a
special case of the fact that if f̂ ∈ A(R), T ∈ A′(R), and T f̂ = 0, then f̂ = 0
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on supp T . In fact, the generalizations of Theorem B.12.9 are much more
far-reaching than this. The book [33] gives an extensive treatment of both
classical and modern Tauberian theory, as well as the history of the subject,
and applications to spectral synthesis and analytic number theory; see also,
e.g., [246].

Because of the importance of translation-invariant systems and the theory
of multipliers, we define the closed translation-invariant subspace Vf gene-
rated by f ∈ X , where X is L1

m(R) or L2
m(R), to be the closure in X of the

linear span of translations of f by t ∈ R, i.e.,

Vf = span{τt(f) : t ∈ R}. (B.45)

Theorem B.12.10. Zero sets and dense subspaces
a. If f ∈ L1

m(R) and f̂ never vanishes, then Vf = L1
m(R).

b. If f ∈ L2
m(R) and |f̂ | > 0 a.e., then Vf = L2

m(R).

Proof. Part a is the Wiener Tauberian theorem, and we refer to [505], [33],
pages 25–26, 49–50, 94–95, and Section 2.3 for proofs.

The proof of part b is much simpler than that of part a, and so we shall
give it. Suppose Vf �= L2

m(R). Then there is h ∈ L2
m(R) \ {0} such that

∀ t ∈ R,

∫
(τt(f))(u)h(u) du = 0. (B.46)

Equation (B.46) is a consequence of the Hahn–Banach theorem and the fact
that L2

m(R)′ = L2
m(R). By the Parseval–Plancherel theorem,

∀ t ∈ R,

∫
f̂(ξ)ĥ(ξ)e−2πitξ dξ = 0.

By the Hölder inequality f̂ ĥ ∈ L1
m(R̂), and so, by the L1-uniqueness theorem

(Theorem B.3.5c), f̂ ĥ = 0 a.e. Since |f̂ | > 0 a.e., we conclude that ĥ = 0 a.e.,
and this contradicts the hypothesis on h. Thus, Vf = L2(R). ��

Subspaces such as Vf in (B.45) play an important role in Gabor and
wavelet decompositions in the case that the set of translates τt(f) is reduced
to {τr(f) : r ∈ D}, where D is a discrete subset of R, e.g., [348], [118], [45],
[310].

Remark. a. Let M+
b (R̂) be the space of positive bounded Radon measures

on R̂. In GHA, a function f is analyzed for its frequency information by
computing its autocorrelation R and its power spectrum S = R∨ ∈ M+

b (R̂).
Mathematically, this is a mapping between a class of functions f and a class
of measures S ∈ M+

b (R̂). A natural question to ask is the following: For any
μ ∈ M+

b (R̂), does there exist f whose autocorrelation R exists, and for which
Ř = μ?
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b. The question of part a is answered affirmatively in the case of weakly
stationary stochastic processes (WSSPs) by the Wiener–Khinchin theorem:
A necessary and sufficient condition for R to be the stochastic autocorrelation
of some WSSP X is that there exist S ∈ M+

b (R̂) for which Ŝ = R. In one
direction, if R is the stochastic autocorrelation of a WSSP X , then S =
R∨ ∈ M+

b (R̂) by Theorem B.10.3. The question in part a deals with the
opposite direction, and the positive answer is not difficult to prove, e.g., [378],
pages 221–222, [152], pages 62–63 and 72–73. Aleksandr Y. Khinchin’s
proof dates from 1934, and there were further probabilistic contributions by
Herman O. A. Wold (1938), Cramér (1940), and Kolmogorov [292];
cf. [38].

c. The deterministic and constructive affirmative answer to the question
in part a is the Wiener–Wintner theorem (1939) [511]. Jean Bass and Jean-

Paul Bertrandias made significant contributions to this result, e.g., [29],
and the multidimensional version is found in [36], [282].

Theorem B.12.11. Wiener–Wintner theorem
Let μ ∈ M+

b (R̂). There is a constructible function f ∈ L∞
loc(R) such that its

deterministic autocorrelation R exists for all t ∈ R, and Ř = μ.

B.13 Epilogue

This appendix serves as a handmaiden to the book, but the material is really
a preface to harmonic analysis as one of the goddesses of mathematics. There
are magnificent, profound edifices from classical Fourier series to represen-
tation theory, from nonharmonic Fourier series to sampling, wavelets, and
time-frequency analysis, from Fourier methods in classical partial differential
equations to pseudodifferential operators, from the computation of Gauss
sums to the role of Fourier analysis at all levels of analytic number theory,
and from fast Fourier transforms to an ever expanding litany of genuine appli-
cations. We have referenced introductory texts and groundbreaking treatises,
and encyclopedic works of scholarship.
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313. ———–, Leçons sur l’Intégration et la Recherche des Fonctions Primitives, 1st

and 2nd editions, Gauthier-Villars, Paris, 1904 and 1928.
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Math. 10 (1927), 177–179.

439. ———–, Remarque sur les suites infinies de fonctions, Fund. Math. 18 (1932),
110–113.
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